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Preface

The Japan Conference on Discrete and Computational Geometry (JCDCG) has
been held annually since 1997. One of the goals of this conference series is to bring
together Japanese researchers from both academia and industry with researchers
in these fields from abroad to share their recent results.

JCDCG 2000 was held 22–25 November 2000 at Tokai University in Tokyo
in conjunction with the celebration of World Mathematics Year 2000. A total of
120 participants from 20 countries attended. This volume consists of the papers
presented at JCDCG 2000, which have been refereed and revised. Some papers
which appear in short form in this volume also appear in fuller expanded versions
in journals dedicated to computational geometry.

The organizers of the conference thank the principal speakers for their in-
terest and support: Imre Barany, Erik D. Demaine, Greg N. Fredrickson, Gyula
Karolyi, Naoki Katoh, David Kirkpatrick, Joseph O’Rourke, Janos Pach, Jozsef
Solymosi, William Steiger, Jorge Urrutia, and Allan Wilks. They thank the ma-
jor sponsors for their generous contribution: The Research Institute of Educa-
tional Development of Tokai University, the Ministry of Education of Japan (for
the grant-in-aid to A. Saito (A):10304008), and Tokai Education Instruments
Co., Ltd.

April 2001

The Editors,
Jin Akiyama
Mikio Kano

Masatsugu Urabe

Organizing Committee
Chairs: Jin Akiyama and Mikio Kano
Members:
Tetsuo Asano, David Avis, Vasek Chvatal, Kiyoshi Hosono, Hiroshi Imai,
Takako Kodate, Joseph O’Rourke, Toshinori Sakai, Xuehou Tan, Morimasa
Tsuchiya, Masatsugu Urabe, and Jorge Urrutia.
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Polygon Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
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Chapter 3. Verious Results of General Dudeney Dissections
of Polygons

The results can be classi�ed into two, namely general Dudeney dissections
and congruent Dudeney dissections. A general Dudeney dissection of a polygon
� produces a polygon �, which is not congruent to �. A congruent Dudeney
dissection of a polygon � produces � itself. In this section, we introduced various
results on general Dudeney dissections which are discussed in the paper [2]. It
provides procedures for constructing the dissections shown below.

Every quadrilateral has a Dudeney dissection to a parallelogram (Figure 3.1).

Figure 3.1

Every triangle has in�nitely manyDudeney dissections to parallelograms (Figure
3.2).

Figure 3.2

Every parallel hexagon has a Dudeney dissection to a trapezoid (Figure 3.3).

Figure 3.3
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älÍcBR/2>?Í�B-ÑgØ?Í�BRÍ�ÖtÕ0D?HbÙ0ä?D?Ñ-9;Ñ�ã?HgÍ�BRÍ�16Ñ-æ�Í­>?Õ�1?Õ0ÑL561?Õ;æ¾æ-Ø?Í�ÑgØ?Í�H-BgD?ÞIØ�ã?Hg/81ÏÞ�/2ã?Ð2Í�B-Í�î6/2BRÑbÜ
~-Ø6D?BbÙvæ�Í-Øl9vÌGÍ�>?Í�Þ�/2>?Íc>+ÑRÕ�Þ�Ð¦9;BgBR/ Öt7�Ý�D?>?Í�1?Íc7�>?/2BgBRÍ�Þ�Ñg/2ÕG1?BLÕ=ÖlBRÕ0Ð2/8>ÏB�/216ÑRÕ�ÑRØ?Í�ÖYÕGÐ2Ð2Õ;æ-/81ÏÒ
BR/2î+ÑN76ãlÍcBbÜ

àGÜ]{6ãl9=Þ�Í0hlÐ2Ð2/21?Ò�ÑN76ãlÍ+ßlwvâ
k?Ü]ya9v70Í�HRÍ�>�ÑN76ã{Í êY9Gí0k)x-ya9v70Í�HRÍ�> ÑN76ãlÍAßlrxâ ê¦älí0mfx�yÊ9v7GÍ�HgÍ�>�ÑN76ã{ÍAßzávâ

ê�ÞbíMi�DÏÐ8Ñg/IxçÐ¦9v7GÍcHRÍ�>%ÑN7Eã{Í+ß2à> vâ
m?Ü]i�/2HRHgÕGH-/2:49=ÒGÍ-ÑN76ãlÍ+ßljvâ
|lÜ]��Ð¦9;BRãÏ/81ÏÒ�ÑN76ã{Í²ß2à0àIâ

~-Ø?Í�HRÍv9;BRÕ01?B-ÖYÕGH­1{9;:�/21?Ò¢Íb9;ÞIØAÕ=Ö&ÑgØ?Í�BgÍ�ÑN76ã{Í�B�9;B-BRDÏÞCØ æ-/2Ð2Ð_älÍ�ÞcÕG:�Í�Þ�Ð2Íb9=H<9=B­æ�Í
ã?HRÕ6Þ�ÍcÍ�>AÑRÕ+/216ÌGÍcBRÑR/2Ò69;ÑRÍ�ÑRØ?Í¢:�Í�ÞIØl9=1?/2BR: D?1?>?ÍcHRÐ276/81ÏÒ�Ý­DÏ>?Í�1?Í�7%>?/2BRBgÍ�Þ�ÑR/2Õ01?B­Õ=Ö&BgÕGÐ2/2>?BbÜ

Ç�È­´�É-¶?ÀÊµ#"-¹ �×É­´�Å_À$
<ºgºRÂg»]�ë¶;Á­É�À ¼¾½­¿�Àa»­À Á ¿�ÂRÄ6Ä6ÀaÅ{¶?ÂRÆL»�Ä¸´�»�¿éÄ6½%�
É�ÀaµÏÂ-� É�Æ�ÄEÂY¶?ÂgÆL» ÆP��¶'&�Æ ¶?ÀaÄ6Ä6ÀaºgºR´Ê¶?ÂRÆL»�Ä

3 BRÕ0Ð2/8>¨/8B�Þb9;Ð2Ð2Í�>£92�.�?ý��Iû]5D
1
��¦ÿ��2���B
��1�¢ÕGH<9 �.�±ý��Cû�5D
1
2û>�-/ Öª9%BRãl9=Þ�Í�Þb9;1 älÍghlÐ2Ð2Í�>
æ-/2ÑRØ?Õ0D?ÑaØl9vÌ6/21?Ò�9;167�ÒE9=ã?BLÕ0H�Õ;Ì0Í�HRÐ¦9=ã?B�äE7¢D?BR/21?Ò�Þ�Õ0ã?/2Í�BLÕ;Ö{ÑRØ?Í-BgÕGÐ2/2>aÜ)~-Ø?Í�HRÍ�9;HgÍª:�9;167
BRD?ÞIØ¸BRÕ0Ð2/8>ÏB+BRD?ÞIØ¾9;B%Þ�D?ä{Í�BbÙ�HRÍcÞ�ÑC9=1?ÒGD?Ð¦9=H+ä?Ð2ÕEÞI56BbÙL9 BgãlÍcÞ�/¦9;Ð­56/21?>¸Õ;Ö�ÑRÍ�ÑgHC9=Ø?Í�>?HgÕG1?BvÙ
ÑRHg/«9=1?ÒGDÏÐ«9=HLã?Hg/8Bg:�BvÙGBgÍ�:�/2HRÍcÒGD?Ð¦9;H�à�|�xNØ?Í�>ÏHRÕG1ÏB�ê¦ÑRHgD?1?Þb9=ÑRÍ�>¨ÕEÞcÑC9;ØÏÍ�>?HRÕ01?BCí¢êtìÊ/2ÒlÜlw?Ü2à0êt9Gígí�Ù
HRØ?Õ0:+ä?/2Þ->?Õ6>?Í�Þb9=Ø?Í�>?HgÕG1?B�êtìÊ/2ÒAwÏÜ kÏêt90íRí�9;1?>�BRÕ+Õ01aÜ
	-Í�ÖtÍ�H-ÑRÕAß2à0Ù k�mvâ{ÖtÕGH�>?Í�ÑI9;/2Ð2BbÜ

qª7 BRãl9=Þ�ÍNh{Ð8Ð2/21?Ò�ÑN76ãlÍ%æªÍ+HgÍIÖtÍ�H�ÑRÕ Ý­DÏ>?Í�1?Í�7£>Ï/8BgBRÍ�ÞcÑR/2ÕG1?B�Õ;Ö­BgÕGÐ2/2>?B�Þ�ÕG1ÏBRÑRHgD?Þ�ÑgÍ�>
ä67 9�Þ�Ð2Í�ÌGÍcH�D?BRÍ�Õ;Ö�ã?HRÕ0ãlÍ�HgÑR/2Í�B�Õ=ÖªBRã{9;Þ�Í7hlÐ2Ð2/21?Ò+BRÕ0Ð2/8>ÏBbÙ{æ-Ø?/2ÞIØA/2B 9�ÒGÍ�1ÏÍ�HC9=Ð8/��b9=ÑR/2ÕG1¨Õ;Ö
ÑRØ?Í�BRDÏãlÍ�Hg/2:�ã{ÕGBR/2Ñg/8Õ01AÕ;Ö�ÑNæªÕ%ÑR/2Ð2/81ÏÒGB<9=ã?ã?Ð2/2Í�>�ÖtÕ0H�ã?Ð¦9;1l9=H­Þb9=BRÍ�BvÜCy Í�Ñ�D?B�Í�î6ã?Ð¦9;/21AÑRØÏ/8B
:�Í�ÑgØ?Õ6>�ê�æªÍLÞv9;Ð2ÐGÑgØ?/2Ba:�ÍcÑRØ?Õ6>�BRD?ã{Í�Hg/8:%ãlÕ0BR/2ÑR/2Õ01­Õ;Ö?ÑNæ�Õ-ÑRÍ�BgBRÍ�Ð2Ð¦9;Ñg/2ÕG1lí :�ÕGHgÍ�Þ�ÕG1?ÞcHRÍ�ÑgÍ�Ð27
ä67+ÑC9;56/21?Ò�ÑNæªÕ�Í�î?9;:%ã?Ð2Í�B�Õ;Ö�BgÍ�:�/2HgÍ�ÒGD?Ð¦9=H<àd|�xNØ?Í�>?HgÕG1?B­9=1?>�HRØ?Õ0:+ä?/2Þ->?Õ6>?Í�Þb9=Ø?Í�>?HgÕG1?BvÜ
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3­B�æªÍ�>?Í�BgÞ�HR/2ä{Í�> 9=älÕ;Ì0Í+7GÕGDþÞb9;1þã?Ð¦9;Þ�Í�BgÍ�:�/2HRÍcÒGD?Ð¦9;H%à�|�xNØ?Í�>ÏHRÕG1ÏB�Õ=Ö­BC9;:%Í�Bg/��cÍ
9;B-/212hlÒ0D?HRÍ%à�ÑRÕ%Ø?ÕG1ÏÍ�76Þ�ÕG:+ä%ÑRØ?Í�Í�16ÑR/2HRÍ¢BRãl9=Þ�ÍGÜ<{6DÏã?ãlÕ0BRÍ�7GÕ0D4ÑI9;50Í�ÕGD?ÑDuID?BgÑ­ÑNæ�Õ+Õ;Ö
ÑRØ?ÍcBRÍ�àd|�xNØ?Í�>?HgÕG1?B�9;1?>�BRÑI9;ÞI5�ÑgØ?Í�: 9;B�/81+ìÊ/2ÒGD?HgÍMw?Ü2àGêY9Gí�Ü)q�7�ÞcÕG1?1?ÍcÞ�ÑR/21?Ò¢ÖtÕGDÏH�Ì0Í�HRÑg/2Þ�Í�B
Ð27E/21?Ò¢ÕG1�ÑRØ?Í¢Ð8Õ;æ�Í�H-ã{ÕGHgÑR/2ÕG1%Õ;ÖLÍb9;ÞIØAÕ=Ö�ÑgØ?Í�BRÍ�à�|BxçØÏÍ�>?HRÕ01?B-ä67�>?Õ0ÑRÑgÍ�>AÐ2/21?Í�B-7GÕ0D+ÖtÕ0HR:
ÑNæªÕ�BgÎED{9;HRÍcB×9=1?>+Þ�ÕG1Ï1?Í�Þ�Ñg/81ÏÒ�ÑRØ?ÍcBRÍ­BgÎ6Dl9;HgÍ�Bªæ-/2ÑgØ�ÖtÕGD?H�Ì0Í�HRÑg/8Þv9;Ð{>?ÕGÑgÑRÍ�>%Ð8/21?ÍcBbÙ;70ÕGD�BRÍ�Í
ÑRØl9=Ñ²9 HRÍ�Þ�ÑI9;1?Ò0D?Ð¦9;H+ä?Ð2Õ6ÞI5�æ-/2Ð2Ð�Í�:�Í�HgÒGÍ�ÖtHRÕ0: ÑgØ?Í�ÑNæ�Õ¸à�|�xNØ?Í�>ÏHRÕG1ÏBbêtìÊ/2ÒGDÏHRÍowÏÜ2àGê¦ä{íRí�Ü�ªÕGD¢>?/2BRÞ�Õ;Ì0Í�HLÑRØ{9;ÑLä67�HgÍ�ãlÍv9;ÑR/21?Ò¢ÑRØ?Í-BI9;:�Í�ã?HRÕ6Þ�Í�BgB�ÖtÕGH�Íb9=ÞIØ+ÌGÍ�HgÑR/2Þb9;Ð2Ð27�9;>>uc9;Þ�Í�16ÑLã{9;/2H
Õ;Ö�à�|BxçØ?Íc>?HRÕ01?B�7GÕ0D�Íc1?>©D?ã£æ-/2ÑgØ�ÑgØ?Í�Ø?Õ01?Í�76Þ�Õ0:+ä?/21?Ò�Õ=Ö×ÑgØ?Í+BRãl9=Þ�Í�ä67 HRÍ�ÞcÑC9;1ÏÒGD?Ð¦9;H
ä?Ð2Õ6ÞC56BvÜbìÏHRÕG:¬ÑgØ?Í�æ×9v7�ÑRØl9=ÑaÍb9=ÞCØ�HRÍcÞ�ÑC9=1?ÒGD?Ð¦9=H�äÏÐ8Õ6ÞI5�æ×9=BaÞ�Õ01?BRÑgHRD?ÞcÑRÍ�>aÙ0/2Ña/2BaÞcÐ8Ív9;HaÑgØl9;Ñ
ÑRØ?Í-HgÍ�Ð¦9;Ñg/8Ì0Í-ãlÕ0BR/2ÑR/2Õ01?BLÕ;Ö�9�BgÍ�:�/2HRÍcÒGD?Ð¦9;H�à�|�xNØ?Í�>ÏHRÕG1�9=1?>�9�HRÍ�ÞcÑC9;1ÏÒGD?Ð¦9;H�ä?Ð2Õ6ÞI5�HgÍ�:49=/81
Þ�ÕG1ÏBRÑC9=16Ñ�/21�BRãl9=Þ�ÍGÙ69;1?>�ÑRØ{9;ÑLÑgØ?Í-ÌGÕ0Ð8DÏ:�Í�Õ;Öa9�à�|�xNØ?Í�>ÏHRÕG1+9;1Ï>�Õ=Ö 9�HRÍcÞ�ÑC9=1?ÒGD?Ð¦9=HLä?Ð2Õ6ÞC5
/2BªÑgØ?Í�BC9=:�ÍGÜ

132547698;:=<3>?8;@BA0CD2B>FE;G.H I�85JB>LK;M�6
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{6ãl9;ÞcÍMh{Ð8Ð2/21?Ò�ÑN76ã{Í�Ý­DÏ>?Í�1?Í�7%>?/2BRBgÍ�Þ�ÑR/2Õ014Õ=Ö�BgÕGÐ2/2>?B×9=HRÍ�Þ�Õ01?BRÑgHRD?Þ�ÑgÍ�>Aäl9=BRÍ�>�Õ01�ÑRØÏ/8B
ã?HRÕ0ãlÍcHRÑN7¸Õ;Ö�BRãl9=Þ�Í2hlÐ2Ð2/21?Ò�BgÕGÐ2/2>?BbÜ�{±D?ã?ã{ÕGBRÍ¨7GÕGD¸>?HI9væ 9 ÑgÍ�BRBgÍ�Ð2Ð¦9;ÑR/2Õ01åÕ=Ö�ÑRØ?Í�BRã{9;Þ�Í
ä67�:%Íb9;1?B�Õ=Ö­BRÍ�:%/8HgÍ�ÒGDÏÐ«9=H+à�|�xNØ?Í�>ÏHRÕG1ÏB²9=1?>£>?HC9væ 9=1?ÕGÑgØ?Í�H�äE7 :�Ív9;1?B�Õ=Ö­HRÍ�ÞcÑC9;1ÏÒGD!x
Ð¦9;H-ä?Ð2Õ6ÞI5EB�9=1?>ABRDÏãlÍ�Hg/2:�ã{ÕGBRÍ¢ÑRØ?Í�BgÍ+>?HC9væ-/21?Ò0BbÜR�ªÕGDAÑgØ?Í�1 >?/2BRBgÍ�Þ�Ñ�9�BRÍ�:%/8HgÍ�ÒGDÏÐ«9=H�à�|Bx
Ø?Í�>?HgÕG1£/216ÑRÕ\w ã?/2Í�Þ�Í�B+ä67 :�Íb9=1?B�Õ;Ö­ÑRØÏÍow�ã?Ð¦9=1?Í�B�ÖtÕ0HR:%/81ÏÒ�ÑRØÏÍ�Í�î6ÑRÍcHR/2ÕGH¢Öç9;ÞcÍ�B�Õ=Ö<9
HRÍ�ÞcÑC9;1ÏÒGD?Ð¦9;H-äÏÐ8Õ6ÞI5+/216ÑRÍ�HgÍ�Þ�ÑR/21?Ò%ÑRØ?Í%à�|�xNØ?Í�>ÏHRÕG1ÊÙ6ÑRØ?Í�1¨7GÕGD%ÕGä?ÑI9;/2149+Ý�D?>ÏÍ�1?Í�7%>?/2BRBRÍcÞ=x
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ÑR/2ÕG1 Õ;Ö­ÑgØ?Í�àd|�xNØ?Í�>?HgÕG1þ/816ÑgÕ4ÑgØ?Í�HRÍ�ÞcÑC9;1ÏÒGD?Ð¦9;H¢ä?Ð2ÕEÞI5_Ü�ìa/2Ò0D?HRÍ2w?Ü2àGê�Þbí�/2Ð2Ð8DÏBRÑRHI9;ÑgÍ�B�ÑRØÏ/8B
Öç9;ÞcÑbÜYvYÖ­70ÕGD£HRÕ0Ð2ÐL/21£ÑRØ?Í%ã?/2Í�Þ�Í�B+Õ=Ö×>?/2BgBRÍ�Þ�Ñg/2ÕG1©70ÕGD£Ò0Í�Ñ�ÑgØ?Í�BgÍ�:�/2HgÍ�ÒGD?Ð¦9=H²àd|�xNØ?Í�>?HgÕG1aÙ
æ-Ø?/2Ð2Í�/ Ö�7GÕGDþHRÕ0Ð8Ð-Õ0D?Ñ+ÑRØÏÍAã?/2Í�Þ�Í�B�70ÕGD©Ò0Í�Ñ�ÑgØ?ÍAHgÍ�Þ�ÑC9=1?ÒGDÏÐ«9=H+ä?Ð2Õ6ÞC5_ÜL~-Ø?Í%Öç9;Þ�Ñ+ÑgØl9;Ñ
ÑRØ?/2B�/2B�/21?>?Í�Íc>£æ-Øl9;Ñ�Øl9=ã?ãlÍc1?B�/2B�:�Õ0HRÍ�ÕGH�Ð2Í�BRB�ÕGä6Ì6/2ÕGD?B�ÖtHgÕG:"ÑgØ?Í�æ-9v7�BRÍ�:%/8HgÍ�ÒGDÏÐ«9=H
à�|BxçØ?Íc>?HRÕ01?B­9;1?>%ÑRØ?Í¢HRÍ�Þ�ÑI9;1?Ò0D?Ð¦9;H-ä?Ð2Õ6ÞI56B-Ø?ÕG1?Íc7EÞcÕG:+ä�ÑgØ?Í�BRãl9=Þ�ÍGÜ
¸Y"C��òAR;õ.VW�L÷Y'�õ�ö�õt÷Ïô£÷	T­ö�¹¢÷�övò	'>'cò!e?e.S?övõt÷{ôC'�÷�T­ö>²�ò�'��DS§*=ò

vYÖ×70ÕGD BRD?ã{Í�HR/2:%ãlÕ0BRÍ�9%ÑRÍ�BgBRÍ�Ð2Ð¦9;Ñg/2ÕG1£Õ;Ö-ÑRØÏÍ+BRãl9=Þ�Í+ä67�Õ01?Í�Õ=Ö×Bgãl9;ÞcÍNhlÐ2Ð2/21?Ò�BgÕGÐ2/2>?B
ÕG16ÑRÕ�9�ÑRÍ�BgBRÍ�Ð2Ð¦9;Ñg/2ÕG1AÕ=ÖªÑRØ?Í�BRã{9;Þ�Í�ä67 9=1?ÕGÑgØ?Í�H�BRDÏÞCØ BRÕ0Ð2/8>�/21�9=1�9;>?HgÕG/2Ñ­æ-9v7�ÑgØ?Í�HgÍ�ä67
5GÍ�Ícã?/21?Ò�HRÍ�Ð¦9;Ñg/2ÌGÍ+ã{ÕGBR/2Ñg/8Õ01?B�Õ;Ö-ÑRØ?ÍcBRÍ�BgÕGÐ2/2>?B�Þ�ÕG1ÏBRÑC9=16ÑbÙ�9;1?> ÑRØ?Íc1£>?/2BRBRÍcÞ�Ñ�Õ01?Í+Õ;Ö-ÑRØÏÍ
BRÕ0Ð8/2>?B-Õ=ÖªÕG1ÏÍ�56/81Ï>4ä67�ÑRØÏÍ�ã?Ð¦9=1?Í�B-ÖYÕGHR:%/21?Ò�ÍcîEÑgÍ�HR/2Õ0H­ÖN9;Þ�Í�B�Õ;ÖªÑgØ?Í�BgÕGÐ2/2>AÕ;ÖLÑRØÏÍ�Õ0ÑRØ?Í�H
56/81Ï>©ÑRØ{9;Ñ+/216ÑRÍ�HgBRÍ�Þ�ÑgB�ÑgØ?Í�ÖtÕ0HR:�ÍcHbÙÊ7GÕGDþæ-/2Ð8Ð�ÕGäÏÑC9;/21¸9 BRãl9=Þ�Í#hlÐ2Ð8/21?Ò ÑN76ãlÍAÝ�D?>?Íc1?Í�7
>?/2BRBgÍ�Þ�ÑR/2Õ01AälÍcÑNæªÍ�Íc1£ÑRØ?Í�BgÍ�k�BRÕ0Ð8/2>?BvÜ	n£Í�Íc:�ã?Øl9=BR/���Í�ØÏÍ�HRÍ�ÑRØl9=Ñ­ÑgØ?Í�BgD?ã{Í�HRã{ÕGBg/8Ñg/2ÕG1 Õ;Ö
k+ÑgÍ�BRBgÍ�Ð2Ð«9=ÑR/2ÕG1ÏB<Ø{9;B�ÑRÕ�ä{Í�>?Õ01?Í�9;>ÏHRÕG/2ÑgÐ87�9;B�/2Ñ�/8B�/2:�ã{ÕGHRÑI9;16Ñ-ÑRØ{9;Ñ�Í�ÌGÍcHR76ÑRØ?/21?Ò�:+D?BgÑ
hlÑ-ÑRÕ0ÒGÍ�ÑgØ?Í�H�æ-Ø?Í�1AÞ�Õ0HRHgÍ�BRã{ÕG1?>Ï/81ÏÒ�ÌGÍcHRÑR/2Þ�ÍcB 9=1?>�BR/2>?Í�B�Õ;Ö�BRÕGÐ2/2>?B­9=HRÍ�ã?DÏÑ-ÑRÕGÒ0Í�ÑRØÏÍ�H�äE7
ÒGD?:%:�Í�>�ÑC9=ãlÍcB<9;1Ï>�HRÕ0ÑC9=ÑRÍ�>aÜ
( *S)-ñ_"�$Êò6ô�òA&2$Êõ(')'�ò	*=öbõY÷lô�'T*Lò6ö�¹�ò6ò6ô\S2R�²�÷UVU*�õ�*;$Ê÷<$Êò	*�S	²�ò	$PR;÷lô^S?ô�$[S_R;ò	*;ö.,
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3­B�9;1ÏÕGÑRØÏÍ�H+Í�î?9;:%ã?Ð2Í�Õ;Ö�BRãl9=Þ�Í2hlÐ2Ð2/21?ÒAÑN76ã{Í Ý�D?>ÏÍ�1?Í�7¸>?/2BRBgÍ�Þ�Ñg/8Õ01¸Õ;Ö<BgÕGÐ2/2>?BbÙ�Ð2Í�Ñ
D?B-Í�î6ã?Ð¦9;/21�Ý­DÏ>?Í�1?Í�7�>?/2BgBRÍ�Þ�Ñg/2ÕG1?B�älÍ�ÑNæ�Í�Í�1£9�HRØÏÕG:+ä?/2Þ->?Õ6>?Í�Þv9;Ø?Í�>ÏHRÕG1£9;1Ï> 9�HgÍ�Þ�ÑI9;1!x
ÒGD?Ð¦9=H<äÏÐ8Õ6ÞI5_Ù_ä67¥9=ã?ã?Ð276/21?Ò%ÖtÕGH�BgD?ã{Í�HR/2:�ã{ÕGBg/2ÑR/2ÕG1 Õ;Ö-ÑNæªÕ¨ÑRÍ�BgBRÍ�Ð2Ð¦9;Ñg/8Õ01?B�Õ;Ö-ÑRØ?Í%BRãl9=Þ�ÍGÜ
3 HRØ?Õ0:+ä?/2Þ<>ÏÕE>ÏÍ�Þb9;ØÏÍ�>?HRÕ01£/2B 9%Bgãl9;Þ�Í7h{Ð8Ð2/21?Ò+BgÕGÐ2/2>aÜUn£Í�Þb9=1�h{Ð8Ð�D?ã ÑRØÏÍ+BRãl9=Þ�Í+æ-/2ÑRØ
1?Õ�ÒE9=ã?B�9;1?>£1?Õ�Õ;Ì0Í�HRÐ¦9;ãÏBbÙa9=B</21£ìÊ/8Ò0D?HRÍ_wÏÜlk?êt90í�Ù{ä67AD?Bg/81ÏÒ4ÞcÕGã?/2Í�B�Õ=Ö×ÑgØ?/2B�BRÕ0Ð2/8>ÊÜ§q�7
ã?/2ÞI5E/21?Ò�ã{ÕG/216ÑRB­Ð2Õ6Þb9=ÑRÍ�>�9=Ñ­ÑgØ?Í�BC9=:�Í�ã{ÕGBR/2Ñg/8Õ01�ÕG1AÍb9=ÞIØAÕ;ÖLÑRØÏÍ�Þ�Õ0HRHgÍ�BRã{ÕG1?>Ï/81ÏÒ�Í�>?Ò0Í�B
Õ;Ö�ÑRØ?Í�BgD?HNÖN9;Þ�Í�B�Õ=Ö�ÑRØÏÍ�BRÍ�>?Õ6>?Í�Þb9=Ø?Í�>?HgÕG1?BvÙa9;1Ï>4ÞcÕG1?1?ÍcÞ�ÑR/21?Ò%ÑRØ?Í�:ëä67�>?Õ0ÑRÑgÍ�>AÐ2/21?Í�B­9;B
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1 Maths, University College London
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1 Introduction

Eszter Klein’s theorem claims that among any 5 points in the plane, no three
collinear, there is the vertex set of a convex quadrilateral. An application of
Ramsey’s theorem then yields the classical Erdős–Szekeres theorem [19]: For
every integer n ≥ 3 there is an N0 such that, among any set of N ≥ N0 points
in general position in the plane, there is the vertex set of a convex n-gon. Let
f(n) denote the smallest such number.

Theorem 1 ([20,44]).

2n−2 + 1 ≤ f(n) ≤
(

2n− 5
n− 2

)
+ 2 .

A very old conjecture of Erdős and Szekeres is that the lower bound is tight:

Open Problem 1. For every n ≥ 3, f(n) = 2n−2 + 1.

Similarly, let fd(n) denote the smallest number such that, in any set of at
least fd(n) points in general position in Euclidean d-space, there is the vertex set
of a convex polytope with n vertices, that is, n points in convex position. A simple
projective argument [47] shows that fd(n) ≤ f(n). It is conjectured by Füredi [22]
that fd(n) is essentially smaller if d > 2, namely that log fd(n) = O(n1/(d−1)).
A lower bound that matches this conjectured upper bound was given recently in
[33]. On the other hand, Morris and Soltan [34] contemplate about an exponential
lower bound on fd(n).

In this paper we survey recent results and state some open questions that are
related to Theorem 1. In particular, we consider “homogeneous”, “partitional”,
and “modular” versions of the Erdős–Szekeres theorem. We will discuss the
question whether empty convex polygons (and then how many of them) can
be found among N points in the plane. We will also describe how the convex
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J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 91–105, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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position condition can be strengthened or relaxed in order to arrive at well-posed
questions, and present the results obtained so far.

For further aspects of the Erdős–Szekeres theorem we refer to the very recent
and comprehensive survey article [34].

2 Homogeneous Versions

From now on we assume that X ⊂ IR2 is a finite set of points in general position.
We assume further that X has N elements. By the Erdős–Szekeres theorem, any
subset of X of size f(n) contains the vertices of a convex n-gon. As a fixed n-set
is contained in

(
N

f(n)−n

)
subsets of size f(n), a positive fraction of all the n-tuples

from X are in convex position. This is a well-known principle in combinatorics.
Maybe one can say more in the given geometric situation, for instance, the many
convex position n-tuples come with some structure. The following theorem, due
to Bárány and Valtr [7], shows that these n-tuples can be chosen homogeneously:

Theorem 2 ([7]). Given n ≥ 4, there is a constant C(n) such that for every
X ⊂ IR2 of N points in general position the following holds. There are subsets
Y1, . . . , Yn of X, each of size at least C(n)N such that for every transversal
y1 ∈ Y1, . . . , yn ∈ Yn, the points y1, . . . , yn are in convex position.

We call this result the “homogeneous” Erdős–Szekeres theorem. The proof in
[7] is based on another homogeneous statement, the so called same type lemma.
We state it in dimension d, but first a definition: Two n-tuples x1, . . . , xn and
y1, . . . , yn are said to be of the same type if the orientations of the simplices
xi1 , . . . , xid+1 and yi1 , . . . , yid+1 are the same for every 1 ≤ i1 < i2 < . . . <
id+1 ≤ n.

Theorem 3 ([7]). Given d ≥ 2 and k ≥ d+ 1, there is a constant C(k, d) such
that for all finite sets X1, . . . , Xk ⊂ IRd of points such that ∪k

1Xi is in general
position the following holds. For every i = 1, . . . k, the set Xi contains a subset
Yi of size at least C(k, d)|Xi| such that all transversals y1 ∈ Y1, . . . , yk ∈ Yk are
of the same type.

The proof is based on the center-point theorem of Rado [7], or on Borsuk’s
theorem [37]. It uses a reformulation of the definition of same type: all transver-
sals of Y1, . . . , Yk are of the same type if no hyperplane meets the convex hulls of
any d+1 of these sets. The same type lemma implies the homogeneous version of
the Erdős–Szekeres theorem in the following way. Choose k = f(n) and partition
X ⊂ IR2 by vertical lines, say, into setsX1, . . . , Xk of almost equal size. Apply the
same type lemma to them. All transversals of the resulting subsets Y1, . . . , Yk are
of the same type. Fix a transversal y1, . . . , yk. As k = f(n), the Erdős–Szekeres
theorem implies that some n points of this transversal, yj1 , . . . , yjn , say, are in
convex position. Then by the same type lemma, all transversals of Yj1 , . . . , Yjn

are in convex position.



Problems and Results around the Erdős–Szekeres Convex Polygon Theorem 93

This proof gives a doubly exponential lower bound for C(n). An alternative
proof, with a better bound for C(n) was found by Solymosi [39]. A sketch of
Solymosi’s neat argument goes as follows. As we have seen above, a positive
fraction of the 2n element subsets of X are in convex position. Write such a 2n
element subset as x1, y1, x2, y2, . . . , xn, yn with the points coming in this order on
the boundary of their convex hull. Choose a1 = x1, a2 = x2, . . . , an = xn so that
the number of possible convex extensions a1, y1, a2, y2, . . . , an, yn is maximal.
Averaging shows that the number of such extensions is at least const

(
N
n

)
where

|X | = N . A simple geometric argument explains that the possible yis all lie in the
triangle Ti formed by the lines through the pairs of points (ai−1, ai), (ai, ai+1)
and (ai+1, ai+2). It is not hard to check then that Yi = X ∩ Ti (i = 1, . . . , n)
satisfies the requirements.

This proof gives C(n) ≈ 2−16n2
, while the lower bound for f(n) shows that

C(n) is at least 2n−2. Better bounds are available for n = 4, 5 [7]: C(4) ≥ 1/22
and C(5) ≥ 1/352. The reader is invited to prove or improve these bounds.

Pach [37] uses the same type lemma to prove a homogeneous version of
Caratheodory’s theorem that was conjectured in [6]: Given Xi ⊂ IRd (i =
1, . . . , d + 1), there is a point z ∈ IRd and there are subsets Zi, each of size
cd|Xi| at least (i = 1, . . . , d + 1), such that the convex hull of each transversal
z1 ∈ Z1, . . . , zd+1 ∈ Zd+1 contains the point z. (Here cd is a constant depending
only on d.) Pach’s nice argument uses, besides the same type lemma, a quanti-
tative version of Szemerédi’s regularity theorem.

We expect that the same type lemma will have many more applications.
Also, several theorems from combinatorial convexity extend to positive fraction
or homogeneous versions. For instance, a positive fraction Tverberg theorem is
proved in [7]. One question of this type concerns Kirchberger’s theorem [14]. The
latter says that finite sets A,B ⊂ IRd can be separated by a hyperplane if and
only if for every S ⊂ A ∪B of size d+ 2 there is a hyperplane separating A ∩ S
and B ∩ S. This suggests the following question:

Open Problem 2. Let A,B ⊂ IRd be finite sets, each of size N , with A ∪ B
in general position. Assume that for (1 − ε) fraction of the (

2N
d+2

)
(d + 2)-tuples

S ⊂ A∪B there is a hyperplane separating A∩S from B∩S. Does it follow then
that there are subsets A′ ⊂ A and B′ ⊂ B that are separated by a hyperplane
and |A′|, |B′| ≥ (1 − g(ε))N with g(ε) tending to zero as ε→ 0?

Partial results in this direction are due to Attila Pór [40]. One word of caution
is in place here: the condition g(ε) → 0 is important since by the ham-sandwich
theorem (or Borsuk’s theorem, if you like) any two finite sets A,B in IRd can be
simultaneously halved by a hyperplane H . Then half of A is on one side of H
while half of B is on the other side.

3 Partitional Variants

Let P be any set of points in general position in the plane. Let C1, C2 be subsets
of P , each in convex position. We say that the convex polygons C1 and C2 are
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vertex disjoint if C1 ∩ C2 = ∅. If, moreover, their convex hulls are also disjoint,
we simply say that the two polygons are disjoint. A polygon is called empty if
its convex hull does not contain any point of P in its interior.

Eszter Klein’s theorem implies that P can be partitioned into vertex disjoint
convex quadrilaterals plus a remainder set of size at most 4. The following result
answers a question posed by Mitchell.

Theorem 4 ([30]). Let P be any set of 4N points in general position in the
plane, N sufficiently large. Then there is a partition of P into N vertex disjoint
convex quadrilaterals if and only if there is no subset A of P such that the size
of A is odd but the the size of A ∩ C is even for every convex quadrilateral C.

There is also an N logN -time algorithm [30] which decides if such a partition
exists. The following problem seems to be more difficult.

Open Problem 3. Is there a fast algorithm which decides if a given set of 4N
points in general position in the plane admits a partition into disjoint convex
quadrilaterals?

For k ≥ 3 the Ramsey-remainder rr(k) was defined by Erdős et al. [21] as the
smallest integer such that any sufficiently large set of points in general position
in the plane can be partitioned into vertex disjoint polygons, each of size ≥ k,
and a remaining set of size ≤ rr(k). Thus, rr(k) < f(k) for every k. In particular,
rr(3) = 0 and rr(4) = 1. Partial results on rr(k) in general were proved in [21].
It is known, for example, that rr(k) ≥ 2k−2−k+1. The solution of the following
problem could make an essential step to settle Problem 1, see [21].

Open Problem 4. Is it true that rr(k) = 2k−2 − k + 1?

There is no Ramsey-remainder in higher dimensions. The following result is
due to Károlyi [30].

Theorem 5. Let k > d ≥ 3. If N is sufficiently large, then every set of N points
in general position in IRd can be partitioned into subsets of size at least k each
of which is in convex position.

The main observation here is that, for large enough N , every point of P
belongs to some k-element subset which is in convex position.

A problem in close relation to Problem 3 is the following. Given natural
numbers k and n, let Fk(n) denote the maximum number of pairwise disjoint
empty convex k-gons that can be found in every n-element point set in general
position in the plane. The study of this function was initiated in [27]. Horton’s
result mentioned in Section 5 implies F7(n) = 0 for every n. Thus, the interesting
functions are F4, F5 and F6. Nothing is known about F6, in fact Problem 6 is
equivalent to asking whether F6(n) > 0 for some n. Since every 5-point set
determines an empty convex quadrilateral, obviously F4(n) ≥ �n/5
. Similarly,
it follows from a result of Harborth [23] that F5(n) ≥ �n/10
 for every n.
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The non-trivial lower bound F4(n) ≥ �5n/22
 is presented in [27], based
on the following observation. Suppose P is any set of 2m + 4 points in general
position in the plane. Then there is a partition of the plane into 3 convex regions
such that one region contains 4 points of P in convex position, and the other
regions contain m points of P each. There is no counterpart of this lemma for
pentagons, and in fact no lower bound is known about F5 beyond what is said
above. As for F4, an even stronger lower bound F4(n) ≥ (3n − 1)/13 has been
proved for an infinite sequence of integers n.

Concerning upper bounds, a construction in [27] shows that F5(n) ≤ 1 if
n ≤ 15. It is not too difficult to prove that F5(n) < n/6, but no nontrivial upper
bound is known for F4(n) in general.

For any positive integer n let F (n) denote the smallest integer such that
every set of n points in general position in the plane can be partitioned into
F (n) empty convex polygons, with the convention that point sets consisting of
at most two points are always considered as empty convex polygons. Urabe [45]
proved �(n − 1)/4� ≤ F (n) ≤ �2n/7�. The upper bound follows from the fact
that every 7-point set can be partitioned into an empty triangle and an empty
convex quadrilateral.

An improved upper bound F (n) ≤ �5n/18� is presented in [27] along with
an infinite sequence of integers n for which also F (n) ≤ (3n+ 1)/11.

An other function H(n) was also introduced in [45] as the smallest number
of vertex disjoint convex polygons into which any n-element point set can be
partitioned in the plane. An application of Theorem 1 gives that the order of
magnitude of this function is n/ logn.

Finally we mention that the functions F and H can be naturally defined in
any dimension; denote the corresponding functions in d-space by Fd and Hd.
Urabe [46] proves that Ω(n/ logn) ≤ F3(n) ≤ �2n/9� and that H3(n) = o(n).
The proof technics of [45] coupled with the bounds given in Section 1 on fd in
fact yield Ω(n/(logd−1 n) ≤ Fd(n) ≤ O(n/ log n).

4 Matrix Partitions

Assume X1, . . . , Xn in IRd, are pairwise disjoint sets, each of size N , with ∪Xi

in general position. A matrix partition, or µ-partition for short, of the Xis with
m columns is the partition Xi = ∪m

k=1Mik for i = 1, . . . , n if |Mik| = |Mjk| for
every i, j = 1, . . . , n and every k = 1, . . . ,m. In other words, a µ-partition of
X1, . . . , Xn with m columns is an n×m matrix M whose (i, k) entry is a subset
Mik of Xi such that row i forms a partition of Xi and the sets in column k are
of the same size. Gil Kalai asked [28] whether the homogeneous Erdős–Szekeres
theorem admits a partitioned extension:

Open Problem 5. Show that for every n ≥ 4 there is an integer m = g(n)
such that for every finite set X ⊂ IR2 of N points in general position there is a
subset X0 ⊂ X, of size less than f(n), (this is the Erdős–Szekeres function from
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Section 1), and there exists a partition of X \X0 into sets X1, . . . , Xn of equal
size such that the following holds. The sets X1, . . . , Xn admit a µ-partition M
with m columns so that every transversal x1 ∈ M1k, x2 ∈ M2k, . . . , xn ∈ Mnk is
in convex position, for all k = 1, . . . ,m.

By the homogeneous version one can choose the sets for the first column of a
µ-partition, each of size C(n)N/n, then for the second, third, etc columns from
the remaining part of X , but this would result in a suitable µ-partition with too
many, namely logN , columns. The remainder set X0 is needed for two simple
reasons: when N is smaller than f(n) there may not be a convex n-gon at all,
and when N is not divisible by n.

Partial solution to Problem 2 is due to Attila Pór [41]. He first proved a
partitioned extension of the same type lemma. To state this result we define the
sets Y1, . . . , Yn ⊂ IRd with n ≥ d + 1 separated if every hyperplane intersects at
most d sets of the convex hulls of Y1, . . . , Yn. As we mentioned in Section 2, the
sets Y1, . . . , Yn are separated if and only if every transversal y1 ∈ Y1, . . . , yn ∈ Yn

is of the same type.

Theorem 6 ([41]). For all natural numbers n, d with n ≥ d + 1 there is a
natural number m = m(n, d) such that if finite sets X1, . . . , Xn ⊂ IRd have the
same size and ∪n

1Xi is in general position, then there exists a µ-partition with
m columns such that the sets M1k, . . . ,Mnk in every column are separated.

This is exactly the partitioned version of the same type lemma. The proof
is based on a clever induction argument and a third characterization for sets
Y1, . . . , Yn being separated. The result is used by A. Pór [41] to solve the first
interesting case, n = 4 of Problem 2.

Theorem 7 ([41]). Assume X ⊂ IR2 is a finite set of N points in general
position. Then there is an X0 ⊂ X of size at most 4, and a partition of X\X0 into
sets X1, X2, X3, X4 of equal size such that they admit a µ-partition M with 30
columns so that every transversal x1 ∈M1k, . . . , x4 ∈M4k is in convex position.

The proof starts by cutting upX into four sets of almost equal size by vertical
lines, say. Then the same type lemma (matrix partition version) is applied to
these four sets giving a matrix partition with few columns. The columns are of
two types: either every transversal is a convex quadrangle and there is nothing
to do, or every transversal is a triangle with the fourth point inside it. In the
latter case one has to partition the column further. This can be done with a
topological argument: the interested reader should consult the paper [41]. The
method does not seem to work for n ≥ 5, apparently new ideas are needed.

5 Empty Convex Polygons

For a long time it had been conjectured that every sufficiently large point set,
in general position in the plane contains the vertex set of an empty convex n-
gon, that is, n points which form the vertex set of a convex polygon with no
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other point of the set in its interior. Harborth [23] showed that every 10-element
point set determines an empty convex pentagon, and that here 10 cannot be
replaced by any smaller number. Finally, in 1983 a simple recursive construction
of arbitrarily large finite point sets determining no empty convex heptagons was
found by Horton [24]. The corresponding problem for hexagons is still open:

Open Problem 6. Is it true that every sufficiently large set of points in general
position in the plane contains the vertex set of an empty convex hexagon?

We strongly believe that the answer is yes, but there is no proof in sight.
Several algorithms had been designed [4,15,36] to determine if a given set

of points contains an empty 6-gon, and to construct large point sets without
any empty hexagon. The current world record, a set of 26 points that does not
contain an empty convex 6-gon was discovered by Overmars et al. [36] in 1989.

A surprising number of questions can be related to this seemingly particular
problem. The first one, due to Solymosi [43], relates it to a Ramsey type problem
for geometric graphs. A geometric graph is a graph drawn in the plane such that
the vertices are represented by points in general position while the edges are
straight line segments that connect the corresponding vertices.

Open Problem 7. Let G be a complete geometric graph on n vertices whose
edges are colored with two different colors. Assume that n is sufficiently large.
Does it follow then that G contains an empty monochromatic triangle?

Were the answer to this question negative, it would imply that there are
arbitrarily large point sets without an empty convex 6-gon. For assume, on the
contrary, that every sufficiently large point set contains such an empty polygon.
Color the edges of the corresponding complete geometric graph with two colors,
it induces a coloring of the edges that connect the vertices of the empty 6-gon. It
follows from Ramsey’s theorem that this two-colored graph on 6 vertices contains
a monochromatic triangle (which is also empty), a contradiction.

An other related problem has been studied recently by Hosono et al. [26]. Let
P denote a simple closed polygon together with its interior. A convex subdivision
of P is a 2-dimensional cell complex in the plane whose vertex set coincides with
the vertex set of P , whose body is P , and whose faces are all convex polygons.
Denote by F ′(n) the smallest integer for which any set of n points in general
position in the plane can be connected with a closed simple polygon that admits
a convex subdivision with at most F ′(n) faces. Since each face in a convex
subdivision is an empty convex polygon, it follows from Horton’s construction
that F ′(n) ≥ n/4 for an infinite sequence of n. It is proved for every n in [26]
where an upper bound F ′(n) ≤ �3n/5� is also presented.

Open Problem 8. Is it true that F ′(n) ≥ (n− 2)/3?

A negative answer would give an affirmative solution to the empty hexagon
problem.
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Essential combinatorial properties of Horton’s construction were studied and
extended into higher dimensions by Valtr [47], resulting in constructions that
yield the following general result. Denote by h(d) the largest integer h with
the following property: every sufficiently large point set in general position in
IRd contains an h-hole, that is, h points which are vertices of an empty convex
d-polytope. Thus, 5 ≤ h(2) ≤ 6.

Theorem 8 ([47]). The integer h(d) exist for any d ≥ 2 and satisfies

2d+ 1 ≤ h(d) ≤ 2d−1(Pd−1 + 1) ,

where Pi denotes the product of the first i positive prime numbers.

It is also known that h(3) ≤ 22.

We close this section by turning back to the plane: there are certain nontriv-
ial classes of point sets where large empty convex polygons can be found. For
example, if every triple in the point set determines a triangle with at most one
point in its interior, then it is said to be almost convex.

Theorem 9 ([32]). For any n ≥ 3, there exists an integer K(n) such that
every almost convex set of at least K(n) points in general position in the plane
determines an empty convex n-gon. Moreover, we have K(n) = Ω(2n/2).

This result has been extended recently by Valtr [50] to point sets where every
triple determines a triangle with at most a fixed number of points in its interior.
It also must be noted that Bisztriczky and Fejes Tóth [10] proved the following
related result.

Theorem 10. Let l, n denote natural numbers such that n ≥ 3. Any set of at
least (n− 3)(l+ 1) + 3 points in general position in the plane, with the property
that every triple determines a triangle with at most l of the points in its interior,
contains n points in convex position. Namely, its convex hull has at least n
vertices, and in this respect this bound cannot be improved upon.

6 The Number of Empty Polygons

Let X ⊂ IR2 be a set of N points in general position, and write gn(X) for the
number of empty convex n-gons with vertices from X . Of course, n ≥ 3. Define
gn(N) as the minimum of gn(X) over all planar sets X with N points in general
position. Horton’s example shows that gn(N) = 0 when n ≥ 7. Problem 6 is, in
fact, to decide whether g6(N) = 0 or not.

The first result on gn(N) is due to Katchalski and Meir [29] who showed
g3(N) ≤ 200N2. In Bárány and Füredi [5] lower and upper bounds for gn(N)
are given. The lower bounds are:
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Theorem 11 ([5]).

g3(N) ≥ N2 −O(N logN) ,

g4(N) ≥ 1
2
N2 −O(N logN) ,

g5(N) ≥ �N
10


 .

The last estimate can be easily improved to g5(N) ≥ �N−4
6 
.

Of these inequalities, the most interesting is the one about g3. Its proof gives
actually more than just g3(N) ≥ N2(1 + o(1)). Namely, take any line * and
project the points of X onto *. Let z1, . . . , zN be the projected points on * in
this order, and assume zi is the projection of xi ∈ X . We say that pair zi, zj
supports the empty triangle xi, xk, xj if this triangle is empty and i < k < j.
Now the proof of the lower bound on g3(N) follows from the observation that all
but at most O(N logN) pairs zi, zj support at least two empty triangles. (This
fact implies, further, the lower bound on g4 as well.) It is very likely that a small
but positive fraction of the pairs supports three or more empty triangles but
there is no proof in sight. If true, this would solve the next open problem in the
affirmative:

Open Problem 9. Assume X is a finite set of N points in general position in
IR2. Show that g3(N) ≥ (1 + ε)N2 for some positive constant ε.

The upper bounds from [5] have been improved upon several times, [48], [16],
and [8]. The constructions use Horton sets with small random shifts. We only
give the best upper bounds known to date [8].

Theorem 12.

g3(N) ≤ (1 + o(1))1.6195...N2 ,

g4(N) ≤ (1 + o(1))1.9396...N2 ,

g5(N) ≤ (1 + o(1))1.0205...N2 ,

g6(N) ≤ (1 + o(1))0.2005...N2 .

It is worth mentioning here that the function gn(X) satisfies two linear equa-
tions. This is a recent discovery of Ahrens et al. [1] and Edelman-Reiner [17].
Since the example giving the upper bounds in the last theorem is the same point
set X and g7(X) = 0, only two of the numbers gn(X) (n = 3, 4, 5, 6) have to be
determined.

There is a further open problem due to the first author, that appeared in a
paper by Erdős [18]. Call the degree of a pair e = {x, y} (both x and y coming
from X) the number of triples x, y, z with z ∈ X that are the vertices of an
empty triangle, and denote it by deg(e).

Open Problem 10. Show that the maximal degree of the pairs from X goes to
infinity as the size of X, N → ∞.
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The lower bound on g3 implies that the average degree is at least 6 + o(1) in
the following way. Write T for the set of triples from X that are the vertices of
an empty triangle. We count the number, M , of pairs (e, t) where t ∈ T , e ⊂ T
and e consists of two elements of X in two ways. First M =

∑
deg(e) the sum

taken over all two-element subsets of X . Secondly, as every triangle has three
sides, M = 3|T | = 3g3(X) ≥ (3 + o(1))N2 from the lower bound on g3(N),
showing indeed that the average degree is at least 6 + o(1).

We show next that the maximal degree is at least 10 when N is large enough,
a small improvement that is still very far from the target. Choose first a vertical
line *1 having half of the points of X on its left, the other half on its right.
(Throw away the leftmost or rightmost point if N is odd.) Then choose a line
*2, by the ham-sandwich theorem, halving the points on the left and right of
*1 simultaneously (throwing away, again, one or two points if necessary). We
have now four sectors, S1, S2, S3, S4 each containing m points from X with m =
�N/4
. (S1, S4 are on the left of *1 and S1, S2 are below *2, say.) Let e = {x, y}
with x, y ∈ X and define deg(e;Si) as the number of points z ∈ X ∩ Si such
that {x, y, z} ∈ T . The observation following the lower bounds for gn gives that,
when e = {x, y} with x ∈ X ∩ S1 and y ∈ X ∩ S2, then for all but at most
O(m logm) of the possible pairs deg(e;S1 ∪ S2) ≥ 2, so

∑
x∈S1

∑
y∈S2

deg({x, y};S1 ∪ S2) ≥ (2 + o(1))m2.

On the other hand,
∑
x∈S1

∑
y∈S2

deg({x, y};S1 ∪ S2) =
∑

x,z∈S1

deg({x, z};S2) +
∑

y,z∈S2

deg({y, z};S1).

The analogous identities and inequalities for pairs in S2×S3, S3×S4, and S4×S1

together yield that

4∑
i=1

∑
x,y∈Si

deg({x, y};Si−1 ∪ Si+1) ≥ (8 + o(1))m2,

where i+ 1 and i− 1 are to be taken modulo 4. This means that, in at least one
of the sectors, the average degree of a pair is at least 4 + o(1) in the neighboring
two sectors. As we have seen, the average degree of a pair is at least 6 + o(1)
within each sector. This proves the claim.

7 The Modular Version

Bialostocki, Dierker, and Voxman [9] proposed the following elegant “modular”
version of the original problem.

Open Problem 11. For any n ≥ 3 and p ≥ 2, there exists an integer B(n, p)
such that every set of B(n, p) points in general position in the plane determines
a convex n-gon such that the number of points in its interior is 0 mod p.
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Bialostocki et al. proved this conjecture for every n ≥ p + 2. Their proof
goes as follows. Assume, for technical simplicity, that n = p + 2. Choose an
integer m that is very large compared to n. Consider a set P of f(m) points
in general position in the plane, by Theorem 1 it contains an m-element set
S in convex position. Associate with every triple {a, b, c} ⊆ S one of the p
colors 0, 1, 2, . . . , p − 1; namely color i if triangle abc contains i points of P in
its interior modulo p. As a consequence of Ramsey’s theorem we can select an
n-element subset S′ of S all of whose triples are of the same color, given that
m is sufficiently large. Consider any triangulation of the convex hull of S′, it
consists of p triangles. Consequently, the number of points inside this convex
n-gon is divisible by p.

This proof implies a triple exponential upper bound on B(n, p), a bound
which was later improved essentially by Caro [12], but his proof also relied heavily
on the assumption n ≥ p+2. Recently the conjecture was proved in [32] for every
n ≥ 5p/6 +O(1). A key factor in this improvement is Theorem 9.

The situation changes remarkably in higher dimensions. For example, a 3-
polytope with 5 vertices admits two essentially different triangulations: one into
two simplices and an other into three simplices. Based on this observation Valtr
[49] proved the following result.

Theorem 13. For any n ≥ 4 and p ≥ 2, there exists an integer C(n, p) such
that every set of C(n, p) points in general position in 3-space determines a convex
polytope with n vertices such that the number of points in its interior is 0 mod p.

Indeed, let P be any sufficiently large set of points in general position in
3-space. As in the planar case, we can use the Erdős–Szekeres theorem and
then Ramsey’s theorem to find at least n and not less than 5 points in convex
position such that every tetrahedron determined by these points contains the
same number of points, say i, in its interior modulo p. Consider any 5 of these
points and triangulate their convex hull in two different ways: first into two
tetrahedra, then into three tetrahedra. It follows that 2i ≡ 3i, and thus i ≡ 0
(mod p).

The same argument can be used to extend Theorem 9, and also its general-
ization by Valtr, to 3-space:

Theorem 14. Given any natural numbers k and n ≥ 3, there exists an integer
K3(k, n) such that the following holds. Every set of at least K3(k, n) points in
general position in 3-space, with the property that any tetrahedron determined by
these points contains at most k points in its interior, contains an n-hole.

Similar results are proved also in every odd dimension. First we recall the fol-
lowing strengthening of the Erdős–Szekeres theorem, which seems to be folklore.
See [13] or [11, Proposition 9.4.7] for a proof.

Theorem 15. Let d ≥ 2. For every n ≥ d + 1 there is an integer Nd(n) such
that, among any set of N ≥ Nd(n) points in general position in IRd there is the
vertex set of a cyclic d-polytope with n vertices.
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Note that in the above theorem we cannot replace the cyclic polytopes with
any class of polytopes of different combinatorial kind: one may select any number
of points on the moment curve yet every n-element subset will determine a cyclic
polytope.

Next, suppose that d is odd. In general, any cyclic polytope with d + 2
vertices admits a triangulation into (d+ 1)/2 simplices, and also a different one
into (d+ 3)/2 simplices. Thus, Theorems 13 and 14 have counterparts in every
odd dimension [50].

These arguments however cannot be extended to even dimensions: it is known
[42] that every triangulation of a cyclic d-polytope, d even, consists of the same
number of simplices.

8 Further Problems

Let h(n, k) denote the smallest number such that among at least h(n, k) points
in general position in the plane there is always the vertex set of a convex n-gon
such that the number of points in its interior is at most k. Horton’s result says
that h(n, 0) does not exist for n ≥ 7. In general, Nyklová [35], based on Horton’s
construction, established that h(n, k) does not exist for k ≤ c · 2n/4. She also
determined that h(6, 5) = 19, yet another step towards the solution of Problem
6.

The following problem was motivated in [30]. For integers n ≥ k ≥ 3, let
g(k, n) be the smallest number with the property that among any g(k, n) points
in general position in the plane, there exist n points whose convex hull has at
least k vertices. Clearly g(k, n) exists and satisfies f(k) ≤ g(k, n) ≤ f(n). Based
on the results of Section 2 one can easily conclude that g(k, n) < c1n+ c2, where
the constants c1, c2 (dependent only on k) are exponentially large in k. The true
order of magnitude of g(k, n) was found by Károlyi and Tóth [31]. It is not
difficult to see that g(4, n) = �3n/2� − 1. In general the following bounds are
known.

Theorem 16 ([31]). For arbitrary integers n ≥ k ≥ 3,

(k − 1)(n− 1)
2

+ 2k/2−4 ≤ g(k, n) ≤ 2kn+ 28k .

To obtain the upper bound, peel off convex layers from a set P of at least
2kn + 28k points as follows. Let P1 = P and Q1 the vertex set of its convex
hull. Having Pi, Qi already defined, set Pi+1 = Pi \Qi and let Qi+1 be the set of
vertices of the convex hull of Pi+1. If there is an integer i ≤ 2n such that |Qi| ≥ k,
then we are ready. Otherwise we have 2n convex layers Q1, Q2, . . . , Q2n, and at
least 44k further points inside Q2n. Thus, by Theorem 1, P2n+1 contains the
vertex set of a convex 4k-gon C, and the desired configuration of n points whose
convex hull has at least k vertices can be selected from the nested arrangement
of the convex sets Q1, Q2, . . . , Q2n, C.
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Open Problem 12. Is it true that g(5, n) = 2n− 1?

Open Problem 13. Is it true for any fixed value of k that

lim
n→∞

g(k, n)
n

=
k − 1

2
?

An interior point of a finite point set is any point of the set that is not on
the boundary of the convex hull of the set. For any integer k ≥ 1, let g(k) be
the smallest number such that every set of points P in general position in the
plane, which contains at least g(k) interior points has a subset whose convex
hull contains exactly k points of P in its interior. Avis, Hosono, and Urabe [2]
determined that g(1) = 1, g(2) = 4 and g(3) ≥ 8. It is not known if g(k) exists
for k ≥ 3. It was pointed out by Pach (see [2]) that if P contains at least k
interior points, then it has a subset such that the number of interior points of P
inside its convex hull is between k and �3k/2
. A similar problem was studied
also in [3].

Open Problem 14. Prove or disprove that every point set in general position
in the plane with sufficiently many interior points contains a subset in convex
position with exactly 3 interior points.

A first step towards the solution may be the following result of Hosono,
Károlyi, and Urabe [25]. Let g∆(k) be the smallest number such that every set
of points P in general position in the plane whose convex hull is a triangle which
contains at least g(k) interior points also has a subset whose convex hull contains
exactly k points of P in its interior.

Theorem 17. If g∆(k) is finite then so is g(k).

The proof is based on a result of Valtr [50] which extends Theorem 9.

Note Added in Proof. The answer to Open Problem 2 is yes and the proof
is quite simple. Open Problem 5 was solved very recently by Pór and Valtr: the
answer is again yes, but the proof is not that simple.
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14. L. Danzer, B. Grünbaum, and V. Klee, Helly’s theorem and its relatives, Proc.
Symp. Pure Math. Vol 7, AMS Providence RI (1963), pp. 101–138.

15. D.P. Dobkin, H. Edelsbrunner, and M. Overmars, Searching for empty convex
polygons, Algorithmica 5 (1990), 561–571.

16. D. Dumitrescu, Planar point sets with few empty polygons, Studia Sci. Math.
Hungar. 36 (2000), 93–107.

17. P. Edelman and V. Reiner, Counting the interior points of a point configuration,
Discr. Comp. Geom. 23 (2000), 1–14.
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31. Gy. Károlyi and G. Tóth, An Erdős–Szekeres type problem in the plane, Period.
Math. Hung. 39 (1999), 153–159.
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theorem, to appear in Studia Sci. Math. Hungar.
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rKÊ§9�Õ�Õg24ÍÇ1�9dÜ"Ðtê�1 Ø 9�:<1�:8:<ÎFÏ�Ï�13245<É¡1�:)ÜXÎÛ541=¡V1 Ø 24É�Ð;ÊV:)9d541�:<É�Ï�ÓÇÕ¡1�ÔÇ9�ÊVË Ø 9dÊ§Ü"1�1�ÊXÙÇÏ�1�5<ß9t2<1`Ë%245<É¡êXÉ¡9�Õ�Õ¡ÎÛÉ¡Ê	ì�ë~ÒKJ�Õ¡Ð�Ì+Ò^í�2<É¡Ï�1�ÔV:<É¡Ê Ø 1�ÖD1qÍV9Iê;1�24Ð�Õ¡ÐXÐ�ð%Ð;ÊÇÕ¡Î%9t2)2<ÍÇ1�¢&£ J�¤ Ó"Ð;:4:iÉ¡ÜÇÕ¡1ÓV9dÉ¡54:�Ð�ÑDÓ"Ð�É¡Ê;2A:�2<ÍV9d2 Ø 9dÊ Ür1�1�õ Ø Ír9dÊÇÌ;1�Ë
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Ö81%Ö7É¡Õ�Õ8Ð�ÊÇÕ¡Î Õ�ÐXÐ�ð�Ñ×Ð�5�5<Ð�249d2<É¡Ð�Ê:iÎXÏ�Ï�132<54É¡1�:�î R Õ¡:<ÐVÔ;2<ÍÇ1�9dÕ¡Ì�Ð;5<É�2<ÍÇÏÛ:+Ñ×Ð�5D2<ÍÇ1�Ë�ÉTôg1�541�ÊF2)ÓÇ54Ð�ÜÇÕ¡1�ÏÛ:�9�5<1�9dÕ¡ÏQÐF:@2D2<ÍÇ1q:49dÏ�1ë×Ö7É�2<Í%9dÊ�É¡Ï�ÓrÐ;5i2A9dÊF2�Ë�É�ô"1�5<1�Ê Ø 17Ð;ÊÇÕ�Î�É�Ê�24ÍÇ1 Ø 9;:i1)ÐdÑgÚVÊrË�É�ÊVÌ�Ð�ÊÇ1)24É�Ï�17541�Ó"1�9t241�Ë�:<1324:Aí Ô:iÐ�Ö81�Ö7É¡Õ¡Õ�Ì�É¡ê�1qÐ�ÊVÕ�ÎÛ24ÍÇ1qÚV5A:@2`ÔÇ9dÊVË	:i249d2<1�2<ÍÇ1�ÊV1 Ø 1`:<:49d54ÎÛÏ�Ð�Ë�ÉTÚ Ø 9t24É�Ð;ÊV:)ÕÝ9t2<1�5�î
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���V³ 1�2<1�5<Ï�É¡ÊÇ1%Ñ×Ð;5�1`9 Ø ÍÞÓV9�É�55´ ^ ª(´ JAµ { 24ÍÇ1§ËÇÉ¡:i249�Ê Ø 19¬rë8´ ^ ª(´ J í Ô�9dÊrË Ø Ð;Õ�Õ¡1 Ø 2�2<ÍV1ÓrÐ;É�ÊF2+ÓV9�É�5A:/ÍV9IêXÉ¡ÊÇÌ�24ÍÇ1k:49dÏ�1kË�ÉÝ:@2A9dÊ Ø 1¶¬�2<ÐqÌ�1�2�9�Ór9d5<2<É�2<É¡Ð�ÊQÐdÑ�¢!· J<¤ É¡ÊF2<Ð�Ë�ÉÝ:@2A9dÊ Ø 1Ì�5A9dÓÇÍr:z¸�¹´ë8¬%9�Ë�ÉÝ:i249dÊ Ø 1�Ð Ø�Ø ÙÇ5<É¡ÊÇÌQÉ�Êt{�í3î��� ÈÇÐ;5+1�9 Ø Í�ËÇÉ¡:i249�Ê Ø 1�¬�9dÊVËQ1`9 Ø Í�ÓrÐ;É�ÊF2­´ µ {øÔ�249�ð�171�9 Ø Í�ÓV9dÉ¡5+ÐdÑgÊÇ1�É�Ì;ÍFÜ"Ð�ÙV54:»º ^ ª(º JÐdÑ�´�É�Ê�¸ ¹ ÔÇ9dÊrË&É¡ÊV:<1�5<2)2<ÍÇ1q245<É¡ÓÇÕ¡1%ë�º ^ ª(´±ª+º J í8É¡Ê�9�:i1`9d5 Ø Í%2<541�1�§%î¼ � R :)Õ¡Ð�ÊÇÌÛ9;:�§ ÉÝ:7ÊÇÐ�271�Ï�Ó�2@Î�ÔV5<1�Ór1`9t2¼ �!��½ ÍÇÐXÐ;:<1�9�ÊFÎ%2<54É�ÓÇÕ¡1%ë8©0ª)«jª+u�í�Ñ×54Ð�Ï¾§ÛÔVË�1�Õ�1�2<1qÉT2�Ñ×5<Ð;Ï~§Ûî¼ �/�k³ 1�2<1�54Ï�É�ÊV1q2<ÍÇ1�54Ðd2A9t2<É¡Ð�Êl¿Â2<ÍV9d2kÏÛ9dÓV:�©OÀÁÂ«IÔ<«�ÀÁÃutîï)ÍÇÉÝ:�54Ðd249d2<É¡Ð�Ê Ë�13241�54ÏQÉ¡ÊÇ1`:�9§ÓrÐ;Õ�ÎXÌ�Ð;ÊV9dÕ�9�5 Ø °<Ä+° ^ ° J ���7��Ö7É�2<Ít°<ÄZSÅ©"Ô�° ^ S¿�ë!©�íZSÆ«IÔ�° J SÇ¿MJ;ë8©�íZSÇutÔ+9�ÊVËøÌ;1�ÊÇ1�549�Õ�Õ¡Î9°�È?SÉ¿ È ë!©�í î+ï)ÍÇÉÝ:QÏ�9IÎÞÜ"1	9541�Ì�ÙVÕ¡9�58Ó"Ð�Õ¡ÎXÌ�Ð;Ê�ÔÇ9dÊ§Ð�54ÜÇÉ�2)ÙVÊVË�1�5�¿�î¼ � ¼ ½ Ð�ÊV:i2<54Ù Ø 2R2<ÍÇ1):<1��FÙÇ1�Ê Ø 18ÐdÑVÉÝ:iÐF: Ø 1�Õ¡1�:�2<54É¡9�ÊÇÌ�Õ¡1�:8ëm°0È(ª!°�È T
^ ª!°�È TKJ í3Ô Ø ÍÇ1 Ø ðXÉ¡ÊÇÌkÑ×Ð;51�9 Ø Í%ÐdÑ�24ÍÇ1�:<1k245<ÉÝ9dÊVÌ�Õ¡1�:�Ö7ÍÇ1�2<ÍÇ1�5DÉ�2)É¡: Ø Ð;Ê;2A9dÉ¡ÊÇ1�Ë�É¡ÊI§´ÔF9�ÊVË%Ë�1�Õ�1�2<É¡ÊÇÌ�É�2�Ñ×54Ð�Ï§%ÔXÙÇÊF24É�ÕgÖ81�1�ÉT24ÍÇ1�58ÚVÊVË&9�245<ÉÝ9dÊVÌ�Õ¡1k2<Ír9t27É¡:8ÊÇÐ�2 Ø Ð�ÊF249�É�ÊV1�ËÛÉ¡Êl§´ÔFÐ;589�5<54É¡ê�1�9d22<ÍV1�:@2A9d5<2<É¡ÊÇÌQ2<54É¡9�ÊÇÌ�Õ¡1Ûëm°0vhª8°0v T
^ ª!°0v TKJ í\S ë8©0ªa«jªau�í î¼ � ¼ �8� rKÊ%2<ÍV1�ÚV5A:i2 Ø 9;:i1Që®24ÍÇ1�Ó"Ð�Õ¡ÎXÌ�Ð;ÊV9dÕ"9d5 Ø 541�ÏÛ9dÉ¡ÊÇ1�Ë%É�Ê Ø Ð�Ï�ÓÇÕ¡13241`í Ô�Ë�ÉÝ: Ø 9d5AËë!©�ª)«jª+u�í)9dÊVË´2<ÍÇ1�Ó"Ð�Õ¡ÎXÌ�Ð;ÊV9dÕ�9�5 Ø 9dÊVË§541324ÙÇ5<Ê&2<ÐÛ:i2<1�Ó	âVî¼ � ¼ �Ê� rKÊ%2<ÍV1q:<1 Ø Ð�ÊVË Ø 9�:<1�ë®2<ÍV1�Ó"Ð�Õ¡ÎXÌ�Ð�Êr9dÕg9d5 Ø�Ø Õ¡Ð;:<1�Ë%2<Ð�9�541�Ì;ÙÇÕÝ9d5zsXß�Ì;Ð�Ê%É¡Ê{�í3ÔVË�1�2<1�54Ï�É�ÊV1�24ÍÇ1 Ø 1�ÊF2<1�5»°�Ð�Ñ^24ÍÇÉ¡:k5<1�Ì�ÙÇÕÝ9d5)Ó"Ð�Õ¡ÎFÌ;Ð�Ê�î¼ � ¼ �Ê�K�8� rKÊV:i1�5i28ëm°±ª)sÇí�É¡ÊV¯�Ô`ÉTÑÇÉ�2*ËÇÐF1`:�ÊÇÐ�2*9dÕ¡541�9�ËÇÎk13õ�ÉÝ:@2`Ô�É¡Ê Ø 541�9;:i1 ² ë1°±ªasVíÜFÎ9sgÔÇ9dÊVË	9�ÓÇÓr1�ÊVË&2<ÍÇ1�541�Ì;ÙÇÕÝ9d5)ÓrÐ;Õ�ÎXÌ;Ð�Ê%24Ð�2<ÍÇ1�Õ¡ÉÝ:@2`î¼ � ¼ �Ê�K�Ê� ÈÇÐ�5�1`9 Ø Í�Ë µDÌ ã�ª7���7�=ª)s0Í�24ÍV9t2�ÉÝ: Ø Ð;ÓÇ54É�Ï�1Q2<Ð�s�9dÊVË�1�9 Ø ÍAÎ�Sè�ª7���7�=ª)s´ËÇ1�Õ¡132<1%ë1°�È+ª8°0È T0Ï ª!°�È TKJBÏ íqë~9dÕ¡Õ�É¡ÊVË�É Ø 1`:)ÏQÐ�ËwsÇíDÑ×54Ð�ÏÐ§ÛîÑ � ï^5A9Iê�1�54:<16¯ 9dÊVËªË�1�2<1�54Ï�É�ÊV1´24ÍÇ1	1�Õ¡1�Ï�1�ÊF2
ëm°
ª(Î@í�Ñ×Ð�5�Ö7ÍÇÉ Ø Í ² ëm°
ª(Î@í�É¡:�ÏÛ9tõ�É¡ÏÛ9dÕ�îq Ù�2<ÓVÙ�272<ÍÇ1�Õ¡ÉÝ:@2kÐ�Ñ/9�Õ�Õ�541�Ì;ÙÇÕ¡9�5¶ÎOßYÌ�Ð;ÊV:8Ö7ÉT24Í Ø 1�ÊF241�5»°^î

Ò ÓA�­���ÇÁ±�"Æ�ÔkÁRÃFÃ
ï^Ð�Ë�1�2<1�54Ï�É�ÊV1)2<ÍÇ17ÏÛ9tõ�É¡Ï�ÙÇÏ Ø 9�54Ë�É¡ÊV9�Õ�É�2@Î�ÐdÑ�9q:iÙÇÜr:i1�2�2<ÍV9d2+ÍV9�:�9qÊÇÐ;ÊF2<54É�êXÉÝ9dÕX5<Ð�249d2<É¡Ð�Ê:iÎXÏ�Ï�132<54Î�ÔRÖD1ÛÙr:i1Û24ÍV9t2Q1�9 Ø Í¨:<132�Ö7ÉT24Í¥9�sFß�Ñ×Ð�ÕÝË¨5<Ð�249t24É�Ð;ÊÞ:iÎXÏ�Ï�132<54Î É¡:�2<ÍÇ1%ÙVÊÇÉ�Ð;ÊÐdÑ Ø Ð�Ê Ø 1�ÊF2<54É Ø 541�Ì;ÙÇÕ¡9�5¶sXß�Ì;Ð�ÊV:�ÔF2<ÍÇ1qÐ�54ÜÇÉ�24:)Ð�Ñ^2<ÍV1�Ó"Ð�É¡ÊF24:)ÙÇÊrË�1�5)24ÍÇ1�:iÎXÏ�Ï�13245<Î;îXï)ÍXÙV:ÖD1�ÍV9Iê;1	Ð�ÊÇÕ¡Îø24Ð¨ÚVÊVË÷9dÕ¡Õk541�Ì;ÙÇÕ¡9�5ÛÓrÐ;Õ�ÎXÌ;Ð�ÊV:�Ô Ø Ð;Õ�Õ¡1 Ø 2Û2<ÍÇÐF:i1�Ó"Ð�Õ¡ÎXÌ�Ð�Êr:�Ö7ÍÇÉ Ø ÍÂÍV9Iê;12<ÍÇ1Û:49dÏ�1 Ø 1�ÊF2<1�5�9dÊVË°2<ÍÇ1Û:49dÏ�1QÐ�5AË�1�5`Ô�9dÊVË�Ë�13241�54ÏQÉ¡ÊÇ1Q2<ÍV1QÓ"Ð�É¡ÊF2�Ö7ÍÇÉ Ø Í Ð Ø�Ø ÙÇ54:q9;:Ø Ð�Ï�Ï�Ð�Ê Ø 1�ÊF2<1�57Ð�ÑR24ÍÇ1�ÕÝ9d54Ì�1�:i2)Ì�54Ð�ÙÇÓ�îï^Ð	ÚVÊrËÞ9dÕ¡Õ+5<1�Ì�ÙÇÕÝ9d5�Ó"Ð�Õ¡ÎXÌ�Ð;ÊV:V� ^ �7�7�(�Qv Ø Ð;ÊF249dÉ¡ÊÇ1`Ë�É¡Ê¨2<ÍV1´:i1�2�Ô�Ö81%ÙV:<1�2<Ír9t2�9�ÊFÎ2<ÍÇ541�1&ê�1�5<2<É Ø 1`:?� È ª+� È T±Õ ª+� È TKJaÕ ë×1;î Ìrî^24ÍÇ5<1�1 Ø Ð�ÊV:<1 Ø Ù�2<É¡ê�1&ê�1�5<2<É Ø 1`:�� È ª+� È T
^ ª+� È TKJ í�Ñ×Ð;5<Ï9dÊ É¡:<Ð;: Ø 1�Õ�1`:�245<ÉÝ9dÊVÌ�Õ¡1�Ô�9dÊVË°Ñ×Ð�5q1`9 Ø Í É¡:<Ð;: Ø 1�Õ�1`:k245<ÉÝ9dÊÇÌ;Õ�1�É¡Ê�Ð;ÙÇ5�:i1�2q2<ÍÇ1�5<1�ÉÝ:�9t2�Ï�Ð;:i2
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Ð�ÊÇ1�ÏQÉ¡ÊÇÉ¡ÏÛ9dÕ"5<1�Ì�ÙÇÕÝ9d5+Ó"Ð�Õ¡ÎXÌ�Ð;Ê Ø Ð;Ê;2A9dÉ¡ÊÇÉ¡ÊÇÌ�2<ÍV1�Ï É�Ê´2<ÍÇÉÝ:DÖ89IÎ;î R ÊrËÛ2<ÍVÉ¡:DÓrÐ;Õ�ÎXÌ;Ð�Ê Ø 9�ÊÜr1�Ñ×Ð�ÙVÊVË´ÜXÎVÖ@ÙV:i2)Ñ×Ð�Õ¡Õ�ÐtÖ7É¡ÊÇÌ�2<ÍÇ1qÓ"Ð�Õ¡ÎXÌ�Ð�Êr9dÕg9d5 Ø Ë�1�ÚVÊÇ1�Ë&ÜXÎÛ2<ÍV1�54Ðd2A9t24É�Ð;Ê´9d54Ð�ÙÇÊrËÛ2<ÍV1É�ÊF2<1�54:<1 Ø 2<É¡Ð�Ê�Ó"Ð�É¡ÊF2�ÐdÑ/24ÍÇ1�Ï�ÉÝË�Ór1�5<Ó"1�ÊrË�É Ø ÙÇÕÝ9d5A:kÐdÑ�24ÍV9t2�2<54É¡9�ÊÇÌ�Õ¡1q2<Ír9t2�ÏÛ9�ÓV:724ÍÇ1�ÚV5A:i2Õ�1�Ì�ÐdÑg2<ÍÇ1�É¡:<Ð;: Ø 1�Õ�1`:*2<54É¡9�ÊÇÌ�Õ¡17Ð�ÊQ2<ÍV1�:i1 Ø Ð;ÊVË�î-rKÊÛ1`9 Ø Í�ÓV9t24Í�ß�Ñ×Ð�Õ¡Õ�ÐtÖ7É¡ÊÇÌ�:@241�Ó�Ö81k5<1�Ï�Ðtê�12<ÍÇ1�É¡:<Ð;: Ø 1�Õ�1`:/2<54É¡9�ÊÇÌ�Õ¡1kÖ81\Ö@ÙV:i2DÙr:i1`Ë�Ñ×5<Ð;Ï 24ÍÇ1�:<1328ÐdÑ�9dÕ¡Õ"É¡:<Ð;: Ø 1�Õ�1`:/2<54É¡9�ÊÇÌ�Õ¡1�:�Ô;:<Ð�É¡ÊÛ2<ÍV11�ÊVËQÖ8171�É�2<ÍÇ1�5�ÚVÊVËÛ9�541�Ì�ÙVÕ¡9�5�ÓrÐ;Õ�ÎXÌ�Ð;Ê�ÔtÐ�5�Ö817ÍV9Iê;18541�Ï�Ðtê;1�ËQ:iÐ;ÏQ1)ÓV9�5i24É¡9�Õ�ÓrÐ;Õ�ÎXÌ;Ð�ÊV9�Õ9d5 Ø Ö7ÍVÉ Ø Í�Ë�ÐX1�:/ÊÇÐ�2+13õX2<1�ÊVË�2<Ð�9dÊXÎ�541�Ì;ÙÇÕÝ9d5/ÓrÐ;Õ�ÎXÌ;Ð�ÊQÉ�ÊQÐ�ÙÇ5+:<132`Ô�9dÊrË�Ö7ÍÇÉ Ø ÍQ2<ÍÇ1�5<1�Ñ×Ð�541Ø 9dÊ§Ü"1�5<1�ÏQÐtê;1�Ë�îrY2�5<1�ÏÛ9dÉ¡ÊV:724Ð´9Iê�Ð;É¡Ë&2<Ír9t2�Ö81�ÚVÊrË	2<ÍÇ1Q:<9�Ï�1�ÓrÐ;Õ�ÎXÌ;Ð�Ê�:i1�ê�1�549�Õ�2<É¡Ï�1�:�Ô":<É�Ê Ø 1�1`9 Ø ÍÉ¡:<Ð;: Ø 1�Õ�1`:)2<54É¡9�ÊÇÌ�Õ¡1 Ø Ð;Ï�ÓÇÕ�1�2<1`:72<Ð&9t2�Ï�ÐF:@2�Ð;ÊÇ1�Ï�É¡ÊÇÉ�ÏÛ9�Õ^541�Ì�ÙVÕ¡9�5kÓrÐ;Õ�ÎXÌ;Ð�Ê Ø Ð;Ê;2A9dÉ¡ÊÇÉ¡ÊÇÌ2<ÍV9d2k2<54É¡9�ÊÇÌ�Õ¡1�ÔVÜÇÙ�2k24ÍÇ1�:49dÏ�1�ÓrÐ;Õ�ÎXÌ;Ð�Ê	Ö7É�Õ¡Õ^Ü"1�Ð;Ü�249�É�ÊÇ1`Ë§Ö7ÉT24Í
Ë�ÉTôg1�541�ÊF2�ÊXÙÇÏ�Ür1�5<É¡ÊÇÌF:ÐdÑkê�1�5i24É Ø 1�:�Ñ×5<Ð;Ï Ë�ÉTôg1�541�ÊF2QÉ¡:<Ð;: Ø 1�Õ�1`:�2<54ÉÝ9dÊÇÌ;Õ�1`:�î*þkî ÌVî£9
541�Ì�ÙVÕ¡9�5�Ó"1�ÊF249�Ì�Ð�Ê�° ^ �7���8°0×Ö7É�Õ¡Õ)Ür1&Ñ×Ð�ÙÇÊrËøÜXÎ¨Ñ×Ð�Õ¡Õ�ÐtÖ7É¡ÊÇÌZ° ^ ° J ° _ 9dÊrË Ø Ð;Ï�ÓÇÕ�1�2<É¡ÊÇÌ
24ÍV9t2Û9d5 Ø Ô*ÜÇÙ�2�Ö7É¡Õ�Õ79dÌF9dÉ¡ÊøÜ"1Ñ×Ð�ÙÇÊVËùÜXÎ¨Ñ×Ð�Õ¡Õ�ÐtÖ7É¡ÊÇÌl° ^ ° _ °0×§9�ÊVË Ø Ð�Ï�ÓÇÕ¡1324É�ÊÇÌ 24ÍV9t2Û9d5 Ø ë1° ^ ° _ °0×B° J ° � í î­¥XÐ¨9tÑ®241�5�Ö81Ñ×Ð�ÙÇÊVË�24ÍÇ1)5<1�Ì�ÙÇÕÝ9d5/Ó"Ð�Õ¡ÎFÌ;Ð�Êd° ^ ���7��° � Ö81)ÍV9Iê�1D2<Ðq541�Ï�Ðtê�1)9dÕ¡Õ�Ðd24ÍÇ1�5/ÉÝ:iÐF: Ø 1�Õ¡1�:R2<54ÉÝ9dÊÇÌ;Õ�1`:° È ° È T
Õ ° È TKJ)Õ Ö7ÍÇÉ Ø ÍÛÌ;1�ÊÇ1�549d2<1)24ÍÇ1�:49dÏ�17Ó"Ð�Õ¡ÎFÌ;Ð�Ê�Ô;Ö7ÍÇÉ Ø ÍÛÉ¡:DË�Ð�ÊÇ1�É�Ê´:i2<1�Ó%âÇî âÇîMã�îMã�î�ï)ÍV1:<9�ÏQ1�ÓrÐ;Õ�ÎXÌ�Ð;ÊqÉ¡:�Ñ×Ð�ÙÇÊVËq1�õÇ9 Ø 24Õ�Î�Ñ×Ð�5�2<ÍÇÐF:i1­©�Ö7ÍÇÉ Ø Í�9d541 Ø Ð;ÓÇ5<É¡Ï�1�2<Ðk2<ÍÇ1+ê;1�5<2<1�õ�ÊXÙÇÏ�Ü"1�5s§ÐdÑ/2<ÍÇ1�5<1�Ì�ÙÇÕÝ9d5kÓ"Ð�Õ¡ÎXÌ�Ð;ÊK�ÇÉ�Ñ\s§Ír9�:�9�ÊVÐ�ÊF2<54É�êXÉÝ9dÕ^ËÇÉ�êXÉÝ:iÐ;5dØ�ÔV2<ÍÇ1�Ê�2<ÍV1�5<1�Ì�ÙÇÕÝ9d5�sXß�Ì;Ð�ÊØ 9dÊÂ9dÕÝ:<Ð Ü"1�É¡Ê;241�54ÓÇ54132<1`Ëù9;:�ÙÇÊÇÉ¡Ð�ÊÂÐdÑ vÙ 541�Ì;ÙÇÕ¡9�5ZØ�ßYÌ�Ð;ÊV:�Ô+9�ÊVËùÖ7É�Õ¡ÕkÜ"1	Ñ×Ð�ÙÇÊVËÂ9�ÊVË:@24Ð�541�Ë&É�Êl¯�9�:7:<1327Ö7ÉT24Í�Ø�ß�Ñ×Ð�ÕÝË´54Ðd2A9t24É�Ð;ÊV9dÕ�:<ÎFÏ�Ï�13245<Î&9dÌ;9�É�Ê^îXï)ÍXÙV:)É¡Ê§2<ÍÇ1�:i2<54Ù Ø 2<ÙÇ541¯ 2<ÍV1&:49dÏ�1&:<132QÉ¡:Q:@24Ð�541�Ë Ñ×Ð;5�1`9 Ø Íø:<ÎFÏ�Ï�13245<Î Ð�5AË�1�5�13õÇ9 Ø 2<Õ¡Î¨Ð�Ê Ø 1�Ô*9dÊVËø9�:iÉ¡Ï�ÓÇÕ¡12<5A9Iê�1�5A:49dÕ"ÐdÑ�¯ÂÌ;É�ê;1�:D2<ÍV1�Õ¡9�5<Ì;1�:i2):<ÙÇÜV:<132kÖ7É�2<Í�9QÊÇÐ�ÊF245<É¡êXÉ¡9�Õ�5<Ð�249t24É�Ð;ÊV9dÕ�:<ÎXÏQÏ�1�2<54Î�î
Ú ÛDÔ��/ÅBÜkÃ��<Ã
ï)ÍÇ1 Ø Ð;ÊV:@245<Ù Ø 2<É¡Ð�Ê ÐdÑQ2<ÍÇ1øËÇÉ¡:i249�Ê Ø 1¨Ì�5A9dÓVÍV:	É�Ê£:i2<1�Ó è;î Ø 9dÊ£Ü"1¨2<54É�êXÉÝ9dÕ¡Õ�Î�ËÇÐ�ÊÇ1ÞÉ¡Êì�ë×ÒKJ�Õ¡Ð�Ì�Ò^í�24É�Ï�1�îhrYÑR2<ÍÇ1�Ë�ÉÝ:i249dÊ Ø 1�Ì�5A9dÓÇÍV:D9d541�Ì;É�ê;1�Ê�Ô;2<ÍV1 Ø Ð�ÊV:i2<54Ù Ø 2<É¡Ð�Ê%Ð�ÑR9dÕ¡ÕgÉ¡:<Ð;: Ø 1�ßÕ�1`:�2<54É¡9�ÊÇÌ�Õ¡1�:�ë~:i2<1�Ó¨ã;í Ø 9dÊ Ü"1%Ë�Ð�ÊÇ1QÉ¡Ê�24É�Ï�1%ì�ë×ÒKJ�LD�+Õ¡Ð�Ì+Ò^í�Ö7ÍÇ1�5<16��Ë�1�ÊÇÐd241�:�2<ÍV1ÊFÙVÏ�Ü"1�5�Ð�Ñ+É¡:<Ð;: Ø 1�Õ�1`:)2<54ÉÝ9dÊÇÌ;Õ�1`:72<Ír9t2�9�5<1 Ø Ð�ÊV:i2<54Ù Ø 2<1�ËÞë×2<54É�êXÉÝ9dÕ¡Õ�Î��9Ý�ÒK_`í î0rKÊ
1�9 Ø Í�ÐdÑ2<ÍÇ1QÑ×Ð�Õ¡Õ¡ÐtÖ7É�ÊÇÌ	:i2<1�Ór:�âÇîmÞ%Ð;ÊÇ1QÐdÑ�24ÍÇ1ÛÉÝ:iÐF: Ø 1�Õ¡1�:�2<54É¡9�ÊÇÌ�Õ¡1�:�ÉÝ:q5<1�ÏQÐtê;1�Ë
Ñ×5<Ð;Ïß§ÛÔ�Ö7ÍÇÉ Ø Í249dð;1�:�ì�ë×Õ¡Ð�ÌDÒ^í Ô�9dÊVËù:iÐ;Ï�1%Ñ×ÙÇ5<2<ÍÇ1�5�Ð�Ó"1�5A9t2<É¡Ð�Ê¥ÐdÑ Ø Ð;Ï�ÓÇÕ�1�õ�ÉT2@Îø9d2�Ï�Ð;:i2Ûì�ë~Õ�Ð;Ì�Ò^í�É¡:Ë�Ð�ÊÇ1;î�ï)ÍXÙV:�24ÍÇ1¨2<Ð�249�Õ Ø Ð;Ï�ÓÇÕ�1�õ�ÉT2@Î ÐdÑÛ:@241�Ó âÂÉÝ:°ì�ë8�DÕ�Ð;Ì+Ò^í îV¥F2<1�Ó�äÂÚVÊV9�Õ�Õ¡Î 9�Õ¡:<Ð249dð;1�:&9t2	ÏQÐF:@2�ì�ë8�DÕ�Ð;Ì+Ò^í�24É�Ï�1;Ô):<É¡Ê Ø 1�ÖD1°2<Ð�Ù Ø Í�1�9 Ø Í�5<1�Ì�ÙÇÕÝ9d5&ÓrÐ;Õ�ÎXÌ;Ð�Ê�9t2§Ï�Ð;:i2Ð�Ê Ø 1�ÔX9dÊVË�24ÍÇ1�541�9�5<1�9t28ÏQÐF:@27ì�ë8�XíD5<1�Ì�ÙÇÕÝ9d5+Ó"Ð�Õ¡ÎXÌ�Ð;ÊV:�îFï)ÍXÙV:D2<ÍÇ1�2<Ðd2A9dÕ Ø Ð;ÏQÓVÕ�1�õXÉ�2@Î�É¡:
ì�ëië×ÒKJ¶LN�XíXÕ¡Ð�Ì+Ò^ízà÷ì ³ ë×ÒKJzLN�"ë×Ò^í<íXÕ�Ð;Ì+Ò · ÔV9;: Ø ÕÝ9dÉ¡ÏQ1`Ë´É¡Ê�ï)ÍÇ1�Ð;5<1�Ï è�î

R Ñ×ÙÇ5<2<ÍÇ1�5�:iÓ"1�1`Ë�ÙÇÓ
ë~Ór1�5<ÍV9�ÓV:�24Ð�ì�ë×ÒKJaT�b`í<í/Ö8Ð�ÙÇÕÝËQÜr1kÓ"Ð;:4:<É�ÜÇÕ¡1kÉ�Ñ�Ð�ÊÇ1 Ø Ð�ÙÇÕÝËÛ9Iê�Ð;É¡ËÉ�ÊV:<1�5<2<É¡ÊÇÌná�â�â;ÉÝ:<Ð;: Ø 1�Õ¡1�:^2<54ÉÝ9dÊÇÌ;Õ�1`:^É¡ÊF2<ÐV§Ûî q ÊÇÕ�Îq24ÍÇÐ;:<1D2<54É¡9�ÊÇÌ�Õ¡1�:R9d541D541�9�Õ�Õ¡ÎqÊÇ1�1`Ë�1�Ë�2<ÍV9d2Ø 9dÊ&Ð Ø�Ø ÙV5DÉ¡Ê&9�5<1�Ì�ÙÇÕÝ9d5DÓrÐ;Õ�ÎXÌ;Ð�ÊK�X:iÐ�Ð�ÊÇ1�541�9dÕ¡Õ¡ÎQÊV1�1�ËV:�Ð;ÊÇÕ�Î�24ÍÇÐ;:<1�É¡:<Ð;: Ø 1�Õ�1`:�2<54ÉÝ9dÊÇÌ;Õ�1`:Ö7ÉT24Í%9dÊ%9dÊVÌ�Õ¡17ÐdÑ"Ñ×Ð�54Ï�ëiè
ã Jv íBä
9t2�24ÍÇ1�9dÓ"13õ�ÔF9dÕ¡ÕÇÐd24ÍÇ1�5A: Ø 9�ÊÛÊÇ1�ê;1�5�Õ¡1�9;ËQ2<Ð�9�541�Ì;ÙÇÕ¡9�5ÓrÐ;Õ�ÎXÌ�Ð;Ê�îrÈVÐ�5�9ÛÚÇõ�1�Ë
ê�1�5<2<1�õ9´RÔrÍr9IêFÉ¡ÊÇÌ´9´Ì�É¡ê�1�Ê�Õ�ÉÝ:@2�ÐdÑ\º ^ ª7���7�=ª+º�å ÊV1�É¡Ì�ÍXÜrÐ;ÙÇ5A:�9t2�9ÚÇõ�1�Ë
Ë�ÉÝ:i249dÊ Ø 1�ÔrÉT2q:i1�1�ÏÛ:�ÓÇ5<Ð;ÜV9dÜVÕ�1q24ÍV9t2�2<ÍÇ1�5<1Q9d541�Ï�Ù Ø Í�Õ¡1�:4:�2<ÍV9�Ê®¢ å J<¤ ÓV9dÉ¡54:�º È ª+º ÏÖ7ÍÇÉ Ø Í	Ë�1�2<1�54Ï�É�ÊV1q9�Ê§9�ÊÇÌ�Õ¡1qÐdÑR2<ÍV9d28Ñ×Ð;5<Ïÿë+æÊç º È ´<º Ï æ µ3Ì ^_ ä»ª ^J ä»ª _× ä»ª7�7���7ª v �0Jv ä»ª7���7�EÍIí îr�ÍV9Iê;1�9 Ø Ð;ÊV:i2<54Ù Ø 24É�Ð;Ê´ÐdÑ*ÓrÐ;É�ÊF2A:¶º ^ ª��7�7��ª(º�å£Ö7É�2<Ítu#è Õ�Ð;Ì\è :iÙ Ø Í&ÓV9�É�5A:�ÔX9�ÊVË&Ür1�Õ�É¡1�ê;12<ÍÇÉÝ:�24Ð�Ür1�ÊÇ1�9�5�2<ÍÇ1 Ø Ð�54541 Ø 2�Ð;54Ë�1�5�î�rYÑ�24ÍÇÐ;:<17ÓV9�É�5A: Ø Ð;ÙÇÕÝË�Ü"1�Ë�1�2<1�5<Ï�É¡ÊÇ1�Ë�É¡Ê´ì�ë�è�^BTKb`í ÔÉT2kÖ8Ð�ÙÇÕÝË§9dÕ¡Õ�ÐtÖ©9Q:<Ó"1�1�ËÇÙÇÓ	ÐdÑ^24ÍÇ1�Ö7ÍÇÐ;Õ�1�9�Õ�Ì;Ð�54ÉT24ÍÇÏ 2<Ð´ì�ë~ÒKJ+T�b`í î
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ï)ÍÇ1Q:49dÏ�1Q9dÕ¡Ì�Ð�54É�2<ÍÇÏ±Ö8Ð�54ðX:�9dÕÝ:iÐ&É�Ê°2<ÍÇ541�1�ßYËÇÉ�Ï�1�Êr:iÉ¡Ð�ÊV9�Õ*:<ÓV9 Ø 1�Ô�:<É�Ê Ø 1�24ÍÇ1�ÓrÐF:<:<É�ßÜÇÕ�1Q:iÎXÏ�Ï�13245<É¡1�:�2<ÍÇ1�5<1Q9d541�9dÕÝ:<Ð%5<17¡V1 Ø 2<É¡Ð�ÊV:�ë~Ë�1�2<1�5<Ï�É¡ÊÇ1�Ë°ÜFÎ§Ð�ÊV1�Ó"Ð�É¡Ê;2�ÓV9dÉ¡5`Ô":<Ð Ø 9�ÊÜr1 Ø ÍÇ1 Ø ð;1�Ë�É�Êùì�ë~Ò J Õ¡Ð�Ì+Ò^íq2<É¡ÏQ1Ií�9�ÊVË¨5<Ð�249d2<É¡Ð�ÊV:�9�5<Ð;ÙÇÊVË¨9�Õ¡É�ÊÇ1G�R:<Ð�2<ÍV1%ÊÇÐ�ÊF245<É¡êXÉ¡9�ÕÐ�54ÜÇÉT2A:q9d541�541�Ì�ÙVÕ¡9�5�Ó"Ð�Õ¡ÎFÌ;Ð�ÊV:�É¡Ê :<ÓV9 Ø 1�î�ékÊ�Ñ×Ð;5i24ÙÇÊV9d2<1�Õ¡Î�Ôg24ÍÇ1QÜrÐ;ÙÇÊVË°Ñ×Ð�5�2<ÍÇ1QÊXÙÇÏ�Ü"1�5ÐdÑ7É¡:<Ð;: Ø 1�Õ�1`:q2<54ÉÝ9dÊÇÌ;Õ�1`:�É�Êø2<ÍÇ541�1�ßYË�É¡Ï�1�ÊV:<É¡Ð�ÊV9�Õ�:iÓr9 Ø 1ÛÉÝ:�Ð;ÊÇÕ¡Î¨ì�ë~ÒK_`í3Ô*9�ÊVË 2<ÍV9d2�Ð�5AË�1�5Ø 9dÊùÜr1§541�9 Ø ÍV1�Ë�ë×249dð;1´ÍV9�ÕTÑ�ÐdÑk24ÍÇ1	ÓrÐ;É�ÊF24:QÐ;Ê¥9 Ø É�5 Ø Õ¡1&9�ÊVËÞ24ÍÇ1§Ðd2<ÍV1�5�ÍV9dÕ�Ñ�Ð;Êø2<ÍV1ÏQÉÝËXßYÓr1�5<Ó"1�ÊrË�É Ø ÙÇÕÝ9d5�Ð�Ñ824ÍV9t2 Ø É¡5 Ø Õ�1;Ô�2<ÍV9�ÊÞ9dÊXÎ
245<ÉÝ9dÊÇÌ;Õ�1ÛÐ�ÑD2@Ö8Ð�Ó"Ð�É¡Ê;2A:�Ð�Ê¨24ÍÇ1 Ø É�5 Ø Õ¡19dÊVË&Ð�ÊÇ1�Ó"Ð�É¡ÊF27Ð�Ê§2<ÍÇ1�Ï�ÉÝËXßYÓr1�5<Ó"1�ÊVËÇÉ Ø ÙÇÕ¡9�57É¡:kÉ¡:<Ð;: Ø 1�Õ�1`:4í3î
ê ë����<�(�»Ô�ÆÇÃíì)�\�Y�ÇÁKî�Á±�RÆ�Á±ï ÃFÁ�ÆÇÃ
rYÑ*Ö81�9d541�Õ¡ÐXÐ�ðXÉ¡ÊÇÌQÑ×Ð�57541�Ó"1�9t241�Ë§:i1�24:7É�2�Ë�ÐX1�:)ÏÛ9�ð�1�9QÜÇÉ�Ì%ËÇÉTôg1�541�Ê Ø 1qÖ7ÍÇ1324ÍÇ1�5kÖ81�9d5419dÕÝ:iÐÛÉ¡ÊF2<1�541�:i2<1`Ë	É�Ê�:i1�24:�yñÖ7ÍÇÉ Ø Í
9�5<1�Ð�Ê Ø 1�5<1�Ór1`9t241�Ë¨ë8yÐ}®{ 9dÊrË�|8ë!y�í�}®{¦Ñ×Ð�5�9ÊÇÐ�ÊF2<54É¡êFÉÝ9dÕrÏ�Ðd2<É¡Ð�Êl|/í3ÔXÐ�5)9 Ø�Ø 1�Ó�28Ð�ÊÇÕ¡Î�2<ÍÇÐF:i1�y�2<Ír9t2)Ð Ø�Ø ÙÇ589t2)Õ�1`9�:i2­��Ñ×ÙÇ5<2<ÍV1�5D2<É¡ÏQ1`:�Ô�l��ã�î0rYÑzy¾}ð{øÔ�|8ë!y�í�}ð{øÔ�|�JFë8yQí�}k{�ª7�7����|��;ë8yQí�}k{øÔr2<ÍV1�Ê
Ñ×Ð;5q1�9 Ø Í�º µ y2<ÍÇ1&2<54É¡9�ÊÇÌ�Õ¡1Zº�ª+|)ë8º�í=ª+| J ë�ºÇí�ÉÝ:QÉ¡:<Ð;: Ø 1�Õ�1`:�Ô*9dÊVËÞÖ81 Ø 9dÊ¥9�Ì;9�É�ÊtÖ@ÙV:i2QÑ×Ð�Õ¡Õ�ÐtÖ�2<ÍV1&ÓV9d2<ÍV:Ë�13241�54ÏQÉ¡ÊÇ1`Ë´ÜXÎÛ24ÍÇ1qÏQÐ�2<É¡Ð�Êt|8ÔÇÖ7ÍÇ1�541�ÖD1�Ë�1�2<1�54Ï�É�ÊV1�24ÍÇ1qÏ�Ðd2<É¡Ð�Ê&Ñ×54Ð�Ï 24ÍÇ1qÉ¡:<Ð;: Ø 1�Õ�1`:2<54É¡9�ÊÇÌ�Õ¡1�îÇï)ÍÇ1�5<1�9�5<1;ÔFÍVÐtÖD1�ê�1�5`ÔF2@ÖDÐ�É¡Ï�ÓrÐ;5i2A9dÊF2kË�ÉTôg1�541�Ê Ø 1�: ò
ñÐòzó»ô?õIô�ö!÷/ô�ø<ù á�ú=ûzü ô-ù+ù+÷�ý â/ûrYÑ�Ö81�9d541´Õ¡ÐFÐ;ðXÉ�ÊÇÌ�Ñ×Ð�5 Ø Ð�Ï�ÓÇÕ¡132<1§Ð�54ÜÇÉ�24:QÐdÑ�É¡:<Ð�Ï�1�2<54É�1`:�Ô*2<ÍV1�Êù2<ÍÇ1	Ð�ÊVÕ�ÎÞÓ"Ð;:4:iÉ¡Ü"1É¡:<Ð�Ï�1�2<54É�1`:79d541�54Ðd2A9t24É�Ð;ÊV:�ë~9�ÊVË§5<17¡V1 Ø 2<É¡Ð�ÊV:�ÔÇÖ7ÍÇÉ Ø Í	ÍV9Iê�1qÐ�ÊVÕ�ÎÛ2@Ö8ÐdßYÓ"Ð�É¡Ê;27Ð;5<ÜÇÉ�24:Aí îrYÑ+ÖD1�9�5<1�9�Õ¡:<ÐÛÉ¡Ê;241�541�:i2<1`Ë	É�Ê�ÓÇÉ¡1 Ø 1�:7Ð�Ñ�É�Ê�ÚrÊÇÉT241�Ð;5<ÜÇÉ�24:�Ô�24ÍÇ1�Ê°9;ËÇË�É�2<É¡Ð�ÊV9�Õ�Õ¡Î%24549�ÊV:ißÕ¡9d2<É¡Ð�ÊV:)9�ÊVË´Ì;Õ�ÉÝË�1�ß�541=¡V1 Ø 24É�Ð;ÊV:�Ü"1 Ø Ð�Ï�1�ÓrÐF:<:<É�ÜVÕ�1;îÇ6DÎ�24ÍÇÉÝ:82<ÍÇ1 Ø Ð;ÊF2<É¡ÊFÙr9t2<É¡Ð�Ê&ÐdÑR9�ÊÉ¡:<Ð;: Ø 1�Õ�1`:q2<54ÉÝ9dÊÇÌ;Õ�1´9;:�9�ÊÞÐ�54ÜÇÉT2�É¡:�ÊÇÐd2�9dÊXÎXÏQÐ;5<1ÛÙVÊÇÉ��FÙÇ1;ÔRÜVÙ�2 Ø 9dÊÞÜ"1&9�541�Ì;ÙÇÕ¡9�5ÓrÐ;Õ�ÎXÌ;Ð�Ê¨ë×ÜXÎ´9�54Ðd249d2<É¡Ð�Êrí�Ð�5k9Qû�É�Ì�ß�û`9dÌQÓV9t24Í¨ë~ÜXÎ´9QÌ�Õ¡É¡Ë�1�ß�541=¡r1 Ø 24É�Ð;Êrí îï^ÐqÐtê;1�5 Ø Ð�Ï�1�2<ÍÇÉÝ:�Ô�ÖD1)ÍV9Iê;1�24Ð�É¡ÊV:<1�5<2/2@ÖDÐ Ø Ð;ÓÇÉ¡1�:/ÐdÑ"1�9 Ø Í�ÉÝ:iÐF: Ø 1�Õ¡1�:R2<54ÉÝ9dÊÇÌ;Õ�18É�Ê6§ÛÔÏÛ9d54ð�1�Ë	9;:�ü 5<Ð�249t24É�Ð;Ê�ýV9�ÊVËÞý Ì�Õ¡É¡Ë�1�ß�541=¡r1 Ø 24É�Ð;Ê�ý¡ÔV9dÊVË	541�Ï�Ðtê;1q2<ÍÇ1�5<É¡Ì�ÍF2 Ø Ð;ÓXÎ&Ö7ÍÇ1�Ê13õX2<1�ÊVË�É¡ÊÇÌ%9QÓV9t24Í�î
ñÐò�þ û¶üKá ö8þ<ù�ÿ�ô5ø�ô�ö�� â ô�ù ûR :�Õ�Ð;ÊÇÌ�9�:�Ö81kÖ81�541)Õ�ÐXÐ�ðXÉ¡ÊÇÌ�Ð�ÊVÕ�Î�Ñ×Ð�5 Ø Ð�Ï�ÓÇÕ¡13241k5<1�Ì�ÙÇÕÝ9d5/Ó"Ð�Õ¡ÎXÌ�Ð�Êr:�ÔdÖ817Ñ×Ð;ÙÇÊVËQ2<ÍV1Ö7ÍÇÐ�Õ¡1�ÓrÐ;Õ�ÎXÌ�Ð;ÊÛÜXÎVÖ@ÙV:@2)Ì�Ð;É�ÊVÌ�9d54Ð�ÙVÊVË�î�rYÑ^ÖD1�9dÕÝ:iÐ�249�ð�1�Ó"Ð�Õ¡ÎXÌ�Ð;ÊV9dÕ"9d5 Ø :�Ô;Ö81�ÍV9Iê;12<Ð�ÏÛ9�ð�1�:<ÙÇ54172<ÍV9d2DÖ81k541�Ï�Ðtê�1 õ á�� ÷�õ á-âVÓ"Ð�Õ¡ÎXÌ�Ð�Êr9dÕV9�5 Ø :�Ñ×54Ð�ÏÅ§Ûî�¥�Ð�ÖD1�ÍV9Iê�1)24ÐÑ×Ð�Õ¡Õ�ÐtÖª24ÍÇ1�Ór9t2<Í´Ì�1�ÊV1�5A9t2<1`ËQÜFÎ6|�Ñ×54Ð�Ï�2<ÍÇ1�:@2A9d5<2<É¡ÊÇÌ�245<ÉÝ9dÊÇÌ;Õ�1�É�Ê%Ü"Ðd24Í&Ë�É¡541 Ø 24É�Ð;ÊV:�ÔÑ×Ð�54Ö89�54Ë�ë8|�í79;:)ÖD1�Õ�Õ�9;:)ÜV9 Ø ðXÖ)9d5AË
ë8|M��^�í î
rKÊÛ2<ÍÇÉÝ:DÖ89IÎQÖD1�Ð�Ü�2A9dÉ¡Ê%9dÕ¡Õ":<ÙÇÜV:<132A:�Ö7ÍVÉ Ø Í´9�5<1�ÓV9d5<2<ÉÝ9dÕrÐ�54ÜÇÉT2A:+Ð�Ñ^9t2DÕ¡1�9;:@2�2<ÍÇ541�1�ÓrÐ;É�ÊF24:ÐdÑ�:<Ð�Ï�1´ÉÝ:<Ð�Ï�13245<Î;î*þD9 Ø Íø541�Ì;ÙÇÕ¡9�5�Ó"Ð�Õ¡ÎXÌ�Ð�ÊøÑ×Ð�ÙÇÊVËø2<ÍÇÉÝ:QÖ89IÎ¨:<ÍÇÐ�ÙÇÕÝËøÜ"1§É�ÊV:<1�5<2<1`ËøÉ¡Ê¯ ÙÇÊVË�1�5�24ÍÇ1´9dÓVÓÇ5<Ð;ÓÇ54É¡9d2<1ÛÉÝ:iÐ;ÏQ1�2<54Î�Ô^9�ÊVË¨Ö7É�2<ÍøÉ�24:�Ñ×ÙÇÕ�Õ8ÊXÙÇÏ�Ü"1�5�ÐdÑ7Ó"Ð�É¡Ê;2A:�Ô*9dÊVËÞ9�Õ�ÕØ Ð�ÓVÉ�1`:�Ð�Ñ�2<ÍV9d275<1�Ì�ÙÇÕÝ9d5DÓrÐ;Õ�ÎXÌ�Ð;Ê´:<ÍÇÐ�ÙÇÕÝË%Ü"1qË�1�Õ¡13241�Ë§9�:DÉ�Ê§:@241�Ó	âÇî âÇîMã�îMã�î�rYÑ^2<ÍÇ1qÓV9�5i24É¡9�ÕÐ�54ÜÇÉT2+ÉÝ:�Ð;ÊÇÕ�ÎQ9�ÓV9t24ÍÛÐdÑgÕ�1�ÊÇÌd24Í6s�Ô�9dÊVËQÖ81k9d5417Õ�ÐXÐ;ðFÉ¡ÊÇÌ�Ñ×Ð�5+9�ÊO��ß�Ñ×Ð�ÕÝË�541�Ó"1�9t241�Ë�:<ÙÇÜV:<132�Ô2<ÍÇ1�ÊªÉ�2&:<ÍÇÐ�ÙVÕ¡ËªÜ"1
Ë�É¡: Ø 9�54ËÇ1�ËùÉTÑ�s�àÇ�XÔ�Ð�2<ÍÇ1�5<Ö7ÉÝ:i1§24ÍÇ1	ÚV5A:@2lstãD� Ó"Ð�É¡Ê;2A:ÛÐdÑ�2<ÍV1ÓV9t24Í�:<ÍÇÐ�ÙÇÕÝË�Ür1QÉ�Êr:i1�5i241�Ë
É¡ÊA¯©ÙÇÊrË�1�5�2<ÍV1�9�ÓÇÓÇ54Ð�ÓÇ54ÉÝ9t2<1�É¡:<Ð�Ï�13245<Î;î�ï)ÍÇ1�Ê�É�Ê�2<ÍÇ1�1�ÊVË9dÌ;9�É�Ê%9�:iÉ¡Ï�ÓÇÕ�1�2<5A9Iê�1�54:49dÕ�Ð�Ñ0¯ùÉ¡:8:iÙ�� Ø É�1�ÊF2�2<Ð�ÚVÊVËÛ24ÍÇ1�ÏÛ9dõXÉ¡Ï�ÙVÏ�ß Ø 9�54ËÇÉ�ÊV9�Õ�É�2@Î��`ß�Ñ×Ð�ÕÝË5<1�Ór1`9t2<1`Ë&:<ÙÇÜV:<132`î
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rYÑ�ÖD1	9d541´Õ¡ÐXÐ�ðXÉ¡ÊÇÌ
Ñ×Ð;5�:<132A:5y }Ð{�Ö7ÍÇÉ Ø Íª9�5<1&Ð�ÊÇÕ¡Î¨Ð�Ê Ø 1&541�Ó"1�9d2<1�Ë ë8y }~{¥Ô|8ë!y�íO} {�í Ô^2<ÍÇ1�Ê¨2<ÍÇ1´ÓV9d5<2<ÉÝ9dÕ�Ð;5<ÜÇÉ�2�Ð�Ñ)9	Ó"Ð�É¡ÊF2 Ø Ð;ÊV:iÉÝ:i24:�Ð;ÊÇÕ�Î�ÐdÑ)2@Ö8Ð�ÓrÐ;É�ÊF24:�Ô^9�ÊVËË�ÐX1�:�ÊVÐd2Q9�ÊXÎFÏ�Ð;5<1%Ë�1�2<1�5<Ï�É¡ÊÇ1%24ÍÇ1´Ï�Ðd24É�Ð;Ê�î±rKÊr:@241�9�ËøÖD1%Ír9Iê�1�2<Ð�Õ�ÐXÐ;ð 9d2�2<ÍV1´Ó"Ð;:iß:iÉ¡ÜÇÕ¡1%É�ÏÛ9�Ì�1�:qÐ�Ñ7ÓV9dÉ¡54:�ÐdÑ)ÓrÐ;É�ÊF24:�ÔR9�ÊVË Ø Ð;ÙÇÊF2�ÍÇÐtÖ�ÐdÑ®2<1�ÊÞÖ7ÍÇÉ Ø Í Ï�Ð�2<É¡Ð�ÊN| É¡:�Ë�13241�5<ßÏQÉ¡ÊÇ1`Ë�ÜXÎ�24ÍÇ1�Ï	ÔtÐ�ÜÇ249dÉ¡ÊÇÉ¡ÊÇÌq1�:4:i1�ÊF2<ÉÝ9dÕ¡Õ�Î�2<ÍV1k:<9�ÏQ1)9dÕ¡Ì�Ð;5<É�2<ÍVÏ 9�: R ðXÙ�2A:iÙ�Ôdï*9dÏÛ9�ðFÉ�9�ÊVËï^Ð;ðFÙVÎ;9dÏÛ9§àTè�é�Ñ×Ð�5)24ÍÇ1�ü ÏÛ9dõXÉ¡Ï�ÙVÏ Ø Ð;ÊÇÌ�54ÙÇ1�Ê;27:<ÙÇÜV:<1324:�ýÇÓÇ54Ð�ÜVÕ�1�Ï§îÈÇÐ�5)9�ÓV9dÉ¡5¶º ^ ª+º J µ { 2<ÍÇ1�Ó"Ð;:4:iÉ¡ÜÇÕ¡1�É¡ÏÛ9dÌ�1�ÓV9�É�5A:�� ^ S�|)ë�º ^ í#ª�� J S�|)ë�º J í�9�5<1�2<ÍV1ÓV9dÉ¡54:^2<Ír9t2�ÍV9Iê�1�2<ÍÇ17:49dÏ�1)Ë�É¡:i249�Ê Ø 1;Ôt:iÐ�ÖD1 Ø Ð;ÊV:i2<54Ù Ø 2*2<ÍÇ1)Ë�ÉÝ:@2A9dÊ Ø 1)Ì�5A9dÓÇÍV:RÐdÑ�{øÔ`249dð;11�9 Ø ÍQÓV9�É�5+Ð�Ñ"1`Ë�Ì�1`:7ë�º ^ ª(º J í#ª`ë	� ^ ª
� J í/ÐdÑ"2<ÍV1k:<9�ÏQ17Õ¡1�ÊVÌd2<Í^Ô�Ë�13241�54Ï�É�ÊÇ1)24ÍÇ1kÏ�Ðd24É�Ð;ÊQ2<ÍV9d2Ï�9�ÓV:82<ÍV1qÚV54:i27ÓV9dÉ¡5)Ð�Ê&2<ÍÇ1�:<1 Ø Ð�ÊVË�ÔÇ9dÊVË&É�Ê Ø 541�9�:<1�2<ÍÇ1 Ø Ð�ÙÇÊF27ÐdÑR2<ÍÇÉÝ:7Ï�Ðd24É�Ð;Ê§9�ÊVË´É�24:5<17¡V1 Ø 2<1�Ë Ø Ð;ÙÇÊF2<1�5<ÓV9�5i28É�Ê	9�:i1`9d5 Ø Í´:i2<54Ù Ø 24ÙÇ5<1d¯ÂÑ×Ð�5)ÉÝ:iÐ;ÏQ1�2<54É�1`:�î�ï)ÍÇ1�Ê´24ÍÇ1qÊÇÐ�ÊF245<É¡êXÉ¡9�ÕÉ¡:<Ð�Ï�13245<Î�Ö7É�2<Í 24ÍÇ1ÛÕ¡9�5<Ì;1�:i2 Ø Ð�ÙÇÊF2�Ì�É¡ê�1`:�2<ÍÇ1�ÏÛ9tõ�É¡Ï�ÙÇÏQß Ø 9d5AË�É¡ÊV9dÕ¡É�2@Î
:iÙÇÜr:i1�2nyß} {2<ÍV9d2kÉ¡:)Ð;Ê Ø 1�541�Ó"1�9d2<1�Ë�îï)ÍÇ1�9�ÊV9dÕ¡Î�:iÉÝ:kÐ�Ñ�2<ÍV9d2�9dÕ¡Ì�Ð;5<É�2<ÍVÏáÉÝ:k24ÍÇ1�:<9�ÏQ1�9�:�É�Ê¥à�è3éYÔ"Ì�É¡êFÉ¡ÊÇÌ´9�Ê�ì�ë×ÒK_7] J�Õ¡Ð�Ì�Ò^íØ Ð�Ï�ÓÇÕ¡13õ�É�2@Î�î
ÀªÁ±ì4Á±�ÇÁ±Ô��gÁRÃ
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G�X�/CVAB
EHXYK�IQ_��oÕbIwÖAÁTº�Â�×\íCí8À�â
Úi¿8¾�¿CÞ8½y¿8¾ Úiº8¾�Û�×:Úiº8»:Ù�ÝoÀ´×6¸+¹�º�»d×^Z��OB
ICVSK�PQ]q?1D'Z°MuB�ICB�vQB�Z S P����Nr�B8B,Bo� f �[�,gih
jCj
�[�q�N�F�Ck°�Æ~CËW���¯�[zCjJ�[��|�æJw[�Jw
|W��wnkCj,Ì,ÌCÌCÎnj[wJ��wR�4��gJ�����8j8æ,g\Ð�ê¼�yg�k��ñqCò��

4 ÿ K�P�7�r?9 p�� ÿ K[PW_F_HB�XYIJE�� S IQ??� VSf^B
_F_�K
L�_¯EHPCV�U+PQI�U�IWK�EH_�XYI Ù\º,ß>=8�?/#¹�½¥À!Á1�¿�ø�¹Wã:ß ø�¹�¼?Ác¿
¸#¹cº8»J×^Ztk�7,7�r,� ÿ K�B�@W@t?'B
D��

4 dZ�WX�Bqk�9 T\��dZ�WX`EH?A_FX^vW?A_�� S f��[K
DHXYE��WG�X^VUXY_F_FPQ?A_¹XYI�E��Q?2��?AK[G�?1EFDFa�K�L�@Qf^B�IQB
D¹fYXYI�U�B8�[?�G�K
][??	
G�?AIJE���ã#ÝnÃ�À!Ác¿,ß ½¥¿8¾�Úiº�»2Ù�ÝoÀ´¹�Á�Ønº8ÝnÁ�¾�¿,ß ZCk�H��Æk,��Ä HJk��n�87�ZG�¡BAa5r�B8Bqk��
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:852,/G102R�F^Î�RbÒ+Ò�MÑ.1Rb.	GH02R�Rb=2N/RN�+��.1,@G10E:8G��í:852=.�L:8FHR�Îb,/52.1R�ÎbM2G1(+;/R�,-5Gy�zíú�Ø��AØv�A�� �v������û�Ô�Õ
0YMÑ. ×VRLÎm:85âM2.1RG�A� :8.�G102RL.HGJ:CF1G1(+52N Rb=2N/RLÍ�,/F�G102RÚ52RbÏ<G�(>GHRbFJ:CG1(+,-5¥Ô8`íR
×
(+Ò>Ò¥=2RbG�:8(+Ò�G10ÑR�=2RbÎb,/Ó BE,-.1(+GH(>,/5LB2FH,YÎ�Rb.1.�,-5íGH02(+.¡��BE,-(+5<G).1M2Q2.HRbGmÔ2��Q2.1R�F1;-R�G10D:CG	G10ÑR
ÓP:CÏY(+Ó�M2Ó 5<M2Ó�QERbF�,CÍ�ÎbRbÒ+Ò+.
B2F1,<=2M2Î�R	Q<* G10Ñ(>.
(+GHRbFJ:CG1(+;-R�B2F1,<ÎbRb.H.)(>.�¢Hú�÷-á54¸ý-û�^�
�£CÔ¤ ,-52.H(>=ÑRbF�G10ÑR
Ò>(+52R�.�BE:8.1.H(+52N	G10ÑF1,-MÑN-0�G102R�BD,/(>5<GH.)
/7�÷^:C52=�ý27�÷2Ô&Õ
02(+.�BD:CF1GH(>GH(+,-52.�G10ÑR
B2Ò�:852R�(+5YGH,���F1RbN/(>,/52.
B2Ò+M2.VG102R)Ò+(+52Rb.VG102R�Ó .1R�Ò>;/Rb.mÔ<Û�5@(>Ó�BD,/F1G�:85<G�Îb,-52.HRbÐ<M2Rb52Î�R�,CÍ�G10ÑR
Íu:8Î�G�GH0D:8G�G102RbFHR	(+.
52,¢Í�,-M2FHG10@BE,-(+5<G
G10D:CG
ÓP:8ñ/Rb.
:85 R�Ó B2G]*�Îb,/5<;-RbÏK�8Þ]N-,-5�×
(+G10G
-7�ý27�÷
(+.�GH0D:8G
,/52R),8Í�G102R�.1R���F1RbN/(+,-52.�Îb,-5<GJ:C(+52.³:CÒ+Ò4,8Í¶Ø0�¥�'
���ý���÷'�YÔ/ô<RbR��¥(+N-M2FHR�
2Ô*4RbG)Ø�¦��§���+��
������Ù:C52=�Ø 6 �«Øt�¥�'
���ý���÷����A��
��n���YÔ ¤ ,/52.1(+=2R�FAG10ÑR�(+5252R�FAÎb,/Ó Ó ,/5GJ:C52N-Rb5<G
Ò+(+52R�¨$,CÍ y�zíú�Ø�¦&û
:85Ñ=�y�zíúfØ 6 û£.1M2Î�0LGH0D:8G�,-52R	0E:8Ò Í�B2Ò�:852R)QE,-M252=ÑRb=�Q<*0¨Îb,-5<G�:8(+52.��'
�� :85Ñ=üØ�¦/Ô�*4RbGT©ÚQER©:�BE,-(+5<GA(+5G¨ :C52=üØ�¦�:C52=Gª�QER :�BE,-(+5<G^(+5�¨ :C52=
Ø 6 Ô'*4R�G�GH02RAG]×V,�BE,-(+5<G1.o(>5@Ø�¦u�3��©��^QERAÎ&:8Ò+Ò+Rb=�«	:85Ñ=#¬mÔYô<R�RÙ:CÒ+.1,��¥(+N-M2FHR�
ÑÔ-Õ
02R�F1R	:8FHRG]×�,�B2FH(>Ó@:8FH*�Îm:C.1Rb.�G1,�Îb,/52.1(+=2R�FmÔ
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¤ :8.1R
Û)û¥Õ
02R
Ò+(>5ÑR�G102FH,-M2N/0�«
:852={¬�=2,<Rb.�52,/G�(>5<GHRbF1.HRbÎbGVG102RVÒ+(>5ÑR�.HRbN-Ó�Rb5<G�QERbG]×VRbRb5©�:C52=�ª<Ô Õ
02Rb50©Aª�«²¬Ù(+.):85ÚRbÓ B2G]*@Îb,/5<;-RbÏt�CÞuN/,-5dÔ��Ñ,-F)Îb,/5Y;/Rb52(+Rb52Î�R�×�R�F1Rb5E:8Ó R�G10ÑR
BD,/(+5YGH.�ªb¦���ª 6 ��ª I ��ª&¼ :8.�G102R�* :8BÑBDRm:CF�(+5$:85<G1( Þ]ÎbÒ+,YÎ�ñ<×
(+.1R�,/F1=2RbF�,/5íG102R@QE,-M25Ñ=D:8FH*í,8ÍG102R{�8Þ]ÎbRbÒ+Òd×
(+G10.ª��½ªb¦872×
0ÑRbF1R�ªe¼��\©¥Ô�ôzRbR��¥(+N-M2FHR��2Ô+�fÍ�:�Ò+(+52R)G102FH,-M2N/0�ªb¦���ª 6 =2,<Rb.52,-G�(+5<G1RbFH.1RbÎbG�G102R¬Rb=2N-RG
&÷27¥G102Rb5â×�R@,-QÑGJ:8(+5¸:.�CÞuÎbR�Ò>ÒTª ¦ 
&÷�ª 6 G1,¸:C=2=¸GH,t©Aª�«²¬�:C52=�.
mý-÷ÑÔ Õ
02R�.HGJ:CF1G1(+52NÚRb=2N/R�Í�,/F	G10ÑR 52RbÏ<G�(+G1RbF�:8G1(+,/5í(>.�ª ¦ ª ¼ Ô¾��G10ÑRbF1×
(+.1R/7�Ò>R�GN¿�QER G10ÑR
Ò�:8F1N/Rb.1GV(+5<G1RbN/RbFA.HM2Î�0PGH0D:8G
GH02R)=2(+F1RbÎ�G1Rb=LF�:&*P:C52Î�02,-FHRb=L:8GTª&À�Á 6 :C52=@BD:8.H.1(+52N�G102FH,-M2N/0ªeÀH7<(>5<GHRbF1.HRbÎbG1.�G102R)Rb=ÑN-R�
m÷ÑÔ'�fÍÂ¿�Ã�%÷	×VR).1RbG�Ä��Å¿'qH
/Ô'�fÍ�GH02R)Ò>(+52R
GH02F1,/M2N-0tª&Àn��ªnÆ	:CÒ>.H,
(+5YGHRbF1.HRbÎbGH.	×
(+G10ÚG102R�Rb=2N/Rt
m÷27EGH02Rb5Ú×�R�M2.1R�GH02F1R�R�ÎbRbÒ+Ò+.¡ª&À]÷-ý�ª�Æ���ª ¦ ª 6 ª I ª ¼ :852=G�.
mý-÷Ñ7:852=Gªb¦eªe¼�(+.)G10ÑR�.1GJ:CF1GH(>5ÑNLRb=2N/R�Í�,-F)G10ÑR 52RbÏ<G	(+GHRbFJ:CG1(+,-5dÔ+�fÍ�ª À ��ª Æ =Ñ,YR�.	52,-G¢(>5<GHRbF1.HRbÎbG
×
(+G10@G102R¢Rb=2N-RK
m÷¢×�R	MÑ.1R�ª À 
&÷�ª Æ ��ª�¦&ª 6 ª I ª&¼�:85Ñ=Ç�.
&ý-÷¢×
(>GH0@G102R	.HGJ:CF1G1(+52N�Rb=2N/R�ª�¦&ªe¼-Ô�fÍ�¿v� ÷Ñ7-GH02RAÒ+(+52R
GH02F1,/M2N-0�ªb¦���ªe¼
52R�ÎbRb.1.�:8FH(>Ò+*�(+5<G1RbFH.1RbÎ�G1.AGH02RAR�=2N-R#
m÷2Ô_�]5�G102(+.VÎm:8.HRA×VR
,-Q2G�:8(+5LG]×V,@ÎbRbÒ+Ò+.m7d:0
&Þ]ÎbRbÒ+Ò ª 6 ª I ª&¼�÷/ý :85Ñ=��.
mý/÷274:85Ñ=íM2.1R ý�ª 6 :8.)G10ÑR�.1GJ:CF1GH(>5ÑNLRb=2N/RÍ�,-FVG10ÑR	52RbÏ<G
(+G1RbF�:8GH(>,/5dÔ
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¤ :8.1R�Ë
û�Õ
02RVÒ>(+52RoG102FH,-M2N/0N«
:C52=�¬�(+5YGHRbF1.HRbÎbGH.�GH02R�Ò+(+52RV.1RbN/Ó Rb5<G¥QDRbG]×VRbRb5#©�:C52=Nª<Ô*4RbG�¬
QER^GH02R	BE,-(+5<G�Î�Ò>,/.1Rb.HGAGH,�GH02R	.1R�N-Ó R�5YG2©Aª<ÔE9�Rb52,-GHR)G102R	:85<GH(iÞ]ÎbÒ+,<Î�ñY×
(+.HRÙ:C52N-Ò+R�,8Í
ú�Ìv��Í���Î/û�Íf,-F
G10ÑR	BD,/(+5YGH.TÌu��Í���Î¢QY*.Ï ú�Ìv��Í���Î/ûbÔ'�fÍTÏ úf÷���«��Ð¬Jû�(+.
Îb,/5<;-RbÏ472GH02Rb5L×VR),-Q2G�:8(+5
G102FHRbR	ÎbR�Ò>Ò+.A÷�«�¬�ª'
���©�¬�ª	:852=t�.
mý/÷�×
(+G10 GH02R	.HGJ:8FHG1(+52N�Rb=ÑN-RT©+ª�Í�,-F
GH02R	52R�ÏYG
(+GHRbFJ:CG1(+,-5dÔ��G102RbFH×
(+.1R-7¥×�R�RbÏ2:8Ó�(>5ÑR	G102R�BDR�5YG�:8N/,-5¸ýe©�¬�«m÷Ñ7d:85Ñ=í(iÍ
(+G)(>.¢Îb,-5<;-R�Ï�×VR�M2.1R�(+G	×
(+G10�.
mý-÷@:C52=G¬�©+ª<ÔdÕ
02R�.1G�:8F1GH(+52N�R�=2N-R�Í�,/F	G102R�52RbÏ<G�(+G1RbF�:8GH(>,/5í(+.�©+ª<Ôd3�,8×�Rb;/RbFm7�ý&©'¬�«&÷
ÓP:&*�52,-G
QER)Îb,-5<;/RbÏ472(+G
ÓP:&*�52,-G
R�;-Rb5LQER	.H(>Ó�B2Ò+R-Ô/Õ
0YMÑ.
×�R	5ÑRbRb=LGH,�RbÏ2:8Ó (+52R):)ÍfRb×
Ó ,/F1R
.1MÑQ<ÞuÎ&:8.1R�.mÔ`íRARb5<M2Ó�RbFJ:CG1R)G102R¢BD,/.1.1(+Q2Ò+R)Îm:C.1Rb.):8ÎbÎb,/F1=2(+52N�GH,�×
02(+Î�0 ,8Íu©v��«��Ñ¬V(>.
R�ÐYME:8Ò4G1,��ÑÔ

-Ô2©��H��Ò<Õ
02(+.
(>Ó�B2Ò+(+Rb.�G10E:8GAýe©�¬�«m÷�(+.VÎb,-5<;/RbÏ@.1,�52,/G102(+52N�Ó ,/F1RA5ÑRbRb=2.�G1,�QER^=Ñ,-52R-Ô
ý2Ôl«-�s��Ò�*4R�G�Ó{Ô�Ø 6 .HM2Î�0LG10E:8G
G10ÑR�:852N/Ò+RNÏ ú�Ó���«��b
mûo(>.
Ó@:8Ï<(+Ó ( õbRb=dÔ<ô<(+52ÎbR	GH02R	Ò+(+52RG102FH,-M2N/0!«	:C52=�¬V(>5<GHRbF1.HRbÎbG1.)GH02RAÒ+(+52RA.HRbN-Ó�Rb5<G�QERbG]×VRbRb5�©@:85Ñ=!ª)×VR)=2Rb=2M2Î�R^GH0D:8G©ÖÕ½¬mÔdôzRbR!�¥(+N-M2FHRN�ÑÔ�`íR�,-QÑGJ:8(+5ÚÎbRbÒ+Ò+.�Ó&¬�«/7d:852=W�.
&ý-÷274:C52=í×�R�M2.HR!«bÓP:C.	G10ÑR
.1G�:8F1GH(+52N@Rb=2N-R�Íf,-F)G102R�5ÑRbÏ<G	(+G1RbF�:8G1(+,/5dÔ+�fÍ¡Ï ú�¬���©u��÷-û
(+.)Îb,/5Y;/RbÏÚG102Rb5í×VR�:8Ò+.1,@M2.HR
G102R�
�ÞuÎ�RbÒ+ÒT
m÷&©'¬�«/Ôu��5�GH02R�,-GH02RbF	0D:C52=Ú(iÍ�Ï úf÷���©u�Ð¬Jû
(+.	Îb,/5<;-RbÏL×VR�M2.HR�G102R�
�ÞuÎbR�Ò>Ò
ý�Ó&¬�©E÷2Ô
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÷2Ô3¬5�1��Ò8*4RbG�Ó���Ób�TÔ Ø 6 .1M2Î�0$G10D:CG!Ï ú�Ó��Ñ¬��b
mû):C52=ÅÏ ú�Ób���Ñ¬��b
mû¢:8F1R@Ó@:8Ï<(+Ó�M2Ó :C52=
Ó (+52(+Ó�M2ÓL78F1R�.1BERbÎbG1(+;/RbÒ+*YÔ+`íR	Îb,/52.1(+=2R�FAG10ÑR�.H(>GHMD:8GH(+,-5L:8ÎbÎ�,-F1=Ñ(>5ÑN�G1, GH02R	BE,-.H(>GH(+,-5
,8Í�©dÔ�Ý�,-GHR^GH0D:8G8©G^Ôt�.
�«²¬mÔDô<RbR#�d(+N/M2F1R��2Ô
ú�:-û#©KÔt��
&÷�«/Ô�`íR
,/Q2GJ:C(+5�G102R�G]×�,	Î�RbÒ+Ò>.l�.
mý/÷	:852= ÷/ýb¬�«�©d7<:852=�MÑ.1RAGH02RA.HGJ:CF1G1(+52N
Rb=ÑN-R	ýb¬VÍ�,-FVG10ÑR	52RbÏ<G
(+G1RbF�:8GH(>,/5dÔ

ú�QDû#©ÖÔ/�@ý-÷�«-Ô Õ
×�,@,8ÍAGH02R�G10ÑF1RbR�=2Rb.1(+FHRb=íÎbRbÒ+Ò+.�:8FHR��.
mý-÷@:C52=H
m÷&©A«/Ô4Û
G)Ò>R&:8.1G
,/52RA,CÍu¬�«�©AÓ¢,-F�
�«²¬�Ó � 7<Ó�MÑ.1GVQDR)Îb,/5Y;/RbÏ4Ô'�fÍ�GH02R��8Þ]N-,/5#¬�«n©+Ó	(+.VÎb,-5<;/RbÏ472Î�02,<,-.HR
GH02(+.^:8.)GH02R�GH02(+F1=LÎ�RbÒ+Ò�:852=Ç¬�Ó :8.�G102R�.1G�:8FHG1(+52N@Rb=2N/R	Í�,/FAGH02R�5ÑRbÏ<G^(+GHRbFJ:CG1(+,-5dÔ��G10ÑRbF1×
(+.1R/7DÎ�02,<,/.1R�
�«²¬�Ób��:C.
G102R)G10Ñ(>FH=@ÎbRbÒ+Ò�:C52=K¬�Ób�EÍ�,-F
GH02R).1GJ:CF1GH(>5ÑN�Rb=2N-R/Ô

ú Îmû�©.Ô/�@ý�«�¬mÔ�`íR¢,-Q2G�:8(+5LG10ÑF1RbR�ÎbRbÒ+Ò+.N
&ý-÷��J÷/ýe©A«¢:852=íý�Ó&¬�©¥7�:C52=ÚG102R�Rb=2N/R#¬�Ó�(+.
GH02R).1GJ:CF1GH(>5ÑN�Rb=2N-RÙÍ�,-FVG102R¢52RbÏ<G
(+G1RbF�:8G1(+,/5dÔ

w

t

r Ø × Ù ·
Ù

687�9E�eÞ2��³ UAh�X�_�W/~Y[ ­ g�_tß�w�r Ø `bZTß�t�r Ø `bZTß�t Ø × ®
Õ
0YMÑ.
G102(+.
Îb,/52.1GHF1M2ÎbGH(+,-5LB2FH,8;-Rb.
GH02R)Í�,/Ò+Ò>,8×
(+52N)Ò+RbÓ�ÓP:2Ô
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Sum of Edge Lengths of a Graph Drawn on a

Convex Polygon

Hiro Ito, Hideyuki Uehara, and Mitsuo Yokoyama
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Toyohashi University of Technology, Toyohashi, 441-8580, Japan

{ito,uehara,yokoyama}@tutics.tut.ac.jp

Abstract. Let x0, x1, ..., xn−1 be vertices of a convex n-gon P in the
plane, where, x0x1, x1x2, . . ., xn−2xn−1, and xn−1x0 are edges of P . Let
G = (N, E) be a graph, such that N = {0, 1, . . . , n − 1}. Consider
a graph drawing of G such that each vertex i ∈ N is represented by xi

and each edge (i, j) ∈ E is drawn by a straight line segment. Denote the
sum of lengths of graph edges in such drawing by SP (G). If SP (G) ≤
SP (G

′) for any convex n-gon P , then we write as G �l G′. This paper
shows two necessary and sufficient conditions of G �l G′. Moreover,
these conditions can be calculated in polynomial time for any given G
and G′.

1 Introduction

Let x0, x1, ..., xn−1 be vertices of a convex n-gon in the plane (each internal angle
may be equal to π), where, x0x1, x1x2, . . ., xn−2xn−1, and xn−1x0 are edges of
the n-gon. Denote the length of the line segment xixj by d(i, j). i mod n denotes
i′ such that i ≡ i′ (mod n) and 0 ≤ i′ ≤ n − 1.

Let G = (N, E) be a graph with a vertex set N = {0, 1, . . . , n − 1} and
an edge set E. Parallel edges and self-loops are permitted in G. In G = (N, E),
E may be denoted by E(G). In this paper, a vertex set of each graph is fixed to
N = {0, 1, . . . , n − 1}. Define a length of G with respect to an n-gon P as

SP (G) :=
∑

(i,j)∈E(G)

d(i, j).

SP (G) can be regarded as a sum of edge length of a graph G drawn in the plane
such that each vertex of G is equal to a corresponding vertex of P and each edge
of G is written by a straight line segment. Graph drawing has recently become
a very important research area and the sum of edge lengths is one of the crucial
criteria for evaluating drawing methods[1].

A Partial-Order “�l” Based on SP (G).
We introduce a partial-order “�l” as follows. Let G and G′ be two graphs. If
SP (G) ≤ SP (G′) for any convex polygon P , then G �l G′ (“l” means length).

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 160–166, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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If G �l G′ and G �=G′, then G ≺l G′. �l is clearly a partial-order.

For any two subsets X, Y ⊆ V , E(X, Y ; G) denotes an edge set between X
and Y , i.e.,

E(X, Y ; G) := {(i, j) ∈ E | i ∈ X, j ∈ Y }.
For i, j ∈ N , define

N [i, j] :=
{{i, i + 1, . . . , j}, if i ≤ j,
{i, i + 1, . . . , n − 1, 0, 1, . . . , j}, if i > j.

If N [i, j] is a proper subset of N , N [i, j] is called a neighbor-cut.
If there is no neighbor-cut N [i, j] such that E(N [i, j]; G) = ∅, then G is

called neighbor-connected. We define

Eq := {(i, i + q mod n) | i ∈ N}

for each integer 0 ≤ q ≤ 
n/2�. Gq := (N, Eq). Gq is a 2-regular graph.
The authors have already presented the following properties[2,3].

Theorem A
(1) SP (Gq) ≺l SP (Gq+1) for q = 0, 1, . . . , 
n/2� − 1.
(2) For any 2-regular graph G(�=G�n/2�), G ≺l G�n/2�.
(3) If G(�=G1) is a neighbor-connected 2-regular graph, G1 ≺l G. ✷

In this paper, we present a general rule on SP (G), which includes Theorem A.
For explaining this rule, we give some notations.

E(X, V −X ; G) can be also represented as E(X ; G) for notational simplicity.
|E(X, Y ; G)| and |E(X ; G)| may be written as c(X, Y ; G) and c(X ; G), respec-
tively. A singleton set {x} may be simply written as x. N(i, j) := N [i, j]−{i, j},
N(i, j] := N [i, j] − {i}, N [i, j) := N [i, j] − {j}.

Cross-Operation and a Partial-Order “�o”.
If two distinct edges (i, j), (h, k) ∈ E satisfy that h, k ∈ N(i, j) or h, k ∈ N(j, i),
then we say that (i, j) and (h, k) are separated. If “h ∈ N(i, j) and k ∈ N(j, i)”
or “k ∈ N(i, j) and h ∈ N(j, i),” then we say that (i, j) and (h, k) are crossing.

Let (i, j) and (h, k) be a separated pair of edges. Without loss of generality, we
assume that i ∈ N(h, j] and k ∈ N(j, h] (see Figure 1 (a)). By deleting (i, j) and
(h, k) from E(G) and putting (i, k) and (h, j) in E(G), a new graph G′ = (N, E′)
is obtained (see Figure 1). This operation is called a cross-operation.

If G′ can be obtained from G by applying a sequence of cross-operations,
then G �o G′ (“o” means operation). G ≺o G′ means G �o G′ and G �=G′.

A Partial-Order ‘�c” Based on the Size of Neighbor-Cuts.
If c(N [i, j]; G) ≤ c(N [i, j]; G′) for every neighbor-cut N [i, j], then G �c G′

(“c” means cut). We will show in Corollary 1 that if G �c G′ and G′ �c G, then
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Fig. 1. Cross-operation.

G = G′. Thus we can say G ≺c G′ if G �c G′ and G �=G′.

Main Theorem Three partial orders �l, �o, and �c are equivalent for any
pair of graphs G = (N, E) and G′ = (N, E′) with |E| = |E′|. That is, each one
of G �l G′, G �o G′, and G �c G′ implies the others.

Theorem A is a corollary of the main theorem.

2 Proof

Lemma 1. If G �o G′, then G �l G′.

Proof: It is clear from the triangle inequality. ✷

Lemma 2. If G �l G′, then G �c G′.

Proof: Suppose that G �c G′ does not hold, i.e., there are i, j ∈ N such that
c(N [i, j]; G) > c(N [i, j]; G′). We construct a polygon P satisfying SP (G) >
SP (G′) as follows. X = {xk | k ∈ N [i, j]} and Y = {xk | k ∈ N(j, i)}. Put all
vertices x ∈ X in a circle whose center is (0, 0) and radius is r. Let p > 0 be a
real number. Put all vertices x ∈ Y in a circle whose center is (p, 0) and radius
is r. We can locate all vertices satisfying the above conditions and convexity for
each r and p. By letting p be far larger than r, SP (G) > SP (G′). ✷

Lemma 3. For any pair of graphs G = (N, E) and G′ = (N, E′) with |E(G)| =
|E(G′)|, G �c G′ implies G �o G′.

For proving this lemma, we need some lemmas as follows.

Lemma 4. Let G = (N, E) and G′ = (N, E′) be two graphs. For any neighbor-
cut N [i, j], c(N [i, j]; G) − c(N [i, j]; G′) is even if and only if

∑{c(k; G) −
c(k; G′) | k ∈ N [i, j]} is even.
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Proof:
∑

k∈N [i,j]

c(k; G) = c(N [i, j]; G) + 2c(N [i, j], N [i, j]; G) (1)

∑
k∈N [i,j]

c(k; G′) = c(N [i, j]; G′) + 2c(N [i, j], N [i, j]; G′) (2)

From (1)−(2), the statement is assured. ✷

For i, j ∈ N , a graph obtained from G = (N, E) by contracting N(j, i) to a
vertex is denoted by G[i, j]. For an integer k (0 ≤ k ≤ n),

N=k := {(i, j) | i, j ∈ N, |N [i, j]| = k},
N<k := {(i, j) | i, j ∈ N, |N [i, j]| < k},
N≤k := {(i, j) | i, j ∈ N, |N [i, j]| ≤ k}.

Lemma 5. Let 0 ≤ k ≤ n − 1 be an integer. If c(N [i, j]; G) = c(N [i, j]; G′) for
all (i, j) ∈ N≤k, then G[i, j] = G′[i, j] for all (i, j) ∈ N≤k.

Proof: We use induction. If k = 0 or 1, it is clear. Assume that for an h ≥ 2 if
k < h, the statement is correct. Further assume that c(N [i, j]; G) = c(N [i, j]; G′)
for all (i, j) ∈ N≤h. From these assumptions, we derive that G[i, j] = G′[i, j] for
all (i, j) ∈ N≤h.

Consider (i, j) ∈ N=h. If c(i, j; G) = c(i, j; G′), then G[i, j] = G′[i, j]. Then
we assume that c(i, j; G) > c(i, j; G′) without loss of generality. From c(i; G) =
c(i; G′) and c(i, N(i, j); G) = c(i, N(i, j); G′),

c(i, N(j, i); G) < c(i, N(j, i); G′). (3)

Similarly,
c(j, N(j, i); G) < c(j, N(j, i); G′). (4)

From the assumption,

c(N(i, j), N [j, i]; G) = c(N(i, j), N [j, i]; G′),
c(N(i, j), i; G) = c(N(i, j), i; G′), and
c(N(i, j), j; G) = c(N(i, j), j; G′),

hence
c(N(i, j), N(j, i); G) = c(N(i, j), N(j, i); G′). (5)

From (3), (4), and (5), c(N [i, j]; G) < c(N [i, j]; G′), contradicting the assump-
tion. ✷

Corollary 1. If G �c G′ and G′ �c G, then G = G′.
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Proof: By letting k = n − 1 in Lemma 5, the statement can be obtained. ✷

Lemma 6. Let k (2 ≤ k ≤ n − 1) be an integer. Let i, j be integers such
as (i, j) ∈ N=k. If c(N [i′ j′]; G) = c(N [i′, j′]; G′) for all (i′, j′) ∈ N<k and
c(N [i, j]; G) < c(N [i, j]; G′), then c(i, j; G) > c(i, j; G′).

Proof: From Lemma 5, we obtain

c(i, N(i, j); G) = c(i, N(i, j); G′) and
c(j, N(i, j); G) = c(j, N(i, j); G′).

From the assumption,

c(N(i, j); G) = c(N(i, j); G′).

Thus,
c(N(i, j), N(j, i); G) = c(N(i, j), N(j, i); G′).

By considering c(N [i, j]; G) < c(N [i, j]; G′),

c(i, N(j, i); G) < c(i, N(j, i); G′) or c(j, N(j, i); G) < c(j, N(j, i); G′)

hold. Without loss of generality,

c(i, N(j, i); G) < c(i, N(j, i); G′).

We have

c(i; G) = c(i; G′) and c(i, N(i, j); G) = c(i, N(i, j); G′),

thus c(i, j; G) > c(i, j; G′) is obtained. ✷

Now, we can prove Lemma 3.

Proof of Lemma 3: Assume that G �c G′. Let k (0 ≤ k ≤ n − 1) be a largest
integer satisfying that

c(N [i, j]; G) = c(N [i, j]; G′) for all (i, j) ∈ N≤k.

From Lemma 5,
G[i, j] = G′[i, j] for all (i, j) ∈ N≤k.

Then if k = n − 1, the statement is trivial.
Otherwise, let i0, j0 ∈ {N | |N [i0, j0]| = k + 1} be a pair such that

c(N [i0, j0]; G) �=c(N [i0, j0]; G′) (see Figure 2).
From G �c G′,

c(N [i0, j0]; G) < c(N [i0, j0]; G′).

From Lemma 6, c(i0, j0; G) > c(i0, j0; G′), hence (i0, j0) ∈ E(G).
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Fig. 2. Relation of i0, j0, i1, j1, i2, and j2.

c(N [i0, j0]; G) < c(N [i0, j0]; G′) is equivalent to c(N(j0, i0); G) < c(N(j0, i0); G′).
Let i1 be an integer such that

c(N(j0, i]; G) < c(N(j0, i]; G′) for i ∈ N [i1, i0) and

c(N(j0, i1); G) = c(N(j0, i1); G′).
(From the assumption, there exists such an i1.) It follows that there exists an
edge (i1, j1) ∈ E(G) such that j1 ∈ N(j0, i1). Let i2 ∈ N [i1, i0) and j2 ∈ N(j0, j1]
be integers such that (i2, j2) ∈ E(G),

c(N [i1, i0), N(j0, j2); G) = 0 (6)

and c(N(i2, i0), j2; G) = 0. Note that i2 and j2 may be equal to i1 and j1,
respectively.

We will show that c(N [j, i]; G) < c(N [j, i]; G′) for any i ∈ N [i2, i0) and
j ∈ N(j0, j2] as follows. Assume that there are i′ ∈ N [i2, i0) and j′ ∈ N(j0, j2]
such that c(N [j′, i′]; G) = c(N [j′, i′]; G′). By considering

c(N(j0, i1); G) = c(N(j0, i1); G′),
c(N(j0, i′]; G) < c(N(j0, i′]; G′), and
c(N [j′, i1); G) ≤ c(N [j′, i1); G′),

we obtain that c(N [i1, i′], N(j0, j′); G) > 0, contradicting (6). Therefore,

c(N [j, i]; G) < c(N [j, i]; G′) for any i ∈ N [i2, i0) and j ∈ N(j0, j2]. (7)

From the assumption, c(i; G) = c(i; G′) for all i ∈ N . Thus from Lemma 4,
expression (7) can be rewritten as

c(N [j, i]; G) ≤ c(N [j, i]; G′) − 2 for any i ∈ N [i2, i0) and j ∈ N(j0, j2]. (8)

Denote a graph obtained by applying cross-operation (i0, j0; j2, i2) to G by
G′′. Clearly, G ≺c G′′. From (8), G′′ �c G′. Thus by applying the above oper-
ation recursively, we can get a sequence of cross-operations for modifying G to
G′, i.e., G �o G′. ✷

Proof of Main Theorem: It is clear from Lemmas 1, 2, and 3. ✷
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3 Concluding Remarks

This paper shows that three partial-orders �l, �o, and �c are equivalent. For
investigating G �c G′, only neighbor-cuts are tested, thus it can be determined
in polynomial time. Therefore, we can solve a problem of determining whether
or not SP (G) ≤ SP (G′) for any convex polygon P for given two labeled graphs
G and G′ with |E(G)| = |E(G′)| in polynomial time. Moreover, if G �c G′,
we can find a sequence of cross-operations for modifying G to G′ by using the
discussion of the proof of Lemma 3 in polynomial time.

In this paper, Euclidean distance is used. However, for any distance (for ex-
ample, Lk distance) in which the triangle inequality holds, the same results can
be obtained.
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(N!;]N!AVGC¹LN « N�¬C¬b¼&<?G®<?¬,D ª ¬V¬C<?­ « N�G ª
DLA ª ;E<?>LN(¬ ª R�N�DF:|AVGC<�: « ACN�¬C° « GC¬(GC¹F:HGO>¯N!R ª KL¬CGVA�:|GVN�GV¹LN�D ª GCN!KEGC<�: «�ª|´ GC¹¯<²¬%¬CGVAC°LI�GC°LAVN]¶wÊ[K
DF:|AVGC<?I!° « :HAb¼w<?GC¬�DFN�A ´mª ACRJ:HKLI!N6<?¬®I ª R�Dw:|A�:H­ « N ¸ <?GC¹�GV¹F:|G ªH´ GV¹LN�¬CN!Dw:|A�:HGC< ª K�¬CN�KL¬C<?GC<?;+N
¬CGVAC°LI!GV°LACN ª|´ · AC<?I�BE¬ ª K�N!GO: « ¶EÍ?Ï]Ï�ÑFGC¹F:HG ¸ :H¬	>LN!¬V<²³+KLN!> ´mª A RJ:|<?KEG�:H<?KL<?KL³OGV¹LN�¬CN�DF:|A�:|GC< ª K
ª|´ Ù��	ø6I ª K=;+N!º ª ­]µ�N!I!GV¬b¶ PEDFN�I!<ÕÄFIb: «?« »E¼ ´kª A,:|KE»�I ª K¯¬CG�:HKEG,KE°LR�­FN�A ªH´ >L<?¬²µ ª <?KEG�I ª K=;+N!º
D ª+« »=³ ª KL¬(<?K�GC¹LN�D « :HKLN]¼ « N!G��æ­FN6GC¹LN�<²A�RJ:|ºE<?R6°LRó>L<�:|R�N!GCN�Ab¼ « N!G,í�­FN�GV¹LN!<?A�G ª G�: «
KE°LR�­FN�A ªH´ ;+N!ACGV<?I!N!¬b¼L:HKL> « N!G��(­FN�GV¹LN�R�<²K¯<²R6°LRé>¯<²¬VG�:HKLI!N�­wN!G ¸ N!N!K�: «?« DF:H<²AV¬ ª|´ D ª]« » Ó
³ ª KL¬�>L°LAV<²K¯³ÁGC¹LN!<?A�R ª GV< ª Ka¶ Þ(°LA�¬CGCAV°LI!GV°LACN�DLA ª I!N�¬C¬CN�¬ ý ÃÉR�<?K�� «?ª ³LÃ������bÅ�� «?ª ³FÃmíËÅ�� Å
N!;]N�K=GV¬ ¸ ¹¯N!K�Nb:|I�¹ ªH´ GC¹LN(D ª+« »=³ ª KL¬%R ª ;+N!¬ <?K�: « <?KLNb:HA	GCA�:!µ�N!I!G ª AV»=¶EÇ «²« N!;+N!KEGC¬�Ib:HK�­wN
DLA ª I!N�¬C¬CN�>�:HG�:6I ª ¬CG ª|´'ý Ã�R�<?K�� «?ª ³LÃ�������Å�� «²ª ³�Ãmí�Å � Å&GC<?R�N(DFN!A(N!;]N�K=G�¶

Ê[KJGV¹LN6KLN!ºEG�¬VN!I!GC< ª K ¸ N�ACN!Ib: «?« GV¹LN,<?R�D ª AVG�:HK=G ´ Nb:HGC°LAVN!¬ ª|´ GC¹¯N,@,PLP�BE<?KLN!GC<?I,¬VN!D Ó
:|A�:|GC< ª K�¬CGVAC°LI!GV°LACN+¶	PEN!I!GV< ª K½Ð�¬CN!GV¬ ª °LG�GV¹LN�GC¹LN�N�¬C¬CN�K=GV<�: « DLA ª DFN!AVGC<?N!¬ ª|´ GV¹LN�I ª K=;+N!º
I�¹F:|<?K�:HDLDLA ª ºE<?RJ:HGC< ª K�¹¯<²N�A�:|AVI�¹L<?N!¬ KLN!N!>LN�>�<²K ª °LA#¬CN!DF:HA�:HGC< ª K6¬CN!K¯¬C<?GC<?;]N�:|°¯³]R�N�K=G�:|GV< ª K
ª|´ GC¹LN(@,PLP�¼L:|K¯>�< «?« °L¬VGCA�:HGCN!¬%¬CN�;]N!A�: « D ª GCN�K=GV<�: « AVN!DLACN�¬CN!KEG�:HGC< ª K¯¬b¶FPQN!I!GC< ª K�Î�:H>L>LACN�¬C¬CN�¬
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GC¹LN(<?¬C¬C°¯N ªH´ R�:|<?KEG�:|<?KL<?KL³ ª °LA�:|°¯³]R�N�K=GVN!>�@,PLP�¼ ¸ <?GC¹�:|K�N!R�DL¹w:|¬C<?¬ ª K�GV¹LN�>L»EKF:|R�<²I
RJ:H<²KEGVN!KF:|K¯I!N ª|´ GC¹LN%I�¹F:|<?K�:HDLDLA ª º=<?R�:|GC< ª KL¬LGC¹w:|G�:HI!I ª R�DF:HK=»(I�¹F:|KL³+N!¬ <?K®GV¹LN%DL¬CN!°¯> ª|Ó
GCAV<�:HKL³]° « :HGC< ª K ªH´ GC¹LN ´ AVN!N�¬VDF:|I�N�:|KL>�GC¹LN6KLN ¸ BE<²K¯N!GC<?I6N!;]N!KEGV¬,GC¹F:HG,:|I!I ª R�DF:HKE»�GC¹¯N
<?K=GVA ª >L°LI�GC< ª K ªH´ :|D¯DLA ª ºE<?RJ:HGCN%D ª+« »E³ ª KL¬�¶=PEN�I!GC< ª K!�,¬V°LR�R�:|AV<²ð�N!¬ GC¹LN�;]:|AV< ª °L¬	BE<?KLN!GV<?I
:|GVGCAC<?­L°¯GCN!¬ ª|´�ª °LA�¬CN�DF:|A�:|GC< ª K�¬CN!K¯¬C<?GC<?;]N�¬VGCAC°¯I!GC°LAVN]¶a¿#<?KF: «?« »E¼]¬VN!I!GC< ª K"�6¬CN!GV¬ ª °LG�¬ ª R�N
>L<?ACN!I�GC< ª KL¬ ´mª A ´ °LGV°LACN ¸Oª ACB�¶!Ô�¹¯N$# ¹#¶ 96¶�>L<?¬C¬CN�ACG�:HGC< ª K ª|´ GC¹LN	¬VN!I ª KL>�:|°LGV¹ ª A�¼!I!°¯ACACN�K=G « »
<?K�DLACN�DF:|A�:|GC< ª Ka¼ ¸ < «?« I ª KEG�:H<?K ´ °LAVGC¹LN!A�>LN�G�:|< « ¬ ª K�AVN!¬C° « GV¬,<?K�GC¹¯<²¬(DF:|DwN!A,:|K¯>�AVN « :|GCN�>
¸Oª ACB�¶

% &('*),+ ¨C¡*) ¢L¨C§.-$)0/*1 £�1#¢L¨C¤	¡2-O¢L£L¦(§w¢Q¦(£�)

Ê[K�GC¹L<?¬�¬CN�I!GC< ª K ¸ N,AVN!;E<?¬C<?G�GC¹LN�@®<?KLN�GC<?I,PEN!DF:HA�:|GV< ª K�PEGCAV°LI!GV°LACN�ÃÉ@�P¯PLÅ�:|¬(<²G ¸ :|¬�D¯ACN Ó
¬CN!KEGVN!>�<?K�Í?Ï!ÎHÑC¼]N!R�DL¹F:H¬C<?ð!<?KL³6GC¹ ª ¬CN ´ Nb:HGC°LAVN!¬�GV¹F:|G�<?R�Dw:|I!G%<?GC¬�:|>w:|DLG�:|GC< ª K�:|¬�:6¬CN�DF: Ó
A�:HGC< ª K�¬CN�KL¬C<?GC<?;+N,¬CGVAC°LI!GV°LACN+¶�Ç�¬(<²KÁÍ?Ï!ÎHÑC¼ ¸ N,>¯N!¬CI!AV<?­FN6¹ ª|¸ GC¹LN,@,PLPp<²¬(­L°L< « GO¬VG�:HACGC<?KL³
´ A ª R :HK�:|AV­L<?GCA�:|AC»ËGCAC<�:HKL³]° « :HGC< ª K43 ªH´ GC¹LN ´ AVN!N�¬VDF:|I�N65Ò¬CN!DF:HA�:HGC<?KL³�:�³+<²;+N!K�¬VN!G ª|´
ì�>¯<²¬?µ ª <?KEG�¬C<?R�D « N�D ª+« »E³ ª KL¬,<?K�GC¹LN�D « :|KLN6G ª ³]N!GV¹LN!A ¸ <?GC¹½:�D ª <?K=G6:|G�<?KEÄFKL<?G[»E¶�Ô�¹L<?¬
¬CN!AV;]N!¬%G ª <?KEGCA ª >¯°LI!N!¬	GV¹LN�@,PLP ´ Nb:HGC°LAVN!¬%<²K�:(>L<?¬CI!<?D « <?KLN!> ´ :H¬C¹L< ª K#¶bÊ[G%: « ¬ ª RJ:HB]N!¬#I « Nb:|A
GC¹LN6N!ºEGCN�K=G�G ª�¸ ¹L<?I�¹�GV¹LN�¬CGVAC°LI!GV°LACN�<?¬®I�:|K ª KL<?Ib: « :HKL>�¬V°L³]³+N!¬CGV¬ ¸ ¹L<?I�¹ ´ Nb:|GV°LACN�¬�:|AVN
KLN!I!N�¬C¬�:HAC» ª K « » ´mª A	GC¹¯N�N�þ�I!<?N!K¯I!»JÃk:|¬ ª DLD ª ¬VN!>�G ª GC¹¯N�I ª AVACN!I!GVKLN!¬V¬�Å ªH´ GC¹LN(¬CGVAC°LI!GV°LACN+¶

Çé@,PLP�Ib:HK�­FN(I ª K¯¬CGCAV°LI!GVN!>�­E»,ÄwAC¬CG%<?>LN!KEGC< ´ »E<?KL³,ü]ì$7Jü�âLÜ]Ø�ÙmÚ�ÙkÚ�ø+ä�ÙmØ!ÚÉÜ]ä]àHã²×�Ý�<?K�3�¶
# :|ACGV<?GC< ª K�GVAC<�:|KL³ « N!¬�:HACN(KF:|R�N!> ´mª A%GC¹¯N ´ :HI!GOGV¹F:|G%GC¹¯N!»�DF:HACGV<²GV< ª K�GC¹¯N®¬VDF:|I�N®­wN!G ¸ N!N!K
ª ­]µ�N�I!GC¬,ÃÉGC¹LN,I ª R�D « N�R�N!KEG ªH´ GC¹¯N®D ª]« »E³ ª KL¬�:|KL>�GC¹¯N®D ª <?KEG�:|G%<?KEÄFKL<?G[»LÅ&<²KEG ª >L<?¬?µ ª <?KEG
ACN!³+< ª KL¬�Ib: «?« N�>�Ö�ø]Ø!Ø�Ú�ö]ø+Ø�Ý�Ã�¬VN!N�¿#<?³F¶�Ï�Å!¶

partition
triangle

corridor

8:9<;w}>=+}LS%T�e�^�Z(UQ^�jkfgYkfg^�\p^�_�Yko=T�_?XCT�T%jkU=W�e�T1sLT�Yk� T�TC\6UL^!qgl|��^�\=j��

?�@BACACDCEGF�H�÷b×�Ø�I,Ö�ø+Ø!Ø!Ú�ö+ø]Ø%Ú?Ý�õ�ø]òEäLö]×�ö�õJI,×�
]Ü+ÖbÙÉãKI,Ù��	ø6×�öbà+×!Ý�øML âLÜ]Ø!ÙkÚ�ÙkÚ�ø]ä�ÙkØ!Ú�Ü+ä]à|ã?×!Ý
N N!KL> Ó N!>L³+N!¬PO�Ü]äLö6õ�I6×�
]Ü+ÖbÙÉãKI,Ù��	ø N âLø|Ý�Ý!Ú�õ�ãKI,ö+× à+×�äL×bØVÜ]Ùk×PO�Ö�áLÜ+Ú�äEÝ�øML�×�öbà+×!Ý�øML âLø|ã<I!à]ø+äEÝ�Q

Ô�¹LN�I ª KL>L<?GC< ª KúGV¹F:|G�¬CG�:|GVN!¬�GC¹F:HGJ:�DF:HACGC<?GV< ª KéGCAV<�:|KL³ « N�¹F:H¬J: D ª ¬C<?GC<?;]N�:HACNb:Ò<?¬
Ib: «?« N!>é:éÙkØ!Ú�Ü+ä]àHã²×�Ö�×�Ø!ÙmÚ Û	Ö�Ü]Ùk×b¶%PE<?R�< « :|A « »]¼ :úÖ�ø]Ø!Ø�Ú�ö]ø+ØJÖ�×�Ø!ÙkÚ Û	Ö�Ü]Ùk×J:H¬C¬VN!ACGV¬JGV¹F:|G�K ª K¯N
ª|´ GC¹¯N�D ª]« »E³ ª KF: « I�¹w:|<?KL¬ ª A�N!K¯> Ó N�>L³]N!¬ ª|´ : I ª AVAC<?> ª A ª ;]N!A « :|Da¶&Ê[GJ<?¬�¬C¹ ª|¸ KéGV¹F:|G
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GC¹LN�¬CN,I!N�ACGC<ÕÄFI�:|GCN�¬®¬V°Eþ�I!N,G ª >LN!GVN!I!G®: «?« I�¹w:|KL³+N!¬�<?K�GV¹LN,G ª D ª]«?ª ³+<²I�: « ¬CGCAV°LI!GV°LACN ª|´ GC¹¯N
I ª KQÄF³]°LA�:|GV< ª K ªH´ D ª]« »E³ ª K¯¬b¶

RTSU@BVXWY@BAZEXF\[�áL×�Ùkø�âLø|ã?ø�à+Ú�Ö�Ü|ã%Ý!ÙmØ�ò=Ö�Ùkò=ØV×�ø]L�Ü�à+Ú�÷�×bäúÖ�ø]ä�Ûaà]òEØVÜ]ÙkÚ�ø]äúø]L�âLø|ã<I!à]ø+äEÝJÚ?Ý
Ú�äL÷�Ü]Ø!ÚÉÜ]äLÙ	òEäLö+×bØ�ñ�ø+ÙmÚ�ø+äEÝ,ø]L�Ù?áL×1âQøHãKI!à+ø]äEÝ,Ù?áLÜ]Ù%ö]ø�äLø]Ù%÷�Ú�ø|ã?Ü]Ùk×,Ü]ä�I�ÙmØ�Ú�Ü]ä]àHã²×�ø]Ø�Ö�ø]Ø�^
Ø!Ú�ö+ø]Ø�Ö�×bØ!ÙkÚ Û	Ö�Ü+Ùm×JQ

Ô ª N!¬VG�:H­ « <²¬V¹�:HKL>�RJ:H<?K=G�:|<?K�I ª AVAC<?> ª A�I�N!ACGV<gÄwIb:|GVN!¬�:(>F:|G�:�¬VGCAV°LI!GC°¯ACN�<?¬	­L°L< « Ga<?KL¬V<²>¯N
Nb:|I�¹,I ª ACAV<?> ª A GC¹w:|Ga¬V°L­w>L<?;=<?>LN�¬�GV¹LN	N!R�DLG[»�¬VDF:|I�N�­FN!G ¸ N!N!K6<?GC¬#G ¸Oª >LN�ÄFKL<?KL³(D ª+« »=³ ª KF: «
I�¹F:|<?KL¬�:HKL>½I ª KLKLN�I!GC¬�<?GC¬6G ¸%ª N!KL> Ó N!>L³+N!¬�GC¹¯A ª °¯³]¹ :p¬CN!åE°LN!K¯I!N ª|´ âwÝ!×bòEö]ø_^CÙmØ�Ú�Ü]ä]àHã²×�Ý
Ã�GV¹LACN!N�I ª KE;]N�º�;]N�ACGC<?I!N�¬b¼ Ö�ø]Ø!äL×�Ø�Ý!¼!µ ª <²K¯N!>�­E»�GV¹LACN�N,I ª K¯Ib:�;]N�I�¹F:|<?KL¬�Å!¶

©%ª KL¬V<²>¯N!AO:(GCAV<�:HKL³]° « :HGCN!>6I ª ACAC<?> ª A ¸ <?GC¹6G ¸Oª ­ ª °LK¯>L<?KL³�D ª+« »E³ ª KF: « I�¹F:H<?KL¬ « :H­FN « N�>
` :HKL>�aL¶]Ô ¸%ª >L<ÕÈ�N�ACN!KEG�BE<?KL>L¬ ªH´ GCAC<�:HKL³]° « :HGC< ª K,N�>L³]N!¬�I�:|K�­wN�>L<?¬CGV<?KL³]°L<?¬V¹LN!>aëwõbØ�Ú�öbà+×!Ý
I ª K¯KLN!I!GV<²K¯³ ` ¸ <?GC¹ba�:|K¯>�Ö�áLø+ØCöHÝOI ª KLKLN!I!GV<?KL³ ` ¸ <?GC¹ ` ª Aca ¸ <?GC¹baL¶

Ô�¹LNOGVAC<�:|K¯³ « N!¬	:|>bµ�:|I!N!KEG G ª ­LAV<?>L³]N!¬	:HKL>�N�KL> Ó N!>L³]N�¬ ´mª ACR :�âQÜ+Ù²á��	Ü�I�:|¬ < «?« °L¬CGVA�:|GVN!>
<?K�¿a<?³w¶=ü¯¶EÊ ´ GC¹LN�DF:HGC¹ ¸ :�»�<?¬%ACN!R ª ;]N!> ´ A ª Ró:�I ª AVAC<?> ª A ¸ ¹F:|G%ACN!R�:|<?KL¬	<?¬�:�ÃÉD ª ¬C¬V<²­ « »
N!R�D¯G[»QÅ ¬CN!G ª|´ N!R�DLG[»,D ª I�B+N!GC¬�¼]Nb:HI�¹�­ ª °LKL>LN!>�­E»�:(I�¹ ª AC>�ÃÉIb: «?« N!>�GV¹LN,×d
+ÙkØC×�ñ�×(Ö�á¯ø]ØCö
´mª A#GC¹F:HG D ª I�B]N!G�Å!¶+Ê[K�GV¹LN%>L°F: « ³]A�:HDL¹a¼�GC¹¯N�N!>L³]N�¬	>L°F: « G ª I�¹ ª AC>¯¬	<?KL>L°LI!N�:1GCAVN!N�ÃÉIb: «?« N!>
GC¹LN�Ö�áLø+ØCö�ÙkØC×�×�Å	<?K�Nb:HI�¹�D ª I�B+N!G�ÃÉ¬CN!N6¿a<?³w¶Lü]Å!¶

pathway

chord tree

8�9e;F}�f¯}LSOT�e�^�Z�UL^�jkfgYkfg^!\�^�_aYko=T�e�^�X[X[fg�]^�XCj%fr\]Y[^�U=W�Yko]� W!l|j	W�\=��e[oE^!XC��YkXCT�T�j��

Ç4DF:HGC¹ ¸ :�»�<²¬%¬�:H<?>�G ª ­wN�ö+×[à]×�äL×�ØCÜ]Ùk×,< ´ :HK=» ªH´ <?GC¬%N!KL> Ó N!>¯³]N!¬ ª A%­LAC<?>L³+N!¬ ª ;]N!A « :|D
¸ <?GC¹J:6I�¹ ª AC> ª A�D ª]« »E³ ª K�N!>¯³]N]¶¯Ô�¹=°¯¬�G ª R�:|<?KEG�:H<²K�:6I ª ACAC<?> ª A�I!N!AVGC<ÕÄFIb:HGCN6<²G%¬C°Qþ�I!N!¬
G ª RJ:H<²KEG�:|<?K�GV¹LN�I ª ACAVN!¬CD ª KL>¯<²K¯³½K ª K Ó >¯N!³]N!K¯N!A�:HGCN�DF:HGC¹ ¸ :�»=¶ Ê[Kú:�¬C<?R�< « :|A ¸ :�»ÁGC¹¯N
K ª K Ó >LN�³]N!KLN�A�:|I�» ª|´ :�DF:HGC¹ ¸ :�»�<?¬,I!N�ACGC<ÕÄFN�> ­E»�GC¹LN�K ª K Ó >LN�³]N!KLN�A�:|I�» ª|´ N�:|I�¹ ªH´ <?GC¬
I ª K¯¬CGC<?GV°LN!KEG,Ã�DL¬VN!°L> ªHÓ Å�GCAV<�:HKL³ « N!¬�¶

Ê[K ª AV>LN!A�G ª : «²«?ª|¸Ò´mª AON�þ�I�<²N�K=G&çF<?³]¹EG%D « :|K�°LDw>F:HGCN!¬(GC¹LN�¬CN�G ª|´ I!N!AVGC<ÕÄFIb:HGCN!¬ ¸ ¹L<?I�¹
:|G,:|KE»�³+<?;]N!K�GC<?R�N�I!N!ACGV< ´ »�GV¹LN�>¯<²¬?µ ª <?KEGCK¯N!¬C¬ ª|´�ª ­]µ�N!I!GC¬�Ã�GV¹LN�Ü]Ö�ÙkÚ�÷b×�Ý!×�Ù²Å(¬C¹ ª ° « >Á­wN
B]N!D¯G�:|¬,¬VRJ: «²« :H¬,D ª ¬C¬V<²­ « N+¶aÔ ª AVN!>L°LI!N�GV¹LN�¬C<?ð!N ª|´ GC¹¯NJ:|I�GC<?;]N�¬VN!G�:H¬C¬ ª I�<�:HGCN!> ¸ <?GC¹
Nb:|I�¹ÒI ª AVAC<?> ª A6GC¹¯N�GCAV<�:|KL³ « N�¬,<?KÁ<²GV¬�:H¬C¬ ª I�<�:HGCN!>ÒDF:|GV¹ ¸ :�»Á:|AVN�R�N�AC³]N�>Á<²KEG ª :�¬CN�G ª|´
DL¬CN�°L> ª|Ó GCAV<�:|KL³ « N�¬b¶LÔ�¹¯N®¬V<?ð!N ªH´ GV¹LN,ACN�¬C° « GC<?KL³�¬VN!G�<?¬ « <?KLN�:|A « »�AVN « :|GCN�>�G ª GV¹LN,¬C<?ð!N ª|´ :
R�<?KL<?R6°LR « <²K¯B�¬CN!DF:HA�:HG ª A ´mª A%GC¹¯N,G ¸Oª D ª]« »E³ ª Kw: « I�¹w:|<?KL¬�>LN�ÄwKL<?KL³�GC¹LN�I ª ACAV<²> ª Ab¶
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8�9e;F}�g¯}L� o=T�Yk� ^�Ykl�ULT�j%^�_a^!s]�[T�e�Y	YkX[fgW�\=��qgT�j��?s+X[fg�]��T�j]h!TV\=�H�mT��]��T�j��]W�jko=T��E�V�

Ô�¹L<?¬,DL¬CN�°L> ª|Ó GCAV<�:|KL³+° « :|GC< ª K�<?¬6I ª KL¬VGCAV°LI!GCN�> :HKL>ÁRJ:H<?K=G�:|<?KLN!>Ë­=»Á>¯<²¬VGC<?KL³+°L<?¬C¹L<?KL³
G ¸Oª G[»EDFN�¬ ª|´ Ã�DL¬VN!°L> ªHÓ Å�GCAV<�:HKL³ « N!¬(<?KJ:6³]<?;+N!K�DF:HGC¹ ¸ :�»�ë

i Ö�ø]Ø!äL×�Ø	ÙkØ!Ú�Ü+ä]à|ã?×!ÝwGC¹F:HG�¹F:�;]N N!K¯> Ó N�>L³]N!¬�j|­LAV<?>L³]N!¬ ª K ª K « » ª KLN ¬C<?>LN]¼�I�¹ ª AC>¯¬dj|D ª]« »E³ ª K
N!>L³+N!¬ ªH´ GC¹¯N,¬�:HR�N ª ­]µ�N!I!G ª K�GC¹LN ª GC¹LN�A�G ¸Oª �L:|KL>

i ø]õ�k!×�ÖbÙ�ÙkØ!Ú�Ü+ä]àHã²×�ÝLGC¹F:HGaI ª K=G�:|<?K�N�KL> Ó N!>L³]N�¬dj|­¯AC<?>L³]N�¬ ª K�G ¸Oª ¬V<²>¯N!¬�:HKL>�I�¹ ª AC>¯¬dj|D ª]« »E³ ª K
N!>L³+N!¬ ªH´ GC¹¯N,¬�:HR�N ª ­]µ�N!I!G ª K�GC¹LN,GV¹L<?AC>a¶

 ª GVN	GC¹w:|GaN�;]N!AV» ª ­]µ�N!I!G GVAC<�:|KL³ « N�<?K,:%DF:HGC¹ ¸ :�»(¹F:|¬ :|G « N�:|¬CG ª KLN&¬C<?>LN	GV¹F:|G�I ª KL¬C<?¬VGC¬

ª K « » ªH´ :�­LAC<?>L³+N ª A�N!KL> Ó N!>L³+N�Ã�¬VN!N�¿a<?³w¶=Ð+Å!¶
Ô�¹LN	DL¬VN!°L> ªHÓ GVAC<�:|KL³ « N!¬�Ã�<?KL<?GC<�: «?« »�GCAV<�:|KL³ « N�¬�Å�<?K,:�Dw:|GC¹ ¸ :�»®:HACN%R�N!AV³]N!> ª Aa¬ ¸ :HDLDFN�>

<?K ª AV>LN!A(G ª N!¬CG�:|­ « <?¬C¹�GC¹¯N ´mª]«?«?ª|¸ <?KL³�<?K=;]:HAC<�:|KEG�ë
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ñ�ò+Ý!Ù	õ�×�ã²ø]ä+à�Ùmø�ö+Ú {�×bØV×bä¯ÙOø+õ�k!×�Ö�Ù�Ý�Q

PEN!NJ¿#<?³F¶ Î ´mª A,: ´ ° «?« »ËR�N!AV³]N!>Á;+N!AC¬V< ª K ª|´ GC¹LN�DF:|GV¹ ¸ :�»E¬ ªH´�ª °LA�N�ºQ:HR�D « N,GV¹F:|G
I ª K ´mª AVR�¬	G ª GC¹LN,Dw:|GC¹ ¸ :�»�<?K=;]:HAC<�:|KEG�¶

Ô�¹LN	K ª K Ó >¯N!³]N!K¯N!A�:HI!» ª|´ :%DL¬CN�°L> ª|Ó GCAV<�:|KL³ « N Ib:HK�­FN	I�N!ACGV<gÄwN!>�­E»(GC¹LN	K ª K Ó >LN!³+N!KLN!A�:|I!»
ª|´ :|K¯³ « N!¬ ´kª ACR�N!>,:|G#Nb:|I�¹ ª|´ <?GC¬ GC¹LAVN!N%I ª AVKLN!AC¬�¶|Ô�¹E°L¬b¼�GV¹LNODw:|GC¹ ¸ :�»�<?KE;]:|AV<�:HKEG�³]°F:HA�:|K Ó
GCN!N�¬�GC¹F:HGOGV¹LN®:HI!GC<?;]N(¬CN!G ´kª AO:�³]<?;]N�K�I ª AVAC<?> ª A%¹F:H¬b¼E°LD�G ª :�¬CR�: «?« :|>L>L<?GV<²;+N�I ª K¯¬CG�:HKEGb¼
¬C<?ð!N�DLA ª D ª ACGC< ª KF: « G ª GV¹LN�KE°LR�­wN!A ªH´ I ª AVKLN!AV¬�<²KÒGC¹LN�:|¬V¬ ª I!<�:|GVN!>½DF:HGC¹ ¸ :�»=¶�Ô�¹¯<²¬6<?¬
ACN « :HGCN!>a¼&<?K½GC°¯ACKa¼&G ª GC¹¯N�¬C<?ð!N�GC¹¯N�GC¹LN�R�<²K¯<²R�°¯R « <?KLBÁ¬VN!DF:HA�:|G ª A ´mª A�GV¹LN�I ª AVAC<?> ª A
GC¹LA ª °L³+¹�GV¹LN ´mª+«²«?ª|¸ <?KL³wë
?�@BACACD"|}F�y ñ�ÚÉäLÚ�ñ6ò=ñ ã²Ú�ä+ô�Ý!×[âLÜ]ØVÜ]Ùkø]Ø~L!ø+ØOÙ?áL×�Ù��	ø,õ�ø]òEäLö+Ú�ä]à6Ö�áLÜ]ÚÉäEÝ�ø]L�Ü6Ö�ø]Ø!Ø!ÚÉö]ø]Ø
Ö�ø]äLÙkÜ]Ú�äQÝd��ò�â Ùkø�ÜËÝ�ñ6Ü|ãÉã�Ü+ö]ö]ÚÉÙmÚ�÷�×�Ö�ø+äEÝ!ÙmÜ+äLÙ��,õ�×�Ù��	×�×�äÁø]äL×�Ü+äLö�Ý!Ú�
�ÙmÚ�ñ6×�Ý�ÜHÝ�ñ�Ü+ä�I
Ý!× à+ñ6×bäLÙÉÝ,Ü|Ý,Ù?áL×�ØC×,Ü+ØC×6Ö�ø+Ø!äL×�Ø�ÙmØ!ÚÉÜ]ä]àHã²×�Ý®Ú�äQÝ�ÚÉö]×6Ù²á¯×�ÜHÝ�Ý!ø�ÖbÚÉÜ]Ùk×�ö�âQÜ+Ù²á��	Ü�IYQ

Ç « GC¹ ª °L³]¹�GC¹LN%KE°LR�­FN�A ª|´ I!N�ACGC<ÕÄFI�:|GCN�¬O<?K,GV¹LN�:HI!GC<?;+NO¬VN!G <²¬#­ ª °LKL>LN�>�­E»,¬ ª R�N�GC¹L<?KL³
I «?ª ¬VNOG ª®¸ ¹w:|G I ª ° « >6­wN�:|AC³+°LN!>�<?¬ N!¬C¬VN!KEGC<�: «¯´mª A�GV¹LN%I!N!ACGV<ÕÄFIb:|GV< ª K ª|´ >L<?¬²µ ª <?KEGCKLN!¬V¬b¼|<?G <?¬
K ª G#¹F:|AV>�G ª ¬VN!N�GC¹F:HGaGV¹LNOKE°LR�­wN!A ª A I!N!AVGC<ÕÄFIb:HGCN�°LDw>F:|GVN!¬ ACN!åE°L<?AVN!> ´mª A#N!;]N�K�;+N!AC»,¬V<?R Ó
D « N�R ª GC< ª KL¬ Ib:HK�;]:H¬CG « »6N!ºEI!N!N!> ¸ ¹F:|G ¸%ª ° « >�AVNb:|¬ ª KF:H­ « »�­FN(>LN!¬VI!AC<?­wN!>�:|¬&KLN!I!N!¬V¬�:HAC»E¶
©%ª KL¬V<?>LN!A�GC¹LN�I�:|¬CN ªH´ G ¸%ª I ª KE;+N!º ª ­]µ�N!I!GC¬ ¸ <²GV¹�:�G ª G�: «	ª|´ í ;+N!ACGV<²I�N!¬�GVA�:HKL¬ « :|GV<?KL³
: «?ª K¯³�:,¬VGCA�:|<?³]¹EG « <?KLN6Ã�¬VN!N,¿a<?³w¶��]Å!¶+Ç�¬�GV¹LN ª ­]µ�N�I!GC¬�R ª ;]N]¼+Nb:|I�¹�I�¹ ª AC>�:HKL>�N!K¯> Ó N�>L³]N
¹F:|¬%G ª :|GCG�:|I�¹�G ª N�:|I�¹�;]N!AVGCN!º ª K�N�:|I�¹ ªH´ GC¹LN�D ª]« »E³ ª K¯¬b¶+Ô�¹L<?¬OI ª ACAVN!¬CD ª KL>¯¬�G ª ��Ãmí�Å
I!N!AVGC<ÕÄFIb:HGCN ´ :|< « °LAVN!¬b¶�Ê[G�¬CN!N!R�¬ ª ­E;=< ª °L¬,GC¹w:|G�:�I ª KL¬VG�:|KEG6KE°LR�­FN�A ª|´ I!N!AVGC<ÕÄFIb:HGCN�°LD Ó
>F:|GVN!¬�¬C¹ ª ° « >ú¬C°Eþ�I�NJG ª I!N!AVGC< ´ »½>¯<²¬?µ ª <?KEGCK¯N!¬C¬�<?K½GV¹L<?¬�¬CN!GVGC<?KL³w¼	¬C<?KLI�NJGV¹LN�KF:HGC°LAVN ª|´
GC¹LN(¬CN!Dw:|A�:HGC< ª K�­FN�G ¸ N!N�K�GC¹LN ª ­]µ�N!I!GV¬,Ã�<[¶ N]¶]GV¹LN!<?A�R�<?KL<?R6°LR Óm« <?KLB�¬CN!Dw:|A�:HG ª A�Å%> ª N!¬�K ª G
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G ª GC¹LN�<²A(¬C<?ð!N]¶
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´ A�:H³]R�N!KEGC¬ ª|´ GC¹¯N�­ ª °LKL>F:HAC» ªH´ :|G�R ª ¬CG(G ¸Oª�ª ­]µ�N!I!GC¬�¶�Ê[K�GC¹LN�KLN�º=G�¬CN!I!GV< ª K ¸ N�>L<?¬ Ó
I!°L¬V¬OGV¹LN�I ª KL¬CGVAC°LI�GC< ª K ª|´ >L»EKF:HR�<?IO¹¯<²N�A�:|AVI�¹L<?Ib: « AVN!DLACN�¬CN!KEG�:HGC< ª K¯¬ ª|´ GC¹¯N!¬CN ´ A�:|³]R�N!KEGC¬
¸ ¹L<?I�¹a¼w<²KÁGV°LACK#¼�RJ:HB]N!¬(D ª ¬C¬C<?­ « N�GV¹LN ´mª AVR�° « :|GV< ª K�¬CN!DF:HA�:HGC< ª K�¬CN!K¯¬C<?GC<?;]N�­ ª °LKL>L¬ ª K
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Þ(KLN ªH´ GC¹LN ´ °LK¯>F:|R�N!KEG�: « ACNb:H¬ ª K¯¬ ´mª A ´kª I�°L¬C<?KL³�:|GVGCN!KEGC< ª K ª K�I ª KE;]N!º ª ­]µ�N!I!GV¬,Ã�N!<?GV¹LN!A
>L<?ACN!I�G « » ª A�GV¹LA ª °L³]¹Ë>LN!I ª R�D ª ¬C<?GV< ª KFÅ&<²KË³]N ª R�N!GVAC<?I�R ª >LN « <?KL³6<²¬(GC¹LN ´ :|I!G(GC¹F:HG�GV¹LN!»
« N!KL>�GC¹LN!R�¬CN « ;+N!¬,G ª ¹L<?N!A�:|AVI�¹¯<²I�: « AVN!DLACN�¬CN!KEG�:HGC< ª K¯¬b¶U��<?N!A�:|AVI�¹¯<²I�: « ACN!DLAVN!¬CN�K=G�:|GV< ª KL¬ ª|´
¬CG�:|GC<?I%I ª KE;+N!º ª ­]µ�N!I!GV¬ODwN!AVR�<?G N�þ�I!<?N!KEG	ACN�¬CD ª KL¬VN�G ª ­F:|¬V<²I%<?KEGCN!AV¬CN!I!GV< ª K�Ã ¸ <?GC¹6ACN!¬VDFN!I�G
G ª D ª <²KEGV¬ ª A « <²K¯N!¬�Å :|K¯>,¬CN!Dw:|A�:HGC< ª K�å=°¯N!AC<?N!¬�Í��L¼Cù¯¼]�L¼���ÑL:|KL>�I ª]«?« <?¬C< ª K�>LN!GVN!I!GV< ª K�åE°LN�AC<?N!¬
´mª A�N « N�R�N!KEG�:HAC»�R ª GC< ª K¯¬®Í?Ï�	 ÑC¶EÊ[G�<?¬®: « ¬ ª D ª ¬C¬V<²­ « N6G ª ­¯°L< « >Ë¹L<?N!A�:HACI�¹L<?Ib: « AVN!DLACN�¬CN!KEG�: Ó
GC< ª K¯¬ ´mª A&K ª K Ó I ª K=;+N!º ª ­]µ�N!I�GC¬%<²K�GVN!ACR�¬ ª|´ GV¹LN!<?A%I ª KE;]N�º�DL<?N!I�N!¬�G ª D¯A ª ;E<?>LN�ACN!¬VD ª KL¬CN�¬
G ª ¬CN�DF:|A�:|GC< ª KÁå=°¯N!AC<?N!¬ ¸ ¹ ª ¬VN�I ª ¬VG,<?¬�: ´ °¯KLI!GC< ª K ªH´ GV¹LN�I ª R�D « N!ºE<?G[»�Ã ´mª AVRJÅ ª|´ GC¹¯N
¬CN!Dw:|A�:HGC< ª K�Ã�R�Nb:|¬V°LACN!>�<?K�GVN!ACR�¬ ªH´ GV¹LN�¬C<?ð!N ª|´ GC¹LN�R�<?KL<?R�: « ¬VN!DF:HA�:|GV<?KL³�I�¹F:H<?KFÅ�Í?ÏJ��ÑC¶

Ê[K½GC¹¯NJI ª KEGCN!ºEG ª|´ BE<?KLN!GV<?I�I ª+«²« <?¬C< ª KÁ>LN!GCN�I!GC< ª K#¼O· AV<²I�BE¬ ª KúN!Gb¶%: « Í?Ï]Ï�Ñ�>LN�¬CI!AV<²­wN!>
GC¹LN�°L¬CN ª|´ ¹L<?N!A�:|AVI�¹¯<²I�: « ACN!DLAVN!¬CN�K=G�:|GV< ª KL¬ ª|´ <?KL>¯<²;E<?>L°F: « I ª KE;]N�º ª ­]µ�N!I�GC¬6G ª DLA ª ;E<?>LN
¬CN!Dw:|A�:HGC< ª K�¬CN!K¯¬C<?GC<?;]N(RJ:H<²KEGVN!KF:|K¯I!N ª|´ >L<?¬²µ ª <²KEGVKLN!¬C¬%I!N!AVGC<ÕÄFIb:HGCN!¬ ´mª A%DF:H<²AV¬ ªH´ ¬C°LI�¹ ª ­ Ó
µ�N!I!GV¬O°¯KL>LN!A�:,;]:HAC<?N!G[» ª|´ R ª GC< ª K6R ª >LN « ¬�¶ © AC<?GC<?Ib: «E´mª A	GC¹L<?¬�:|DLD « <?Ib:HGC< ª K6<?¬O:|>¯>L<?GC< ª KF: «
I ª K¯¬CGCA�:|<?KEG ª K ª °LGCN!A Ó ¹¯<²N�A�:|AVI�¹L<?Ib: « AVN!DLAVN!¬CN!KEG�:|GC< ª KL¬�GV¹F:|G�GV¹LN!»�­wN�>¯<²¬VG�:HKLI!N�¬CN�KL¬C<?GC<?;+N
<?K�GV¹LN�¬VN!KL¬CN(GC¹F:HGOGV¹LN�>L<?¬CG�:|KLI�N ª|´ ¬V°LI!I!N�¬C¬C<?;+N « N!;+N « ¬ ª|´ GC¹¯N®:|D¯DLA ª ºE<?RJ:HGC< ª K�¹L<?N!A�:|ACI�¹E»
´ A ª R GC¹LN�°¯KL>LN!A « »E<?KL³�D ª]« »E³ ª KË³]A ª|¸ ¬�<?KÁ:�I ª KEGCA ª]«?« N!> ´ :|¬C¹¯< ª K�GC¹w:|G,<?¬�­ ª °LKL>LN�>Á­=»
¬ ª R�N�Ã�N!ºED ª KLN�K=GV<�: « Å ´ °¯KLI!GC< ª K ªH´ GV¹LN « N�;]N « <?KL>LN!º�¶wÔ�¹L<?¬�N!KL¬V°LACN!¬�¼ ´kª A�N�ºQ:HR�D « N]¼EGV¹F:|G
G ¸Oª I ª K=;+N!º ª ­]µ�N!I!GV¬ ªH´ >L<�:|R�N!GCN�A�:HG�R ª ¬VG��±:|KL> ¸ <?GC¹�¬CN�DF:|A�:|GC< ª K��6:|>LR�<²G >L<?¬?µ ª <?KEG
:|DLD¯A ª ºE<?RJ:|GV< ª KL¬ ¸ <?GC¹L<?K�GC¹LN�<²A&ACN!¬VDFN!I�GC<?;]N�¹L<?N!A�:|AVI�¹¯<²N�¬	G ª G�: «?« <?KL³�:|G#R ª ¬CG ý Ã «?ª ³LÃ�������ÅCÅ
N!>L³+N!¬b¶

Ô�¹LN�¹L<?N!A�:HACI�¹L<?Ib: « AVN!DLAVN!¬CN!KEG�:|GC< ª KL¬�ÃÉ¬ ª|Ó Ib: «²« N!>�­ ªEª R�N�A�:|K¯³,¹L<?N!A�:HACI�¹L<?N!¬�Å�DLA ª D ª ¬CN�>
­E»�·'AC<?I�B=¬ ª K�N!G�¶]: « >LN�DFN!K¯> ª K6­ ª GC¹6GC¹LN%I ª KE;+N!ºE<²G[»6:|KL>6I ª KEGVN!ºEG�<?KL>¯N!DFN�KL>LN!KLI�N ª|´ GC¹¯N
<?KL>L<?;E<²>¯°F: «�ª ­]µ�N�I!GC¬�¶ Þ(°LA#³ ª : « <?¬�G ª ­LAV<?KL³�GC¹LN&­FN!K¯N�ÄFGC¬ ªH´ ¹L<?N!A�:|ACI�¹L<?Ib: « AVN!DLACN�¬CN!KEG�:HGC< ª K¯¬
G ª :6AC<?I�¹LN!A(I ª KEGCN�º=G(<?K ¸ ¹L<?I�¹ ¸ N,¹w:�;]N�I ª]«?« N!I!GC< ª KL¬ ªH´ I ª K=;+N!º ª ­]µ�N!I!GV¬�<?K�R ª GC< ª Ka¶HÊ[K
GC¹L<?¬#¬CN!GVGC<?KL³�GC¹LN%¹L<?N!A�:|ACI�¹L<?Ib: « ACN!DLAVN!¬CN�K=G�:|GV< ª KL¬ ªH´ <?KL>L<?;E<²>¯°F: «|ª ­]µ�N!I!GV¬�R�°¯¬CGa­wN%I ª KEGCN�º=G
>LN!DwN!KL>LN�K=G�:|KL>�R�: «?« Nb:|­ « N]¶

èÁN�:HI�¹L<?N!;]N�I ª K=GVN!ºEG�>LN�DFN!K¯>LN!KLI!N�­E»�­L°L< « >L<?KL³ ª °LA�¹L<?N!A�:|ACI�¹L<?Ib: « AVN!DLACN�¬CN!KEG�:HGC< ª K¯¬
<?K�I ª Kbµ�°LKLI!GV< ª K ¸ <?GC¹�GV¹LN�BE<?KLN!GV<?I�¬CN�DF:|A�:|GC< ª K�¬CGVAC°LI�GC°LAVN�Ã�@,PLPLÅ%>¯N!¬CI!AV<?­FN!>�<?K�GC¹¯N®D¯ACN Ó
I!N!>L<?KL³(¬CN!I�GC< ª Ka¶HÔ�¹LNOAVN!¬C° « GV<?KL³�¬CGCAV°LI!GV°LACN(RJ:|<?KEG�:H<?KL¬�:HK ª °¯GCN!A	:|D¯DLA ª ºE<?RJ:HGC< ª K ª|´ Nb:HI�¹
ª ­]µ�N�I!GO<?K�GV¹LN�I ª+«?« N�I!GC< ª K#¶=¿¯°LACGV¹LN!AVR ª AVN]¼E:|G�:|KE»�GV<?R�N%GC¹LN(G ª G�: « ¬C<?ð!N ª|´ GC¹¯N®I ª R�­L<?KLN!>
:|DLD¯A ª ºE<?RJ:|GV< ª KL¬�<?¬�G ª½¸ <?GC¹L<?Ké:éÃÉ¬CR�: «?« Å�I ª K¯¬CG�:HKEGJR�° « GV<?D « N ª|´ GV¹LN�G ª G�: « KE°LR�­wN!A
ª ­]µ�N�I!GC¬6Ã�<?KL>LN!DwN!KL>¯N!KEG ª|´ GC¹LN�<²A(I ª R�D « N!ºE<?G[»QÅ�¶

Ç�¬ ¸ :|¬�GC¹LNËIb:|¬VN ¸ <?GC¹é· AV<?I�BE¬ ª KéN!G�¶�: « ¼ ¸ NËIb:|KéR�:|B+NJ°¯¬CN ªH´ :HKE»½¹L<?N!A�:|ACI�¹L< Ó
Ib: « ¬CGVAC°LI!GV°LACN ´mª A�I ª KE;]N�ºJD ª]« »E³ ª KF: « I�¹F:H<?KL¬�GC¹F:HG�¬�:HGC<?¬[ÄFN�¬®I�N!ACG�:|<?K�­F:H¬C<?I�DLA ª DFN!AVGC<?N!¬�¶
¿#<²AV¬CG�¼ ¸ N�K¯N!N!>�>¯<²¬VG�:HKLI!N�¬CN�KL¬C<?GC<?;E<?G[»�:H¬ >LN�ÄFKLN�>J:|­ ª ;]N+¶|Ê[G ¸ < «?« ¬V°Eþ�I!N ´mª A ª °¯A	DLACN�¬CN!KEG
DL°LAVD ª ¬CN!¬(G ª ¹F:�;+N�:6¹¯<²N�A�:|AVI�¹L<?Ib: « AVN!DLACN�¬CN!KEG�:HGC< ª K ª|´ I�¹F:|<?KL¬(GC¹F:HG�<²¬%ACN�: « <?ð!N!>�:H¬�:6¬CN Ó
åE°LN!KLI!N ª|´��b� ��Ã «?ª ³���Å « :�»]N�AC¬ ¸ <?GC¹�:6G ª G�: «�ª|´ ��Ã���Å�N!>¯³]N!¬�¼ ¸ ¹¯N!ACN6��<?¬�GV¹LN,¬C<?ð!N ª|´
GC¹LN�°LK¯>LN!A « »E<?KL³�I�¹F:|<?KÁÃ�GV¹LN�õ�Ü|Ý!×6Ö�á¯Ü]Ú�ä+Å!¶wÔ�¹LN(ÄFAC¬VG « :�»]N�A�<²¬�GV¹LN,I�¹F:H<²K�<?GC¬VN «Õ´ :|KL>�GC¹¯N
Ã��G� ÏbÅ Ó ¬CG « :�»+N!A�I ª KEG�:|<?KL¬®:HG�R ª ¬CG�¬ ª R�N1ÄFºEN!> ´ A�:|I!GV< ª K ª|´ GC¹LN6KE°LR�­wN!A ªH´ ¬CN!³+R�N!KEGC¬
ª|´ <?GC¬(DLACN!>¯N!I!N!¬V¬ ª A�¶	¿L°¯ACGC¹¯N!ACR ª ACN+¼FN�;]N!AV»�¬CN!³+R�N!KEG ª K�GV¹LN�Ã � 7��kÅ Ó GC¹ « :�»]N!A�I ª KEG�:|<?KL¬
D ª <?K=GV¬ ªH´ >L<?¬CG�:|KLI!N�:HG�R ª ¬VG ý Ã����+üY�[Å ´ A ª R GC¹LN6­F:|¬VN�I�¹F:|<?Ka¼ ¸ ¹LN!AVNb� >LN�K ª GVN!¬,GC¹¯N
>L<�:|R�N!GCN!A ª|´ GC¹LN�­F:|¬VN�I�¹F:|<?Ka¶�Ô�¹¯N�¬CN!I ª KL>½D¯A ª DwN!AVG[»�GV¹F:|G ¸ N�KLN!N�>Á<²¬�RJ: «?« Nb:H­L< « <ÕG[»~�
ª °LA6:|DLDLA ª ºE<²R�:|GV< ª K ´mª A�:|KE» ª KLN�D ª+« »E³ ª K�<²¬6RJ:H>LN6°LD ªH´ Ã�D ª ¬C¬V<?­ « »�R�:|KE»LÅ�D¯<²N�I!N!¬
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¸ ¹L<?I�¹ÁRJ:�»�KLN�N!>úG ª ­FN�¬CD « <?G�:HKL> :HDLDwN!KL>LN!>é:H¬�GV¹LN ª ­]µ�N!I�G�R ª ;]N�¬,<?KÁACN « :|GV< ª K½G ª
<?GC¬�KLN!<?³+¹=­ ª °¯AC¬b¶L¿ ª A ª °LA�:|Kw: « »E¬C<?¬ ¸ N�KLN!N!>�:6¬CGCAV°LI!GV°LACN6GC¹F:HG�DFN�ACR�<?GV¬�:6¹L<?N!A�:HACI�¹L<?Ib: «
ACN!D¯ACN!¬VN!KEG�:|GV< ª K ªH´ :6I�¹F:H<?KJG ª ­FN�>LN!I ª R�D ª ¬CN�>J<?KEG ª <?GV¬ ý ÃCÏ�Å%G ª D Ó « N!;+N « ¬V°L­FI�¹F:H<?KL¬�<?K
ý ÃCÏ�Å#GC<?R�N]¶|¿¯°LACGV¹LN!AVR ª AVN]¼|<?G	R�°L¬VG ¬C°LDLD ª AVG	N�þ�I!<?N!KEG%R�N!AV³]<?KL³ ª|´ GC¹LN�AVN!DLACN�¬CN!KEG�:HGC< ª K¯¬
ª|´ :H>bµ!:HI!N!KEG,I ªHÓ I ª KE;]N!º�I�¹F:H<?KL¬�Ã�G ª�´mª AVR :�ACN!D¯ACN!¬VN!KEG�:|GV< ª K ªH´ GV¹LN6I�¹w:|<?K ´mª AVR�N!>Ë­=»
:|DLDwN!KL>¯<²K¯³�GV¹LN,G ¸%ª :HG�GC¹LN!<?A�¬V¹F:|AVN!>�N!KL>¯D ª <²KEG�Å!¶

aa aa

~~ aa//22

~~ aa//22

8�9e;F}��¯}F` ^�\=j[YkX[c=e�Ykfr\E��YkoET%o]fgTVXCW!XCe�o]l��

Ç�KE» ª|´ GV¹LN�­ ªEª R�N!A�:HKL³,¹L<?N!A�:|AVI�¹¯<²N�¬�DLA ª D ª ¬CN!>�­E»�· AC<?I�BE¬ ª KJN�Gb¶L: « I ª ° « >�­wN�°L¬CN�>
Ã ª A�­wN%Nb:|¬V< « »�:H>F:|D¯GCN!>FÅ ´mª A ª °LA DL°LAVD ª ¬CN!¬�¶]Ç(K�N�;]N!K6¬C<?R�D « N�Aa¹L<?N!A�:|ACI�¹E»,<?¬ I ª K¯¬CGCAV°LI!GVN!>
­E»J:|¬V¬ ª I!<�:|GV<?KL³ ¸ <?GV¹JN�:|I�¹�;]N�ACGCN�ºJ<?K�GC¹¯N,­F:|¬VN,I�¹F:|<?KÁÃ�N�º=I�N!DLG�GC¹LN « :H¬CG�Å%GC¹LN,N�º=GVN!ACKw: «
:|KL³ « N ´kª ACR�N!>�­E»JGV¹LN6N!ºEGCN!KL¬V< ª K ªH´ <?GC¬�<?KLI ª R�<?KL³6N!>L³+N�:HKL>�<?GC¬ ª °LG Ó ³ ª <?KL³6N!>L³+NJÃÉ¬CN!N
¿#<²³w¶w�+Å!¶ � N!AVGC<?I!N!¬ ¸ <?GC¹�:|KL³ « N���³]AVNb:|GVN!A�GC¹w:|KJü��~����:HACN(ACN!D « <?Ib:HGCN!>����U�~�LÃkü���ÅM �GC<?R�N!¬
Ã�­E»�GC¹¯N�<?KL¬CN�ACGC< ª K ªH´ ð!N!A ª�« N�KL³]GV¹�N!>L³+N!¬®:HG�:HDLDLA ª DLAV<�:HGCN�:|KL³ « N�¬�Å&¬ ª GC¹F:HG�N!;]N!AV»�ÃÉ­F:|¬VN
I�¹F:|<?KFÅ&;]N!AVGCN!º�¹F:H¬�:|KL³ « N®:|G�R ª ¬VG�ü��~��� ¶

PE<?KLI!N�GV¹LN ª ­]µ�N�I!GC¬�­wN!<?KL³6ACN!DLAVN!¬CN�K=GVN!>Á:|ACN,: «²« I ª K=;+N!º�GC¹¯N®AVN « :|GV<²;+N�I ª KE;]N!º�¹E° «?«wª|´
<?KL>L<?;E<²>¯°F: «Eª ­]µ�N!I!GC¬%KLN!;+N!A%I�¹w:|KL³+N!¬b¶EÔ�¹L<?¬	DwN!AVR�<?GC¬O:HK�<?R�D « <?I!<?G�¹L<?N!A�:HACI�¹L<?Ib: « AVN!DLACN�¬CN!K Ó
G�:HGC< ª K ¸ ¹LN!AVN�GC¹LN6N!KEGC<?AVN�­ ª °LKL>F:HAC» ª|´ N�:|I�¹�D ª]« »E³ ª K½Ãm: ´ GCN�A®¬V°L<?G�:H­ « N,ACN!D « <?Ib:HGC< ª K ª|´
;]N!AVGC<?I!N!¬%:|¬	:|­ ª ;]NbÅ#<?¬ ACN!D¯ACN!¬VN!KEGCN!>�:|¬	:(¬C<?R�D « NO:HACA�:�»=¶�Ê[K�GV¹L<?¬�I�:|¬CN+¼]Nb:HI�¹�­F:H¬CN�I�¹F:H<²K6<?¬
ACN!D¯ACN!¬VN!KEGCN!>Á­E»�:6I ª K¯¬CG�:HKEG�KE°LR�­wN!A ª|´ D ª <?KEGCN!AV¬�Ã ¸ <?GC¹�°LDw>F:|GVN!¬b¼w<?KLI « °L>L<?KL³�R�N!AC³+N!¬b¼
<?K ý ÃVÏbÅ GV<?R�NbÅ :|K¯>�<²GV¬	¹L<?N!A�:|ACI�¹L<?Ib: « AVN!DLAVN!¬CN!KEG�:|GC< ª K�<?¬	<?R�D « N!R�N!KEGCN!>�<²R�D « <?I!<?G « »�°L¬V<?KL³
­L<?KF:|AV»�¬CNb:HACI�¹a¶

8�9<;w}�¡L}F`�XCT�W�Ykfr\=��W!U+U]XC^!��fgZ�W�Ykfg^!\Ej�_�^!X%Yko=T�e�^!\]i�T���e�o=W�fr\=j�^�_�YkoET�^!s+� T�e�Y[j&fr\b¢wfg�]��£|�
èÁN�<?KL<?GC<�: « <?ð!N ª °LA�¬VN!DF:HA�:|GV< ª K ¬CN!KL¬V<?GC<?;]NÒ@�P¯P ¬CGCAV°LI!GV°LACNÒ­=» ACN�D « :|I!<?KL³úI ª K=;+N!º

I�¹F:|<?KL¬�<?K Nb:|I�¹ DL¬VN!°L> ªHÓ GVAC<�:|K¯³ « NÁ­E» :Ò¹L<?N!A�:|ACI�¹L<?Ib: « AVN!DLAVN!¬CN!KEG�:|GC< ª KÆÃ�¬VN!N ¿#<?³F¶t�]Å!¶
� ª|¸ N!;]N�Ab¼+GC¹L<?¬	¬VN!³]R�N!KEG�:|GV< ª K ª|´ GC¹¯N�¹L<?N!A�:|ACI�¹L<?Ib: « AVN!DLAVN!¬CN!KEG�:|GC< ª Kp:HG	DL¬VN!°L> ªHÓ GVAC<�:|KL³ « N
­ ª °LKL>F:HAC<?N!¬�<?¬�K ª G�RJ:H<²KEG�:|<?KLN!>��%> ª <?KL³ú¬ ªé¸%ª ° « > ACN!åE°L<?AVNÁ¹F:�;E<²K¯³ N�;]N!AV» DL¬CN!°¯> ª|Ó
GCAV<�:HKL³ « N�I ª AVKLN!A�­wN�:ËACNb: « Ãk:|¬ ª DLD ª ¬CN�> G ª :|DLD¯A ª ºE<?RJ:|GVNbÅ�D ª]« »E³ ª K½;]N�ACGCN�º�¼ ¸ ¹L<?I�¹
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8:9<;w} ¤¯}L�	� ^�o+fgTVXCW!XCe�o]fge�W!qrq?l�XCTVU]XCT�j[TV\]Y[T���^!s+� T�e�Y[j%Z®^�i�fr\=�,W�qg^!\E��j[YkXCW�fg��o]Y	qrfr\ET�j��

¸Oª ° « >�K¯N!³=:HGCN�R�°¯I�¹ ª|´ GV¹LN�D ª GVN!KEGC<�: « ­wN!KLN�ÄFG ªH´ GC¹LN�¹L<?N!A�:HACI�¹L<?Ib: « AVN!DLACN�¬CN!KEG�:HGC< ª K#¶
Ê[KL¬CGVNb:|>#¼LDL¬VN!°L> ªHÓ GVAC<�:|KL³ « N!¬,:|ACN ´ ACN!N�G ª :HGCG�:|I�¹�:|G®:HAC­L<?GVA�:|AV»J:HDLDLA ª ºE<?RJ:HGC< ª K�;+N!ACGV<?I!N!¬
¬C°L­]µ�N!I!G ª K « »�G ª GC¹LN	I ª KL¬VGCA�:H<?K=G#GC¹F:HGaGV¹LN	KE°LR�­wN!A ª|´ :|DLDLA ª ºE<²R�:|GV< ª K�I�¹F:|<?KL¬�I ª KEG�:|<?KLN�>
¸ <?GC¹L<?K�:�¬C<?KL³ « N�D¯¬CN!°L> ª|Ó GCAC<�:HKL³ « N�<?¬�:HG	R ª ¬CG ¬ ª R�N&ÄFºEN!>�I ª KL¬VG�:|KEG�¶EÔ�¹=°¯¬O:|DLD¯A ª ºE<?RJ: Ó
GC< ª K�I�¹F:H<²K¯¬®:|AVN,¬ ª R�N!GV<?R�N!¬%¬CD « <?Gb¼¯¬C¹L< ´ GVN!>�­wN!G ¸ N!N!KÁ:|>bµ!:HI!N!KEG�D¯¬CN!°L> ª|Ó GCAC<�:HKL³ « N!¬�¼�:HKL>
R�N!AV³]N!>#¼F: «?« <?K ý ÃVÏbÅ(GC<?R�N�­=»�¬V°L<?G�:|­ « N�:|>�µ�°L¬CGVR�N!KEG ª|´ GV¹LN�D ª <?K=GVN!AC¬�<?KEG ª GC¹LN�:HACA�:�»
¬CGVAC°LI!GV°LACN�Ã�¬VN!N�¿#<?³F¶�� ´mª A�:�>LN!G�:|< « N!>�N!ºL:|R�D « NbÅ!¶

¿a<?³w¶ ù�ACN!DwNb:|GV¬OGV¹LN�R ª GV< ª K ª|´ GC¹¯N ª ­]µ�N!I�GC¬ ª|´ ¿a<?³w¶�� ´mª A	G ¸%ª ¹L<?N!A�:HACI�¹L<?Ib: «²« »,AVN!DLAVN Ó
¬CN!KEGVN!> ª ­]µ�N!I!GV¬b¶B
 ª GCN(GC¹F:HGO<?K�GC¹¯<²¬&Ib:|¬VN ª K « »�:�I ª KL¬VG�:HK=G%KE°LR�­wN!A ª|´ DL¬VN!°L> ªHÓ GVAC<�:|KL³ « N
I�¹F:|KL³+N!¬ ª I!I!°LA�¶

¥ ¦§1�¨V¡	¢�)#¡*1 ¡�§~)

èÁN�K ª|¸ :|¬V¬C°LR�N�GV¹F:|G ¸ N�:|AVN�³]<?;]N!KÁìËI ª KE;]N�º�D ª]« »E³ ª KL¬�R ª ;E<?KL³ ¸ <?GV¹ÁI ª KEGC<?KE° ª °L¬
R ª GC< ª K�:|KL>�GC¹F:HG ¸ N,:|AVN�:H­ « N�G ª I ª R�DL°¯GCN�GV¹LN ´ :|< « °LAVN�GC<?R�N ª|´ :|KE»�I!N�ACGC<ÕÄFI�:|GCN6:|¬C¬ ª|Ó
I!<�:|GVN!> ¸ <²GV¹�GV¹ ª ¬VN,D ª+« »=³ ª KL¬%<?K�I ª KL¬VG�:HK=G�GV<?R�N]¶

PE<?KLI!N ¸ N�> ª K ª G�>L<?¬CGV<²K¯³]°L<?¬C¹�­wN!G ¸ N!N!K�D ª+« »E³ ª KJ:HKL>�:|DLD¯A ª ºE<?RJ:|GV< ª K�;]N�ACGC<?I!N�¬®:|¬
GC¹LN�:|GVG�:HI�¹¯R�N!KEG D ª <?K=GV¬ ª|´ N!KL> Ó N!>L³+N!¬O:|K¯>�­LAV<?>L³]N!¬%: «?«Eª|´ GC¹LN�@,PLP�°LDw>F:|GVN ª DwN!A�:HGC< ª KL¬
:|¬	>¯N!¬CI!AV<?­FN!>Ë<²K�Í?Ï�Î|ÑFIb:HK�­wN�N!ºEN!I�°LGCN!>�:H¬O­wN ´mª ACN]¶Eèé¹¯N!KJ:HK=»6I!N!AVGC<ÕÄFIb:HGCN ´ :H< « ¬�¼ ¸ N�:|AVN
:|­ « N(G ª °LDF>w:|GCN�GV¹LN,>F:HG�:�¬CGCAV°LI!GV°LACN�:|KL>�ACN!¬VG ª ACN,GV¹LN�<²KE;]:HAC<�:|KEGC¬%­E»�I ª R�DL°LG�:|GC< ª K ª K
:�I ª KL¬CG�:|KEG�KE°LR�­FN�A ª|´ DL¬CN!°¯> ª|Ó GCAV<�:HKL³ « N!¬�¶EÔ�¹F:|K¯B=¬%G ª GC¹¯N�:HDLDLA ª º=<?R�:|GC< ª K,¬CGVAC°LI!GV°LACN�¬
ACN «?ª Ib:HGC< ª K ª|´ ­LAC<?>L³+N!¬J:HKL>éN!KL> Ó N!>¯³]N!¬�:HKL>éGV¹LN�AVN!¬CG ª A�:|GC< ª K ª|´ <?KE;]:|AV<�:|KEGC¬6Ib:|K ­wN
DFN�A ´mª ACR�N�>�<?K,I ª KL¬CG�:|KEG	GV<²R�N]¶�Ç�¬	K ª GCN�>�Nb:|A « <?N!A�¼|GC¹¯N�ACN!¬VGCAC°¯I!GC°LAV<?KL³ ªH´ GC¹¯N�¹L<?N!A�:HACI�¹L<?N!¬
ª|´ GC¹LN(DL¬CN�°L> ª|Ó GCAV<�:|KL³ « N�¬ ¸ ¹LN�KLN!;]N�A�:�I ª R�D « N!GCN�­w:|¬CN(I�¹F:|<?K�R ª ;+N!¬ ´ A ª R ª KLN(GCAC<�:HKL³ « N
<?K=G ª GV¹LN,KLN�º=G(Ib:|K�­wN,> ª KLN�<²K ý ÃVÏbÅ%GV<²R�N�­E»�N�º=D «²ª <?GC<?KL³6GC¹LN�<?R�D « <?I!<?G	KF:HGC°LAVN ª|´ ª °LA
¹L<?N!A�:HACI�¹L<?Ib: « ACN!DLAVN!¬CN�K=G�:|GV< ª Ka¶
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Ô�¹LN	¹L<?N!A�:|ACI�¹E»,¹ ª|¸ N!;+N!A <²KEGVA ª >L°LI!N�¬�G ¸%ª K¯N ¸ N!;]N�K=GV¬bëLÃÉ<�Åa:�D ª]« »E³ ª K�N!>L³]N ª A#I�¹ ª AV>
I ª]«?« <?>LN!¬ ¸ <?GC¹�:HK�:|DLDLA ª ºE<²R�:|GV< ª K�;]N!AVGCN!º�¼E:|KL>�ÃÉ<²<�Å	:(D ª]« »E³ ª K�;+N!ACGVN!º�I ª]«?« <?>LN!¬ ¸ <?GV¹�:|K
N!>L³+N®GV¹F:|G�N�KL>L¬ ª KJ:HKp:HDLDLA ª º=<?R�:|GC< ª K�;+N!ACGVN!º�¶

· ;]N!KEGV¬ ªH´ G[»EDwN�Ã�<�Å�I�:|K½­wN�¹F:HKL> « N!>Á<?K ý ÃCÏ�Å�GC<?R�N�­E» ÀCD ª DLDL<?KL³+Â�GC¹LN�:|DLDLA ª º Ó
<?RJ:|GV< ª KÁ;]N�ACGCN�º :HKL>éAVN!¬CG ª AC<?KL³ÒGC¹LN�<?KE;]:|AC<�:HK=GV¬�°¯¬C<?KL³½GV¹LN�I ª KE;]N!ºúI�¹F:|<?KéGV¹F:|G ¸ :H¬
DLACN�;=< ª °L¬ « »½¹¯<²>¯>LN!Ka¶%PEN!NÁ¿a<?³w¶�� ´mª A�:|Ké< «?« °L¬CGVA�:|GV< ª K :HKL>úK ª GVN�¹ ª|¸ GV¹LN�¹L<?N!A�:|ACI�¹E»
¬C¹L< ´ GV¬�: ´ GVN!A�GC¹¯N®I ª]«?« <²¬V< ª Ka¶


 ª GVN,GC¹w:|G®:HKE»�KE°LR�­wN!A ª|´ DF:HACGC<?GV< ª K�GCAC<�:HKL³ « N!¬�Ib:HK�­wN�:|GVG�:|I�¹LN�>�G ª :|K�:|DLD¯A ª ºE< Ó
RJ:HGC< ª K�;]N�ACGCN�º ¸ ¹LN�KLN!;]N�AO<?G <?¬�D ª D¯DFN!>#¶=PE<?KLI�N�K ª DF:|AVGC<?GC< ª K6GCAV<�:|KL³ « N%¬CG�:|AVGC¬ ª °LG ­FN!<?KL³
:|GVG�:|I�¹LN�>�G ª :HK�:|D¯DLA ª ºE<?RJ:HGC< ª K(;]N!AVGCN!º6GC¹LN�AVN «?ª Ib:|GV< ª K ª|´ GC¹¯NODF:HACGV<²GV< ª K,GVAC<�:|KL³ « N!¬ G ª :
D ª+« »=³ ª K6;]N!AVGCN!º�I ª KEGCAV<²­¯°LGCN!¬ ª K « » ý ÃVÏbÅ	:HR ª AVGC<?ð!N!>6I ª ¬CG%G ª GV¹L<?¬	ACN!¬VGCAV°LI!GC°¯AC<?KL³�N!;+N!KEGb¶

· ;]N!KEGV¬ ª|´ G[»EDwN�Ã�<?<�ÅLR�<?³]¹EGFAVN!åE°L<?ACN	R�° « GV<?D « Na:|DLDLA ª ºE<²R�:|GV< ª K�;]N!AVGC<?I!N!¬%Ã ´ A ª R ¸ <?GC¹L<?K
GC¹LN�¬�:|R�N(¹L<?N!A�:HACI�¹E»LÅ�G ª ­wN,D ª DLDwN!>�<?K ª AC>¯N!A�G ª >LN!GCN�ACR�<?KLN�< ´ :�ÀVACNb: « Â�I ª]«?« <?¬C< ª K ª I Ó
I!°LAVACN!>a¶�� ª|¸ RJ:HK=» « :�»]N!AV¬ ªH´ GV¹LN�¹L<?N!A�:|ACI�¹E»,¹F:�;+NOG ª ­FN�GVA�:�;]N�AC¬CN�>�<?¬ >L<?ACN!I!G « »,DLA ª D ª A Ó
GC< ª Kw: « G ª GV¹LN�¬VN!DF:HA�:|GV< ª K ª|´ GV¹LN ª ­]µ�N!I!GV¬ ¸ <²GV¹�ACN�¬CDwN!I!G6G ª GV¹LN!<?A�>L<�:|R�N!GCN!AV¬b¶�PEDwN!I!<ÕÄ Ó
Ib: «?« »E¼C< ´ � <?¬�GC¹LN	R�:|ºE<?R�°¯R >¯<�:HR�N!GVN!A ª|´ GC¹LN ª ­]µ�N!I�GC¬	:|KL>��&<?¬�GC¹LN!<?A :|I!GV°F: «+ª ­]µ�N!I�G�¬VN!D Ó
:|A�:|GC< ª K®:|G�GV¹LN	R ª R�N�K=G¯GC¹LN!<?Aa:HDLDLA ª ºE<?RJ:HGC< ª K¯¬LI ª]«?« <?>LN]¼�GV¹LN!K ý ÃÉR�<?K�� «?ª ³LÃ������bÅ�� «?ª ³Oí(� Å
« :�»]N!AV¬ ª|´ GC¹LN(¹L<?N!A�:HACI�¹E» ¸ < «?« ­wN�GVA�:�;]N�AC¬CN�>a¶LÌ�N!¬VGCAV°LI!GC°¯AC<?KL³6GC¹LN(¹L<?N!A�:HACI�¹L<?N!¬ ¸ < «?« :H³=:H<²K
G�:HB]N ý ÃCÏbÅ%GV<?R�N]¶

¨ + ¨C¡t)�¢L¨C§�©ª1#¢�1«-%¢L£L¦�§w¢L¦�£�)ª¬�£L¤�/­)a£E¢L¨])0�

Ê[K�GC¹¯<²¬(¬CN!I�GC< ª K ¸ N�:|KF: « »E¬VN®GV¹LN6DLA ª DFN!AVGC<?N!¬ ªH´	ª °LA(¹L<?N!A�:HACI�¹L<?Ib: « @,PLP�¬VGCAV°LI!GC°¯ACNJ:HKL>
¹L<?³]¹ « <?³]¹EGwGC¹LN%>L<ÕÈ�N!ACN!K¯I!N!¬ ¸ <?GC¹�GC¹LN ª AV<²³+<?KF: « ¬CGCAV°LI!GV°LACN]¶EÌ�N�Ib: «?« GV¹F:|G ¸ N%¹F:�;+NOì�I ª K=;+N!º
D ª+« »=³ ª KF: «]ª ­]µ�N!I!GV¬	I ª K¯¬C<?¬CGV<²K¯³ ª|´ :�G ª G�: «Eª|´ íî;]N�ACGC<?I!N�¬b¶�
 ª GVNOGV¹F:|G GV¹LN�R�<?KL<?R6°LR « <?KLB
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249Intersecting Red and Blue Line Segments in Optimal
Time and Precision
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Blue:  
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An Extension of Cauchy’s Arm Lemma

with Application to Curve Development
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Abstract. Cauchy’s “Arm Lemma” may be generalized to permit non-
convex “openings” of a planar convex chain. Although this (and further
extensions) were known, no proofs have appeared in the literature. Here
two induction proofs are offered. The extension can then be employed to
establish that a curve that is the intersection of a plane with a convex
polyhedron “develops” without self-intersection.

1 Introduction

Cauchy used his famous “Arm Lemma” to establish the rigidity of convex poly-
hedra [Cro97, p. 228]. Cauchy’s lemma says that if n− 2 consecutive angles of a
convex polygon of n vertices are opened but not beyond π, keeping all but one
edge length fixed and permitting that “missing” edge e to vary in length, then e
lengthens (or retains its original length). This lemma has numerous applications,
including at least one to curve development [OS89]. Here we describe an appar-
ently little-known generalization of Cauchy’s lemma to permit opening of the
angles beyond π, as far reflex as they were originally convex. The conclusion re-
mains the same: e cannot shorten. We then apply this extension to another result
on curve development, that “slice curves” develop without self-intersection.

The first part of this paper (Section 2) concentrates on the generalization of
Cauchy’s lemma. The issue of self-intersection is addressed in Section 3, and the
curve development result is discussed in Section 4.

2 Cauchy’s Arm Lemma Extended

Let A = (a0, a1, . . . , an) be an n-link polygonal chain in the plane with n fixed
edge lengths �i = |aiai+1|, i = 0, . . . , n − 1. We call the vertices ai the joints
of the chain, a0 (which will always be placed at the origin) the shoulder , and
an the hand. Define the turn angle αi at joint ai, i = 1, . . . , n − 1 to be the
angle in [−π, π] that turns the vector ai − ai−1 to ai+1 − ai, positive for left
(counterclockwise) and negative for right (clockwise) turns.
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Define an open polygonal chain A to be convex if its joints determine a
(nondegenerate) convex polygon, i.e., all joints are distinct points (in particular,
an �=a0), all joints lie on the convex hull of A and they do not all lie on a line.
Note there is no chain link between an and a0. The turn angles for a convex
chain all lie in [0, π); but note this is not a sufficient condition for a chain to be
convex, for it is also necessary that the angles at a0 and an be convex.

We can view the configuration of a polygonal chainA to be determined by two
vectors: the fixed edge lengths L = (�0, . . . , �n−1) and the variable turn angles
α = (α1, . . . , αn−1), with the convention that a0 is placed at the origin and an

horizontally left of a0. Let CL(α) = A be the configuration so determined. We use
α to represent the angles of the initial configuration, and β and γ to represent
angles in a reconfiguration.

Let D(A) be the open disk of radius |ana0| (the length of the “missing” link)
centered on the shoulder joint a0. We will call D(A) the forbidden (shoulder)
disk. We may state Cauchy’s arm lemma in the following form:

Theorem 0. Cauchy’s Arm Lemma. If A = CL(α) is a convex chain with fixed
edge lengths L, and turn angles α, then in any reconfiguration to B = CL(β)
with turn angles β = (β1, . . . , βn−1) satisfying

βi ∈ [0, αi] (1)

we must have |bnb0| ≥ |ana0|, i.e., the hand cannot enter the forbidden disk
D(A).

Cauchy’s lemma is sometimes known as Steinitz’s lemma, because Steinitz
noticed and corrected an error in the proof a century after Cauchy [Cro97, p. 235].
Many proofs of Cauchy’s lemma are now known, e.g., [SZ67,Sin97] and [AZ98,
p. 64].

Our generalization of Cauchy’s lemma replaces the 0 in Eq. (1) by −αi, and
is otherwise identical:

Theorem 1. Cauchy Extension. If A = CL(α) is a convex chain with fixed edge
lengths L, and turn angles α, then in any reconfiguration to B = CL(β) with
turn angles β = (β1, . . . , βn−1) satisfying

βi ∈ [−αi, αi] (2)

we must have |bnb0| ≥ |ana0|, i.e., the hand cannot enter the forbidden disk
D(A).

The intuition, illustrated in Fig. 1, is perhaps best captured by Chern [Che67,
p. 36]: “if an arc is ‘stretched,’ the distance between its endpoints becomes
longer.” See also our Java applet illustrating the theorem and its corollaries.1

Although the chain may become nonconvex, Eq. (2) ensures that the movement
constitutes a form of straightening. Note that Theorem 1 makes no claim about
1 http://cs.smith.edu/~orourke/Cauchy/ .
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Fig. 1. A reconfiguration of a 4-link convex chainA to chainB, satisfying Eq. (2),
leaves bn outside the forbidden disk (shaded). The valid angle ranges are marked
by circular arcs.

steadily increasing hand-shoulder separation during some continuous movement
to B; indeed a continuous opening could first increase and later decrease the
separation. Rather the claim is that a final configuration satisfying Eq. (2) cannot
place the hand in the forbidden disk.

As with Cauchy’s arm lemma, one may expect many different proofs of such
a fundamental result. We sketch three proofs of Theorem 1 here; for full details,
see [O’R00]. First we discuss a proof by S. S. Chern, followed by two induction
proofs.

2.1 Chern’s Proof of Theorem 1

There are three possible generalizations of Cauchy’s Theorem 0: to smooth
curves, to space curves, and to nonconvex angles. All three generalizations hold,
and there is some confusion in the literature on when each was established.
Certainly the primary source is acknowledged to be a 1921 paper by Axel
Schur [Sch21]. Connelly mentions in [Con82, p. 30] that Schur generalized
Cauchy’s lemma to the smooth case. Some other mentions of Schur’s theorem in
the literature, e.g., in [Gug63, p.31], phrase it as the smooth, planar equivalent
of Cauchy’s lemma, which does not capture the nonconvexity permitted in the
statement of Theorem 1. But others, notably the exposition by Chern [Che67],
state it as a generalization also to space curves, and employ the absolute value
of curvature, implicitly permitting nonconvexity.

Schur states his main result as follows:

satz: “Verbiegt man eine ebene doppelpunktlose Kurve, die mit ihrer
Sehne einen konvexen geschlossenen doppelpunktlosen Linienzug bildet,
so wird dabei die Sehne länger.”
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Roughly: “If one deforms a simple curve in the plane that (together with
its chord) forms a convex simple closed curve, then the chord becomes
longer.”

Later he makes clear that his “deformation” is deformation into space without
changing the curvature: “By deformation of a curve, we mean that after de-
forming the tangent planes the lengths and angles of the line segments should
remain unchanged. If the curvature of the curve is continuous, then this is equal
to demanding that the curvature doesn’t change.” It seems, then, that Schur
did not generalize the opening aspect of Cauchy’s lemma (to which he does not
refer), but rather extended to deformations into space without angle changes.
Moreover, it appears his proof (and claim) are for polygonal curves, not smooth
curves.

Chern states Schur’s theorem as follows [Che67, p. 36]:

theorem: Let C be a plane arc with the curvature k(s) which forms a
convex curve with its chord AB. Let C∗ be an arc of the same length
referred to the same parameter s such that its curvature k∗(s) ≤ k(s).
If d∗ and d are the lengths of the chords joining their endpoints, then
d ≤ d∗.

He makes clear that by “curvature” he means the absolute value of the curva-
ture, thus explicitly including nonconvex openings. Although he attributes the
theorem to Schur, neither his theorem statement, and certainly not his proof,
match Schur’s. Let us then refer to this full generalization of Cauchy’s theorem
as the Chern-Schur theorem.

Chern’s proof is carried out largely in the domain of the “tangent indica-
trixes” of C and C∗, and relies on smoothness of the curves. He claims the
theorem for “sectionally smooth curves” [p. 39], e.g., for polygonal curves, but
without proof. Thus, as far as I can determine, no proof of Theorem 1 has ap-
peared in the literature.

However, Chern’s differential geometry proof may be specialized to our pla-
nar, nonsmooth instance, and although some of its elegance is lost, it can be
carried through to establish Theorem 1 [O’R00]. Therefore Theorem 1 follows in
spirit if not in fact from the Chern-Schur theorem.

The next section proves the theorem via an induction proof that makes ex-
plicit many relationships only implicit in Chern’s proof.

2.2 First Induction Proof of Theorem 1

Although we impose no restriction on self-intersection of the chain, we will show
in Theorem 3 that the chain remains simple. Note that, because we fix a0 to the
origin, and the first turn angle is at joint a1, in any reconfiguration the first edge
of the chain is fixed.

The first induction proof of Theorem 1 requires a few preparatory lemmas,
whose proofs may be found in [O’R00]. We start with the simple observation
that negating the turn angles reflects the chain.
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Lemma 1. If a chain A = CL(α) is reconfigured to B = CL(β) with βi = −αi,
i = 1, . . . , n− 1, then B is a reflection of A through the line M containing a0a1,
and |bnb0| = |ana0|. ✷

Call a reconfigurationB = CL(β) of a convex chain A = CL(α) which satisfies
the constraints of Eq. (2) a valid reconfiguration, and call the vector of angles β
valid angles. Define the reachable region RL(α) for a convex chain A = CL(α) to
be the set of all hand positions bn for any valid reconfiguration B = CL(β). One
can view Theorem 1 as the claim that RL(α)∩D(A) = ∅. (Again, see our applet1

for an illustration of this claim.) It is well known [HJW84][O’R98, p. 326] that
the reachable region for a chain with no angle constraints is a shoulder-centered
closed annulus, but angle-constrained reachable regions seem unstudied.

For the first proof we need two technical lemmas.

Lemma 2. The configuration of a chain A = CL(α) is a continuous function of
its turn angles α. ✷

Lemma 3. RL(α) is a closed set. ✷

We use this lemma to help identify, among potential counterexamples, the
“worst” violators. Define a configuration B = CL(β) to be locally minimal if
there is a neighborhood N of β such that, for all β′ ∈ N , the determined hand
position b′n is no closer to the shoulder: |b′na0| ≥ |bna0|. Thus the hand’s distance
to the shoulder is locally minimal.

Lemma 4. Let B = CL(β) be a reconfiguration of convex chain A = CL(α) with
bn ∈ D(A). Then either bn = a0, or there is some locally minimal configuration
B′ = CL(β′) with b′n ∈ D(A). ✷

The above lemma will provide a “hook” to reduce n in the induction step. We
separate out the base of the induction in the next lemma.

Lemma 5. Theorem 1 (Cauchy Extension) holds for n = 2.
Proof: A 2-link chain’s configuration is determined by single angle at a1. The
reachable region is a single circular arc exterior to D(A), centered on a1, of
radius �1. See Fig. 2. ✷

We now prove Theorem 1 by induction.
Proof: Lemma 5 establishes the theorem for n = 2. Assume then that the
theorem holds for all chains of n−1 or fewer links. We seek to establish it for an
n-link chain A = CL(α), n > 2. Assume, for the purposes of contradiction, that
A may be reconfigured so that the hand falls inside the forbidden disk D(A).
We seek a contradiction on a shorter chain. By Lemma 4, one of two cases holds:
the hand reaches a0, or there is a locally minimal configuration.

1. Suppose B = CL(β) is such that bn = a0, as illustrated in Fig. 3(b). We know
that �n−1 = |an−1an| < |an−1a0| by the triangle inequality: By definition,
A forms a nondegenerate convex polygon, so the triangle 
(a0, an−1, an) is
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a0=b0

a2

b2

a1=b1

Fig. 2. RL(α) for a 2-link chain is a circle arc centered on a1 = b1.

nondegenerate (see Fig. 3(a)). Now consider the chains A′ and B′ obtained
by removing the last links an−1an and bn−1bn. First, A′ is a convex chain
of n − 1 links, so the induction hypothesis applies and says that A′ cannot
be validly reconfigured to place bn−1 closer to a0 than a′ = |an−1a0|. B′

places bn−1 at distance �n−1 from a0, which we just observed is less than
a′. It remains to argue that B′ is a valid reconfiguration of A′, i.e., that it
satisfies Eq. (2). However, this is satisfied for i = 1, . . . , n− 2 because these
angles are not changed by the shortening, and after shortening there is no
constraint on βn−1. Thus B′ is a valid reconfiguration of A′ but places the
hand in the forbidden disk D(A′), a contradiction.

bn=b0=a0a0

bn-1

a1 a1=b1

an-1

an

(a) (b)

Fig. 3. Case 1: bn = a0. (Drawing (b) is not accurate.)

2. We may henceforth assume, by Lemma 4, that there is a locally minimal
configuration B = CL(β) that places bn ∈ D(A). Again we seek to shorten
the chain and obtain a contradiction.
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First we establish that at least one2 βi is at the limit of its valid turn range:
βi = ±αi. Suppose to the contrary that all βi, i = 1, . . . , n − 1, are strictly
interior to their allowable turn ranges: βi ∈ (−αi, αi). Let M be the line
containing b0bn. Consider two cases:
(a) Some bi, i = 1, . . . , n − 1, does not lie on M . Then because βi is not

extreme, the subchain (bi+1, . . . , bn) may be rotated about bi in both
directions. Because bi is off M , one direction or the other must bring bn
closer to b0, contradicting the fact that bn is locally minimal.

(b) All bi lie onM . Then there must be some bi which is extreme onM . For
this bi, βi = ±π. But αi ∈ [0, π): the nondegeneracy assumption bounds
αi away from π, and so bounds βi away from ±π.

Henceforth let bi be a joint whose angle βi is extreme. If βi = −αi, then
reflect B about b0bn so that βi = αi is convex. By Lemma 1, this does not
change the distance from bn to the shoulder, so we still have bn ∈ D(A).
We are now prepared to shorten the chains. Let A′ and B′ be the chains
resulting from removing ai and bi from A and B respectively:

A′ = (a0, a1, . . . , ai−1, ai+1, . . . , an) (3)
B′ = (b0, b1, . . . , bi−1, bi+1, . . . , bn) (4)

A crucial point to notice is that |bi−1bi+1| = |ai−1ai+1| because βi = αi; this
was the reason for focusing on an extreme βi. Therefore B′ is a reconfigura-
tion of A′. Of course both A′ and B′ contain n − 1 links, so the induction
hypothesis applies. Moreover, because i ≤ n − 1, the bi removed does not
affect the position of bn. So bn ∈ D(A) by hypothesis. To derive a contra-
diction, it only remains to show that B′ is a valid reconfiguration of A′, i.e.,
one that satisfies the turn constraints (2).
Let α′i+1 be the turn angle at ai+1 in A′. We analyze this turn angle in detail,
and argue later that the situation is analogous at ai−1. Let θ be the angle
of the triangle 
i = 
(ai, ai+1, ai−1) at ai+1; see Fig. 4(a). Because A is a
convex chain, cutting off 
i from A increases the turn angle at ai+1 in A′:

α′i+1 = θ + αi+1 (5)

Now consider the turn angle β′i+1 at bi+1 in B′. Although here the turn could
be negative, as in Fig. 4(b), it is still the case that the turn is advanced by
θ by the removal of 
i:

β′i+1 = θ + βi+1 (6)

We seek to prove that β′i+1 ∈ [−α′i+1, α
′
i+1]. Substituting the expressions

from Eqs. (5) and (6) into the desired inequality yields:

− αi+1 − 2θ ≤ βi+1 ≤ αi+1 (7)

And this holds because θ > 0 and βi+1 ∈ [−αi+1, αi+1] (because B is a valid
reconfiguration of A). The intuition here is that the nesting of the turn angle

2 In fact I believe that all must be extreme, but the proof only needs one.
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a0

a1

ai-1

ai

(a)

ai+1

αi+1
α'i+1

an

αi-1

α'i-1

∆i

b0

b1

bi-1

bi

(b)

bi+1

βi+1

β'i+1

βi-1

β'i-1

∆i

θ

θ θ

θ

Β

Α

bn

Fig. 4. (a) Shortening the chain A by removal of ai determines new, larger turn
angles α′i+1 and α′i−1 at ai+1 and ai−1 respectively. (b) Here the turn angles
βi+1 and β′i+1 are negative.

ranges at ai+1 in A and A′ (evident in Fig. 4(a)) carries over, rigidly attached
to 
i, to B, so that satisfying the tighter constraint in B also satisfies the
looser constraint in B′.
Although the situation is superficially different at ai−1 because our definition
of turn angle depends on the orientation of the chain, it is easily seen that
the turn constraint is identical if the orientation is reversed.
We have thus established that B′ is a valid reconfiguration of A′. By the
induction hypothesis, the hand bn of B′ cannot enter the forbidden disk
D(A′). By assumption bn ∈ D(A). But note that D(A′) = D(A), because, as
mentioned above, deleting ai and bi does not affect the positions of an and bn
respectively. This contradiction shows that our assumption that bn ∈ D(A)
cannot hold, and establishes the theorem.

✷

The following corollary extends the distance inequality to every point of the
chain.

Corollary 2 Let A = CL(α) be a convex chain as in Theorem 1, and let p1, p2 ∈
A be any two distinct points of the chain. Then in any valid reconfiguration B,
the points q1, q2 ∈ B corresponding to p1 and p2 satisfy |q1q2| ≥ |p1p2|, i.e., they
have not moved closer to one another. ✷

2.3 Second Induction Proof of Theorem 1

We now sketch a second proof, which avoids reliance on locally minimal con-
figurations. Unlike the previous proof, this one employs Cauchy’s Arm Lemma
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(Theorem 0), rather than proving it along the way. The proof is again inductive,
by contradiction from a shortened chain, and relies on the same detailed argu-
ment concerning the turn angle ranges. None of those details will be repeated.
Proof: Let A = CL(α) be the given convex chain, and C = CL(γ) a valid
reconfiguration that places cn ∈ D(A), in contradiction to the theorem. We
first construct an “intermediate” configuration B = CL(β) with βi = |γi| for all
i = 1, . . . , n− 1, i.e., B is a convex chain formed by flipping all turns in C to be
positive. Note that, because γ is a valid angle vector for A, γi ∈ [−αi, αi], and
so βi ∈ [0, αi]. As this is exactly the Cauchy arm opening condition, Eq. (1), we
may apply Theorem 0 to conclude that b = |bnb0| ≥ |ana0| = a.

Now we focus attention on chains B and C. Because γi = ±βi, γi ∈ [−βi, βi].
Therefore, C is a valid reconfiguration of B. But here is the point: every angle
γi of C is extreme with respect to B, and so there is no need to invoke local
minimality.

Choose an i and remove bi from B and ci from C, obtaining shorter chains
B′ and C′. Applying the argument from the previous section verbatim, we con-
clude that C′ is a valid reconfiguration of B′. But because B′ has n − 1 links,
the induction hypothesis applies and shows that cn cannot enter the forbidden
disk D(b), with b = |bnb0|. Because b ≥ a, cn cannot be in D(A) either. This
contradicts the assumption and establishes the theorem. ✷

3 Noncrossing of Straightened Curve

Define a polygonal chain to be simple if nonadjacent segments are disjoint, and
adjacent segments intersect only at their single, shared endpoint. By our nonde-
generacy requirement, convex chains are simple. In particular, any opening of a
convex chain via Cauchy’s arm lemma (Theorem 0) remains simple because it
remains convex. We now establish a parallel result for the generalized straight-
ening of Theorem 1. We generalize slightly to permit the convex chain to start
with the hand at the shoulder.

Theorem 3. If A = (a0, . . . , an) = CL(α) is a closed convex chain with n fixed
edge lengths L and turn angles α, closed in the sense that an = a0, then any
valid reconfiguration to B = CL(β) is a simple polygonal chain.
Proof: Suppose to the contrary that B is nonsimple. Let q2 be the first point
of B, measured by distance along the chain from the shoulder b0, that coincides
with an earlier point q1 ∈ B. Thus q1 and q2 represent the same point of the
plane, but different points along B. See Fig. 5. Because B is nonsimple, these
“first touching points” exist, and we do not have both q1 = b0 and q2 = bn
(because that would make B a simple, closed chain). Let p1 and p2 be the points
of A corresponding to q1 and q2.

Corollary 2 guarantees that |q1q2| ≥ |p1p2|. But |q1q2| = 0, and because
the q’s do not coincide with the original hand and shoulder, |p1p2| > 0. This
contradiction establishes the claim. ✷
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One could alternatively prove this theorem by induction on the length of the
chain, showing that in a continuous motion toB, the first violation of simplicity is
either impossible by the induction hypothesis, or directly contradicts Theorem 1.

Corollary 4 A valid reconfiguration of an open convex chain remains simple.
Proof: The proof of Theorem 3 guarantees that even the final missing edge is
not crossed, so the corollary is obtained by simply ignoring that last edge. ✷

b0

bn

q2

q1

Fig. 5. Violation of Theorem 1.
q1 = q2 is the first point of self-
contact; the initial portion of B, up
to q2, is highlighted.

Γ

P

θi

ci

Fig. 6. Γ is the intersection of a
plane (not shown) with polyhedron
P .

4 Application to Curve Development

Although the intersection of a plane Π with a convex polyhedron P is a convex
polygon Q within that plane, on the surface of P , this slice curve (Fig. 6) can be
nonconvex, turning both left and right. The “development” of a curve on a plane
is determined by its turning behavior on the surface. Thus slice curves develop (in
general) to nonconvex, open chains on a plane. An earlier result is that a closed
convex polygonal curve on a convex polyhedron, i.e., one whose turns are all
leftward on the surface, develops to a simple polygonal chain [OS89]. That proof
relied on Cauchy’s Arm Lemma (Theorem 0). We claim that slice curves also
develop without self-intersection, despite their nonconvexity. The proof relies on
Theorem 1, the extension of Cauchy’s lemma.

Let Γ be an oriented slice curve on the surface of P . Let c0, c1, . . . , cn be the
corners of Γ , the points at which Γ crosses a polyhedron edge with a dihedral
angle different from π, or meets a polyhedron vertex. Define the right surface
angle θ(p) at a point p ∈ Γ to be the total incident face angle at p to the right
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of the directed curve Γ at p. Only at a corner ci of Γ is the right surface angle
θi different from π. Note that θi could be greater or less than π, i.e., the slice
curve could turn right or left on the surface.

Define the right development of Γ to be a planar drawing of the polygonal
chain Γ as the chain B = (b0, b1, . . . , bn) with the same link lengths, |bibi+1| =
|cici+1| for i = 0, . . . , n − 1, and with exterior angle θi to the right of bi the
same as the surface angle to the right of Γ at ci on P , for all i = 1, . . . , n − 1.
Left development is defined similarly, with any curve “between” considered a
development of Γ . If Γ avoids all polyhedron vertices, then the left and right
developments are identical, and so the development of Γ is unique.

In [O’R01] I prove that the developed chain B is a valid reconfiguration (in
the sense used in Section 2.2, i.e., satisfies Eq. (2)) of the chain A representing
Q in Π . Via Corollary 4, this leads to:

Theorem 5. A slice curve Γ = P ∩Π, the intersection of a convex polyhedron
P with a plane Π, develops on a plane to a simple (noncrossing) polygonal curve.

Because the Chern-Schur Theorem encompasses smooth curves, Theorem 5
should generalize to slice curves for any convex body B.
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Í ¶�» 876 À :}ÁZ8�Ác> ¶ C ¶�â ¿ 5p6 Æ�¶EÆ 87ÍA:HÁZ5;= »¢¶ EDH]\Y:^ H[Y`_ Ã +)B{Ë"Å.á�> ¶ Ä ¶ _ :HÁZ576 Æ :_¸ç87Ä_ÁZ> ¶? Ó|Ô	a;Ð�b�ä;apÓ�ädc�Ñ Å ´ Î ¶ Î¢Å H \Y ^9e�f +gFSh fGi HLY < F i B�j M

kIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIkkIkIkIkIkIkIkIkIkIkIkIkIkIk
lIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIllIlIlIlIlIlIlIlIlIlIlIlIlIl

R
O

C1

C2

C2

C3

C3

m
m

C    1

m

n8o�prq"s�tvurw Þ�> ¶ :H¿ 57= ¶ 8p¸)¸çÄ ¶�¶ ¿ » 57= ¶ º ¶ 6PÁZ:�87¸�ÁZ> ¶ Äc8;Í 87Á)B�Î
Çd6¾8pÁc> ¶ Ä{áM8;Ä Æ :�Å Ác> ¶ :c¿A57= ¶xV 87¸4¸çÄ ¶�¶ ¿ » 57= ¶ º ¶ 6PÁZ:�8p¸MÁc> ¶ Äc8;Í 87Á ´ : ¶ óPÌA5 » ÁZ8�ÁZ> ¶

=�87ºk¿ »¢¶ º ¶ 6PÁ�8p¸}Ý PYzy J H]\Y Î4Þ�> ¶ Ä ¶ ¸ç8;Ä ¶ Å)Ác> ¶ ÄZÌ9696 ´ 6 À Á ´ º ¶ 87¸{576 ¼ 5 »¢À 87Ä ´ Ác>9º ¸ç8;Ä�ÁZ> ¶

293On the Complexity of the Union of Geometric Objects



Æ�¶ :c=�Ä ´ ¿�Á ´ 876�8p¸ V ´ :�5pÁ »�¶ 57:HÁ0ÁZ> ¶ 6�Ì9º�Í ¶ Ä�87¸ µ;¶ ÄcÁ ´ = ¶ :�8p¸.ÁZ> ¶ Ì96 ´ 876�87¸�ÁZ> ¶}¶"â ¿A576 Æ�¶WÆ
87Í :SÁ?57= »¢¶ :WÅt5p6 Æ Ác> ¶ Ä ¶ 57Ä ¶ 5�6�Ì9º�Í ¶ Ä{8p¸ ¶O{ = ´¢¶ 6PÁ_5 »¢À 87Ä ´ Ác>9º�:�á�> ´ =?>å5 » ºk8;:HÁ{5;=?> ´¢¶�µ7¶
Ác> ´ :�Á ´ º ¶ Í�87Ì96 Æ Î

Þ�> ¶ 5pÍ�8 µ7¶ 57¿9¿9ÄZ8;5;=?>�á05;: ´ 6 ´ Á ´ 5KÁ ¶EÆ Í ¼ @ 8 ß 5p6A8püd< 3¶ Ä ¶Wß 576 Æ õ ¶ : »¢¶�¼ é ð7ë ïQÅ¤576 Æ�´ Á
=�576È5 » :c8�Í ¶ 5p¿A¿ »�´¢¶WÆ Ác8 Ác> ¶ : ´ ÁcÌA5pÁ ´ 876\á�> ¶ 6\ÁZ> ¶ Äc8;Í 87Á ´ :#5 »¢» 8Ká ¶EÆ Ác8¾Äc87ÁZ5KÁ ¶ é ð ôEïQÅ
ºk8 µ7¶ : ´ 6�Ác>9Ä ¶�¶_Æ9´ º ¶ 6 : ´ 876A: é ìpïQÅ�>A5;:�ºk576 ¼ 5pÄZº�: é î�|Wï�Å ¶ ÁZ=7Î
ö7÷~}P÷���� Ú"×�Ø¢ÕKÜ#Ð W Ñ�ÕZÙ�ä ÷ Çd6kºk8;:HÁ À;¶ 8 À ÄZ57¿9> ´ = ´ 6�¸ç8;Äcº�5KÁ ´ 8;6�: ¼ :HÁ ¶ º�:�ÁZ> ¶&Æ 5pÁZ5 ´ :*:HÁc87Ä ¶WÆ
´ 6�: ¶Wµ7¶ Ä?5 » Ác> ¶ ºk5pÁ ´ =}º�5p¿A:WÅ ¶ 57=?>�Ä ¶ ¿9Ä ¶ : ¶ 6PÁ ´ 6 À 876 »�¼ 876 ¶:��´ 6 Æ 8p¸ ´ 6�¸ç87ÄZº�5KÁ ´ 8;6�ÎA�/Î À Î¢Å
Ác> ¶ Ä ¶ 57Ä ¶ : ¶ ¿A5pÄ?5KÁ ¶ º�5p¿A:�¸ç8;Ä�5 µ;¶ Ä?5 À7¶ Á ¶ ºk¿ ¶ Ä?5KÁZÌ9Ä ¶ ÅA¸ç8;Ä}5 µ7¶ Ä?5 À;¶ ¿9Ä ¶ = ´ ¿ ´ ÁZ5pÁ ´ 876�Åt5 » ü
Á ´ ÁcÌ Æ�¶ Å ¶ ÁZ=7Î þ�W Õ;ÏZÚ 8p¸�5kº�5p¿�="8;ÄcÄ ¶ :c¿ 8;6 Æ :MÁc8-5kÄ ¶�À;´ 8;6�á�> ¶ Ä ¶ ÁZ> ¶}À7´¢µ7¶ 6�¿A5pÄ?5pº ¶ Á ¶ Ä
´ :�Äc8;Ì À > »¢¼ ="8;6A:HÁZ5p6PÁEÎ���6 ¶ 8p¸|Á ¶ 6�> 57:0Ác8�=�87º�Í ´ 6 ¶ ÁZ> ¶{´ 6�¸ç8;Äcº�5pÁ ´ 876�Å ´ Î ¶ Î�Å�ÁZ8�="87ºk¿9Ì9Á ¶
Ác> ¶ 8 µ7¶ Ä » 5 ¼ 8p¸�ÁSá08�87Ä_ºk8;Ä ¶ º�57¿A:�Î�Þ�> ´ :�¿9ÄZ8�= ¶WÆ ÌAÄ ¶ Ä ¶ :cÌ » ÁZ: ´ 6\5�6 ¶ á ºk57¿�Å.ºk8;Ä ¶
="8;ºk¿ »�¶�â Ác>A576�ÁZ> ¶ 87Ä ´�À;´ 6 5 » 8;6 ¶ :WÎA�M876A: ´�Æ�¶ ÄEÅP¸ç87Ä ¶"â 5pºk¿ »¢¶ ÅPÁSá08�º�5p¿ :�Å�5p6 Æ ¿9Ì�Á�ÁZ> ¶�´ Ä
¸¹57= ¶ : ´ 6�5�: ´ 6 À;»�¶}»¢´ :HÁ V J < V K <OMOMNMO< V PtÎ @ ¶ Á V \Y Æ�¶ 6A8pÁ ¶ 5kÄ ¶�À;´ 8;6�8;Í�ÁZ5 ´ 6 ¶EÆ ¸çÄc8;º V Y Í ¼
µ7¶ Ä ¼ : »¢´�À >;Á »�¼ :c>9Ä ´ 6 �P´ 6 À�´ ÁEÎ�ÇQÁ ´ : ¶ 5;: ¼ ÁZ8k: ¶�¶ 698Ká ÁZ>A5KÁ0Ác> ¶ ÁZ8pÁ?5 » 6�Ì9º�Í ¶ Ä�87¸ µ7¶ ÄHÁ ´ = ¶ :
8p¸�ÁZ> ¶ 6 ¶ á =�87º�Í ´ 6 ¶EÆ ºk57¿ ´ :/¿9Äc8;¿ 8;ÄHÁ ´ 8;6A5 » ÁZ8kÁc> ¶ ="87ºk¿ »¢¶"â�´ Á ¼ 87¸)ÁZ> ¶ Í�87Ì96 Æ 5pÄ ¼ 8p¸
Ý PY>� J V \Y Î9Çd6 Æ�¶�¶EÆ Å ¶ 5;=?> µ7¶ ÄcÁ ¶�â 8p¸)Ác> ¶ 8 µ7¶ Ä » 5 ¼ á ´�»¢».À;´�µ;¶ Ä ´ : ¶ Ác8-5vCc>98 »¢¶ E Æ�¶ Á ¶ Äcº ´ 6 ¶WÆ
Í ¼ ÁZ> ¶:V \Y Î
� � «����8�����G�������#­I��«Z�	����¬9²H®4«)���x� ®*¬�²H®4«�������«�«&²H«Z�
Q ´ Ä?:HÁ4á ¶ ºk5 �7¶ :c87º ¶ : ´ ºk¿ »¢¶ 87Í : ¶ Ä µ 5KÁ ´ 8;6A:�Ä ¶�» 5KÁ ¶WÆ Ác8}ÁZ> ¶ ºk8pÁ ´ 8;6�¿ » 5p696 ´ 6 À ¿AÄc8;Í »�¶ º
:HÁZ5KÁ ¶WÆ 5pÍ�8 µ7¶�Ã î7Î ð Ë"ÎpÞ�áM8{="ÌAÄ µ;¶ :WÅO�AJM5p6 Æ �	K7Åp5pÄ ¶ :Z5 ´�Æ ÁZ8 Ï"×cÐKä?ä.¶ 5;=?>�8pÁZ> ¶ Ä�5pÁ�5�¿�8 ´ 6;ÁEÅ
´ ¸�5pÁ�Ác> ´ :�¿�8 ´ 6;Á8�AJ&¿A57:Z: ¶ :0¸çÄZ87º 8;6 ¶ : ´�Æ�¶ 8p¸��	K�ÁZ8kÁc> ¶ 87Ác> ¶ ÄWÎ ¡t	¢£¢¥¤§¦�¨$u�¨ Ã é ð ìpïçË ø Ú�Ö H�J < HLK < ÕpÔ ãGB Ò?Ú�Ï?ÐpÔ � ÚcÛ�Ò?Ð ã Ó¹Ú"ä&Ó|Ô�Ö/©9Ú*Ù¤Ø�ÕKÔ¤Údª*ÕKÔ ã ÕKäZädc�Ñ�Ú
Ö/©9ÕKÖ H8J ÕKÔ ã�HLK ÕK×ZÚ ã Ó�ä�«�ÐKÓ|Ô Ö ÷]¬ ©9Ú�Ô¾Ö/©9Ú�Ò?Ð�c�Ô ã Õp×�Ó¹Ú�äkÐ W Ö�©AÚ ? Ó|Ô�a7Ð�b�ä�apÓMä­c�Ñ�ä H]\J ^H8J�_ Ã +)B}Ë ÕpÔ ã®H]\K ^ HLK[_ Ã +)B}Ë Ï�×cÐbä?ä�ÕKÖ0ÑkÐKä�Ö4Ö¯b�Ó¹ÏZÚ ÷@ ¶ Á ½ ^9e H�J < HLK <NMOMNMO< HLPrj0Í ¶ 5�¸¹57º ´¢»¢¼ 87¸ : ´ ºk¿ »¢¼ ="876A6 ¶ ="Á ¶WÆ Ä ¶WÀ7´ 876A: ´ 6�Ác> ¶ ¿ » 576 ¶Í�87Ì96 Æ9¶WÆ Í ¼ : ´ ºk¿ »¢¶ = » 8;: ¶WÆ ="Ì9Ä µ7¶ :�ÎKþ&:Z:cÌ9º ¶ ÅK¸ç8;Ä*: ´ ºk¿ »�´ = ´ Á ¼ ÅpÁc>A5pÁ�Ác> ¶ : ¶ ="ÌAÄ µ;¶ :�5pÄ ¶�´ 6
ùPÚ"Ô¤Ú"×cÕpØKÙAÐbä�Ó|Ö�Ó¹ÐKÔ Å ´ Î ¶ Î�Å7576 ¼ ÁSáM8}87¸ ÁZ> ¶ º ="ÄZ8;:Z:�876 »¢¼ 5�TA6 ´ Á ¶ 6�Ì9º�Í ¶ Ä*87¸ Á ´ º ¶ :�Åp6A8{ÁSáM8
Ác8;ÌA=?> ¶ 57=?>�8pÁc> ¶ ÄEÅ�576 Æ 6A8�ÁZ>9Ä ¶W¶ ¿ 57:Z:4ÁZ>9ÄZ87Ì À >�Ác> ¶ :Z5pº ¶ ¿ 8 ´ 6PÁWÎ�ÇQ¸)5p6 ¼ ÁSáM8 Æ�´ :SÁ ´ 6 =�Á
="ÌAÄ µ;¶ :0ý Æ.Ã H Y Ë0576 Æ ý Æ�Ã H�°KË4=�Äc8P:c:05KÁ�ºk8;:HÁMÁSá ´ = ¶ Å;ÁZ> ¶ 6 ½�´ :MÌ :HÌA5 »�»¢¼ =�5 »�»¢¶WÆ 5_¸¹57º ´¢»¢¼
8p¸ Ù ä�ÚOc ã Ð�± ã Ó�ä;abä Î)þ ºk5 â�´ º�5 » =�87696 ¶ =�Á ¶WÆ ¿ ´¢¶ = ¶ 8p¸4ÁZ> ¶ Í�87Ì96 Æ 5pÄ ¼ 8p¸/Ý ½ ^ Ý PY>y J H Y Å
á�> ´ =?>åÍ ¶W» 8;6 À :�Ác8�ÁZ> ¶ Í 8;Ì96 Æ 57Ä ¼ 8p¸05�º ¶ º�Í ¶ Ä_8p¸ ½ Å ´ :}:Z5 ´�Æ ÁZ8�Í ¶ 576 Ú�Ø�Ú�ÑkÚ�ÔAÖdÕK×�Ü
ÕK×ZÏ Î²:³ t	´As�t	¢µ¦�¨�¦�¨ Ã é ð ìKïçË ø Ú�Ö9½ ^9e H�J < HLK <NMOMNMO< HLPrj Ò?Ú�Õ W ÕKÑ#Ó|ØaÜ�Ð W�ûg¶ ê Ù ä�ÚOc ã Ð�± ã Ó�ä;abäÓ|ÔúÖ/©9Ú�Ù�Ø¢ÕKÔ�Ú ÷¬ ©9Ú�ÔÈÖ/©9Ú�ÒZÐ�c�Ô ã ÕK×�ÜúÐ W_Ý PY>y J H Y Ï?ÐKÔAä?Ó�ä�ÖNä�Ð W ÕKÖ�ÑkÐKä�Ö ò û·+%î ð Ú�Ø�Ú�ÑkÚ�ÔAÖdÕK×�Ü�Õp×cÏ�ä ÷¬ ©�Ó�ä�Ò?Ð�c�Ô ã Ï?ÕKÔ Ô�ÐpÖ0Ò?Ú_Ó|Ñ&Ù�×ZÐ � Ú ã ÷

Çd6}ÁZ> ¶ =W57: ¶ á�> ¶ 6 ¶ 5;=?>�H Y ´ :�5 Æ�´ : � Å�ÁZ> ¶ ¿9Äc8�87¸98p¸AÞ�> ¶ 87Ä ¶ º ð Î ð ´ :):HÁcÄ?5 ´¢À >PÁH¸ç8;Äcá�5pÄ Æ
Ã : ¶�¶ Q ´¢À Î ð Ë"Î�þ&:Z: ´¢À 6�Ác8 ¶ 5;=?>�H Y ´ Á?:�= ¶ 6;Á ¶ ÄEÅ�¸ Y Å9576 Æ ="876A6 ¶ ="Á�¸ Y Ác8G¸�°�Í ¼ 5k:HÁcÄ?5 ´¢À >PÁHü
»¢´ 6 ¶ : ¶�À º ¶ 6;Á ´ ¸�5p6 Æ 8;6 »¢¼¾´ ¸�ý Æ�Ã H Y Ë�5p6 Æ ý Æ.Ã H�°EË�=�Äc8P:c: ¶ 5;=?>\8pÁZ> ¶ ÄEÅ)576 Æ 5pÁ »¢¶ 5;:SÁ
876 ¶ 8p¸�ÁZ> ¶�´ Ä{="ÄZ8;:Z: ´ 6 À ¿�8 ´ 6;Á?:&Í ¶�» 876 À :�ÁZ8�ý Æ�Ã Ý ½ Ë"Î¤ÇQÁ ´ : ¶ 57: ¼ ÁZ8 µ7¶ Ä ´ ¸ ¼ Ác>A5pÁ�698�ÁSáM8
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: ¶�À º ¶ 6PÁZ:#="ÄZ8;:Z: ¶ 5;=?>\8pÁZ> ¶ ÄEÅ ´ Î ¶ Î¢Å)Ác> ¶ Ä ¶ :HÌ » Á ´ 6 À À Ä?5p¿9>7¹ ´ : Ù¤Ø�ÕKÔ¤ÕK× Î*Þ�> ¶ Ä ¶ ¸ç87Ä ¶ Å�¹
>A5;:{5KÁ}ºk8;:HÁ ê ûD+ ò ¶WÆ9À7¶ :WÅ ¶ 5;=?>ú8p¸0á�> ´ =?>¾=�87ÄZÄ ¶ :H¿�876 Æ :&ÁZ8�5KÁ}ºk8;:HÁ�ÁSá08�="ÄZ8;:Z: ´ 6 À :
Í ¶ ÁSá ¶�¶ 6�Ác> ¶ = ´ Ä?= »¢¶ :�Ác> 5KÁ{Í ¶W» 8;6 À ÁZ8�ý Æ�Ã Ý ½ Ë�ÎtÞ�> ¶ Ä ¶ ¸ç8;Ä ¶ ÅAÁZ> ¶ 6�Ì9º�Í ¶ Ä{8p¸0="ÄZ8;:Z: ´ 6 À :
8;6�ý Æ�Ã Ý ½ Ë"ÅA5p6 Æ > ¶ 6A= ¶ ÁZ> ¶ 6PÌAº�Í ¶ Ä�8p¸ ¶�»¢¶ º ¶ 6;Á?5pÄ ¼ 5pÄ?=�: ´ :�5KÁ�ºk8;:HÁ ò ûU+ î ð Î	(�: ´ 6 À
ÁZ> ¶ Á ¶ Äcº ´ 698 » 8 À;¼-´ 6;ÁZÄc8 Æ Ì = ¶WÆ�´ 6�Ác> ¶ TAÄZ:HÁ/¿A57ÄZ5 À Ä?5p¿9>�8p¸)Ác> ´ :/¿A57¿ ¶ ÄWÅAá ¶ 8;Í�ÁZ5 ´ 6�Ác> 5KÁ
ÁZ> ¶�Ï?ÐKÑ&Ù�Ø�ÚZÛ;Ó|ÖNÜ 8p¸*Ý ½ ´ :�5KÁ/ºk8;:HÁ »�´ 6 ¶ 5pÄ ´ 6�û�Î
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¸çÌ96A="Á ´ 876A: î Y Ã 576 Æ 8p¸.ÁZ> ¶�´ Ä À ÄZ57¿9>A:?Ë�Î

< ¶ ÄZ>A57¿A:*ÁZ> ¶ ºk8;:HÁ ´ ºk¿ 8;ÄHÁ?5p6PÁ�:c¿ ¶ = ´ 5 » =W57: ¶ 87¸.Ác> ¶�» 57:HÁ0Ác> ¶ 87Ä ¶ º ´ :4ÁZ> ¶ ¸ç8 »¢» 8Ká ´ 6 À
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¶ 5;=?>�8p¸ ´ Á?: ¶ 6 Æ ¿ 8 ´ 6PÁZ:WÅ9á ¶ 87Í�Á?5 ´ 6�5#¸¹57º ´�»¢¼ 87¸�ÁSá08püQá05 ¼�´ 6�TA6 ´ Á ¶ ="Ì9Ä µ7¶ :�Å9576 ¼ ¿A5 ´ Ä�8p¸
á�> ´ =?>�="ÄZ8;:Z:05pÁ�º#8P:SÁ�ÁZ>9Ä ¶�¶ Á ´ º ¶ :WÎ

õ ´¢¶ ÄZ6 ´z� 5p6 ÆÚÙ >A57Ä ´ Ä é ì ò ï�:c>98Ká ¶WÆ Ác>A5pÁ�Þ�> ¶ 87Ä ¶ º ê Î ð ´ :�57: ¼ ºk¿�Ác87Á ´ =�5 »¢»¢¼ Á ´¢À >PÁWÎ
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ºk8;:HÁ RkÃ û'í Ã û.ËHË�ÎpÞ�> ¶ 87Ä ¶ º ê Î ð =W5p6_Í ¶4¶ 57: ´�»¢¼{Æ�¶WÆ Ì = ¶WÆ ¸çÄc8;º ÁZ> ´ :�Ä ¶ :cÌ » ÁWÎEÇd6 Æ�¶W¶WÆ Å ´ ¸ á ¶
87Ä Æ�¶ ÄMÁZ> ¶{»�´ 6 ¶ 5pÄ�¿ ´¢¶ = ¶ :08p¸�Ác> ¶ Ì9¿A¿ ¶ Ä ¶ 6 µ7¶W» 8;¿ ¶ 8p¸�Ác> ¶ : ¶�À º ¶ 6;Á?:���J < �!K <OMOMNM�< �!P�¸çÄc8;º»¢¶ ¸|Á&ÁZ8�Ä ´�À >PÁWÅ 576 Æ Ä ¶ ¿ » 57= ¶}¶ 57=?>�¿ ´�¶ = ¶ Í ¼ Ác> ¶�´ 6 Æ9¶"â ðM87¸�Ác> ¶ : ¶WÀ º ¶ 6PÁ�� Y ´ Á�Í ¶�» 876 À :
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Ác8\=?> ¶ = � 876 »�¼ ÁZ>A5KÁ�ÁZ> ´ :-: ¶ óPÌ ¶ 6A= ¶ >A57:k698Â5 » Á ¶ ÄZ6A5KÁ ´ 6 À :cÌ9ÍA: ¶ óPÌ ¶ 6A= ¶ 8p¸ »�¶ 6 À ÁZ>%ô�Îâ/8Ká ¶�µ;¶ ÄEÅ7ÁZ> ´ : ´ ºkº ¶WÆ�´ 5KÁ ¶�»¢¼ ¸ç8 »¢» 8Ká/:*¸çÄZ87º ÁZ> ¶ ¸¹57="Á0ÁZ>A5KÁ/576 ¼ ÁSá08�: ¶�À º ¶ 6PÁZ:�="ÄZ8;:Z:05KÁ
ºk8;:HÁ/876A= ¶ Î
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Þ�> ´ :�Ä ¶ :HÌ » Á�=�576�Í ¶ Ä ¶WÀ 5pÄ Æ�¶EÆ 57:�5&¸¹5pÄcü�Ä ¶ 5;=?> ´ 6 À&À7¶ 6 ¶ Ä?5 »¢´¢ß 5KÁ ´ 8;6}8p¸ Ác> ¶�¶�»¢¶ º ¶ 6;Á?5pÄ ¼
¸¹57="Á/Ác> 5KÁ ´ ¸�ÁSáM8�¿�8 ´ 6PÁZ:/87¸�Ác> ¶ ¿ » 576 ¶ =�576�Í ¶ =�87696 ¶ =�Á ¶WÆ Í ¼ 576�5pÄ?=}="ÄZ8;:Z: ´ 6 À 5xT â�¶WÆ
: ´ ºk¿ »¢¶ = » 8P: ¶EÆ ="Ì9Ä µ7¶ ��576 ¶�µ;¶ 6�6�Ì9º�Í ¶ ÄM87¸�Á ´ º ¶ :WÅ7ÁZ> ¶ 6�Ác> ¶W¼ =�5p6�5 » :H8_Í ¶ =�87696 ¶ =�Á ¶WÆ
Í ¼ 576�57ÄZ=�á�> ´ =?> Æ 8 ¶ :�698pÁ&=�Äc8P:c:[�ú5pÁ&5 »¢» Î

Þ�8 : ¶�¶ Ác>A5pÁ @ ¶ ºkº�5Èì Î ð ´ ºk¿ »¢´¢¶ :�Þ�> ¶ 8;Ä ¶ º ìAÎ¢î7Å ´ Á ´ : ¶ 698;Ì À > ÁZ8·Í�87ÌA6 Æ ÁZ> ¶
6�Ì9º�Í ¶ Ä}87¸M¿�8 ´ 6PÁZ:�876åý Æ�Ã Ý ½ Ë�Åtá�> ´ =?>¾Í ¶W» 8;6 À Ác8�Ác> ¶ Í�87Ì96 Æ 5pÄ ¼ 8p¸0º#8;Ä ¶ Ác> 5p6¾876 ¶
º ¶ º�Í ¶ Ä�87¸ ½ ÎØQA87Ä ¶�µ;¶ Ä ¼ HLY0á�> ´ =?> ="8;6PÁcÄ ´ Í9Ì9Á ¶ :�5KÁ »�¶ 57:HÁ�8;6 ¶ 57ÄZ=}Ác8�ý Æ.Ã Ý ½ Ë�ÅrT â 5
¿�8 ´ 6;ÁG¸�Y ´ 6ÂÁZ> ¶�´ 6PÁ ¶ Ä ´ 87Ä�8p¸&:cÌA=?>\5p6\57ÄZ=7Î�Q98;Ä�576 ¼ ¿A5 ´ Ä×H[Y < H ° i ½ á�> ´ =?>Â>A57:#5p6
´ 6;Á ¶ Ä?: ¶ =�Á ´ 8;6�¿�8 ´ 6;Á�0 i ý Æ.Ã Ý ½ Ë�Å Æ Ä?5bá 576 ¶WÆ9À7¶�Ã Í9Ì9Á�8;6 »¢¼ 876 ¶ ê ËMÍ ¶ ÁSá ¶�¶ 6®¸�Y�576 Æ ¸ ° Å
57:0¸ç8 »�» 8Ká/:WÎ Ù ÁZ5pÄcÁ ´ 6 À ¸çÄc8;º ¸ Y Å�¸ç8 »¢» 8Ká ý Æ�Ã H Y ËMÁc810 ´ 6�= » 8�= � á ´ : ¶{Æ�´ Ä ¶ =�Á ´ 876.Å95p6 Æ ¸çÄc8;º
Ác> ¶ Ä ¶ ¸ç8 »�» 8Ká%ý Æ�Ã H�°bË4ÁZ8�¸I° ´ 6�="8;Ì96PÁ ¶ ÄHüd= » 8�= � á ´ : ¶�Æ�´ Ä ¶ =�Á ´ 8;6�Î�ÇQÁ ´ :0698pÁ�>A57Ä Æ Ác8 µ7¶ Ä ´ ¸ ¼
Ác> 5KÁ�576 ¼ ÁSá08 ¶WÆ�À;¶ :&8p¸�Ác> ´ : À Ä?5p¿9>�6987Á ´ 6 = ´�Æ�¶ 6PÁ&ÁZ8�Ác> ¶ :Z5pº ¶_µ7¶ ÄHÁ ¶"â ="ÄZ8;:Z:/5p6 ¶Wµ7¶ 6
6�Ì9º�Í ¶ Ä�8p¸�Á ´ º ¶ :WÎ¤Þ�>PÌ :�Å Ác> ¶�À Ä?5p¿9>�>A5;:&5pÁ�ºk8;:HÁ ê ûÔ+ ò ¶EÆ�À7¶ :�Î�Þ�>A5KÁ ´ :WÅAÁZ> ¶ Ä ¶ 57Ä ¶
5KÁ_ºk8P:SÁ ê û·+ ò ¿A5 ´ ÄZ: e H Y < H�°�j-="8;6PÁcÄ ´ Í9Ì9Á ´ 6 À�´ 6PÁ ¶ ÄZ: ¶ ="Á ´ 876¾¿ 8 ´ 6PÁ?:�Ác8�ý Æ�Ã Ý ½ Ë�Å�5p6 Æ¶ 5;=?>�87¸�ÁZ> ¶ º�=�576�=�876PÁcÄ ´ ÍAÌ�Á ¶ 5KÁ/ºk8P:SÁ å ¿ 8 ´ 6PÁ?:�Î
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2 3 ®4°�«4¬9²c«)� � �Ö��±t²�����²c«M¬	�.­A�X�.±�¬9²S®4«��
Þ�> ¶ 87Ä ¶ º ð Î ð =�5p6�Í ¶ Ä ¶�À 5pÄ Æ�¶WÆ 5;:M576�ÌA¿9¿ ¶ Ä�Í 8;Ì96 Æ 876-ÁZ> ¶ 6�Ì9º�Í ¶ Ä�5 »¢»t´ 6;Á ¶ Ä?: ¶ =�Á ´ 8;6
¿�8 ´ 6PÁZ:)Í ¶ ÁSá ¶W¶ 6�Ác> ¶ =�Ì9Ä µ;¶ :�ý Æ�Ã H Y Ë�ÅKá�> ´ =?> »�´¢¶ 876_ÁZ> ¶ Í 8;Ì96 Æ 57Ä ¼ 87¸¤Ý PY>y J H Y Îpþ/6A8pÁc> ¶ Ä
á�5 ¼ Ác8 À;¶ 6 ¶ ÄZ5 »�´¢ß�¶ Ác> ´ :�Ä ¶ :cÌ » Á ´ :�ÁZ8 Æ Äc8;¿�ÁZ> ¶ ="8;6 Æ�´ Á ´ 876�Ác>A5pÁ&5p6 ¼ ¿A5 ´ Ä�87¸)Í�87ÌA6 Æ 5pÄ ¼
=�Ì9Ä µ;¶ : ´ 6PÁ ¶ Ä?: ¶ =�Á ´ 6�5KÁ�º#8P:SÁ�ÁSá08�¿�8 ´ 6;Á?:�Å Í9Ì�Á/ÁZ8�="8;Ì96PÁ/876 »¢¼ ÁZ>98;: ¶}´ 6;Á ¶ Ä?: ¶ =�Á ´ 8;6A:�876
ý Æ�Ã Ý PYzy J H Y Ë"Å9á�> ´ =?>�Í ¶W» 8;6 À Ác8�:HÌ =?>�¿ 5 ´ ÄZ:WÎ

ÇQ¸�ÁSáM8�º ¶ º�Í ¶ Ä?:}8p¸ ½ > 5 µ7¶ ¿9Ä ¶ = ´ : ¶�»¢¼ ÁSá08�Í�87ÌA6 Æ 5pÄ ¼ ¿�8 ´ 6PÁZ: ´ 6\="8;ºkº#8;6�ÅtÁZ> ¶ 6
ÁZ> ¶ : ¶ ¿�8 ´ 6PÁZ:{5pÄ ¶ =W5 »¢»�¶EÆÂ×cÚQù
c�Ø�ÕK×#Ó|ÔAÖdÚ"×?ä�Ú?Ï�ÖNÓ¹ÐpÔ�Ù9ÐpÓ|ÔAÖNä Î�þ »�» 87Ác> ¶ Ä ´ 6PÁ ¶ ÄZ: ¶ ="Á ´ 876�¿�8 ´ 6PÁZ:
Í ¶ ÁSá ¶�¶ 6�Í�87Ì96 Æ 5pÄ ¼ ="ÌAÄ µ;¶ :�5pÄ ¶ =�5 »¢»¢¶WÆ Ó|×�×cÚQù�c�Ø�Õp× Î²:³ t	´As�t	¢4-�¨$u Ã é ê ôEï|Ë65 Ó � Ú�Ô�Õ W ÕpÑ�Ó|ØiÜM½ÂÐ W)û ¶ ê Ï?ÐKÔ � ÚZÛ}×ZÚ�ù7Ó¹ÐKÔAäMÓ|Ô�ùPÚ�Ô�Ú�×cÕKØWÙAÐbä�Ó|ÖNÓ¹ÐpÔ
Ó|Ô�Ö/©9Ú4Ù�Ø¢ÕKÔ�Ú�ª�Ø�Ú"Ö B ÕKÔ ãGï�ã Ú"Ô¤ÐKÖdÚ�Ö�©AÚ{ÔAc�Ñ�Ò?Ú"×�Ð W ×ZÚ�ù
c�Ø�Õp×�ÕKÔ ã Ó|×�×cÚQù�c�Ø�Õp×�Ó|Ô ÖQÚ�×?ä�Ú?Ï"Ö�Ó¹ÐKÔ
ÙAÐKÓ|Ô Ö¹ä�Ð W Ö/©9Ú�Ó|×�Ò?Ð�c�Ô ã Õp×�Ó¹Ú�ä­ª4×cÚ"ä�Ù ÷ ª¡b�©�Ó¹Ï�© Ò?Ú"Ø¢ÐKÔPù�ÖdÐ ý Æ�Ã Ý ½ Ë ÷¬ ©9Ú�Ôgb4Ú]©9Õ � Ú B87 ð ï 6 ò û§+ î ð M

Þ�> ¶�» 57:HÁ�Ä ¶ :cÌ » Á ´ :�:c>A5pÄZ¿ ¶ Ä)Ác>A576#Þ�> ¶ 87Ä ¶ º ð Î ð ´ 6�Ác> ¶ : ¶ 6 : ¶ Ác>A5pÁ�Ác8{87Í�Á?5 ´ 6�5 ò û�+
î ð Ì9¿9¿ ¶ Ä{Í�87Ì96 Æ 876úÁc> ¶ 6�Ì9º�Í ¶ Ä�8p¸ ¶W»�¶ º ¶ 6PÁZ5pÄ ¼ 5pÄ?=�: Ã Ác> ¶ 6�Ì9º�Í ¶ Ä�87¸ ´ 6;Á ¶ Ä?: ¶ =�Á ´ 8;6
¿�8 ´ 6PÁZ:?Ë{876\ý Æ�Ã Ý ½ Ë"Å�á ¶-Æ 8�6A8pÁ�>A5 µ;¶ Ác8 ¶�â = » Ì Æ�¶ 5 »�»M´ ÄZÄ ¶WÀ Ì » 5pÄ ´ 6PÁ ¶ ÄZ: ¶ ="Á ´ 876A:WÎ�ÇQÁ ´ :
:cÌ { = ´¢¶ 6PÁ}Ác8�5;:c:cÌ9º ¶ Ác> 5KÁ�698�:cÌA=?> ´ 6;Á ¶ Ä?: ¶ =�Á ´ 8;6 8�=�=�Ì9Ä?:}876Âý Æ�Ã Ý ½ Ë"Î�â/8Ká ¶�µ;¶ ÄEÅ�¸ç87Ä
:c87º ¶ Á ¶ =?>96 ´ =�5 » Ä ¶ 5;:H8;6A:�ÅAá ¶ >A5 µ7¶ Í ¶�¶ 6úÌ96A57Í »¢¶ Ác8 ¶ :HÁZ5pÍ »�´ :H>�Þ�> ¶ 87Ä ¶ º ô�Î¢î_á ´ Ác>98;Ì�Á
ÁZ> ¶ 5 Æ9Æ�´ Á ´ 876A5 » 5;:c:cÌ9ºk¿�Á ´ 876kÁZ>A5KÁ�5 »¢» º ¶ º�Í ¶ Ä?:487¸ ½ 57Ä ¶�Ï?ÐpÔ � ÚcÛ Î õ ¶ ="8;6Kà ¶ ="ÁcÌ9Ä ¶ Ác> 5KÁ
ÁZ> ´ :&57:Z:HÌ9ºk¿�Á ´ 8;6�=W5p6�Í ¶_Æ Äc8;¿9¿ ¶EÆ Î

ÇQÁ ´ :#6987Á�>A57Ä Æ Ác8 :c>98Ká ÁZ>A5KÁ#Ác> ¶ ="8 ¶O{ = ´�¶ 6PÁ�8p¸Gï ´ 6·Þ�> ¶ 87Ä ¶ º ô�Î¢î�=W5p696A8pÁ�Í ¶
Ä ¶ ¿ » 57= ¶WÆ Í ¼ 5p6 ¼ =�876A:HÁZ576;Á�:cºk5 »�»¢¶ Ä�ÁZ>A5p6 ð Î

ÇQ¸&á ¶ á�5p6PÁ_Ác8 À7¶ Á�5�698;6�ü�ÁcÄ ´�µ�´ 5 »&Ã¹´ Î ¶ Î¢Å�:HÌ9Í¤óPÌA5 Æ ÄZ5pÁ ´ =WË{Ì9¿A¿ ¶ Ä�Í�87Ì96 Æ 876¥B#Å�á ¶
>A5 µ;¶ ÁZ8 »�´ º ´ Á�Ác> ¶ 6�Ì9º�Í ¶ Ä�8p¸�Á ´ º ¶ :kÁSá08¾Í�87ÌA6 Æ 5pÄ ¼ =�Ì9Ä µ;¶ :k5pÄ ¶ 5 »¢» 8Ká ¶WÆ Ác8Â=�Äc8P:c:
¶ 57=?>k8pÁZ> ¶ ÄEÎ;ý0Ì�Á ¶Wµ7¶ 6�Ì96 Æ�¶ ÄM:cÌA=?>-5p6�57:Z:cÌ9ºk¿�Á ´ 876�á ¶ =�57696987Á ¶"â ¿ ¶ =�Á�5 ØaÓ|Ô�Ú?Õp× Ì9¿9¿ ¶ Ä
Í�87Ì96 Æ Î�Þ�> ¶ Ä ¶�´ :#5�¸¹57º ´¢»¢¼ 8p¸&û Æ9´ : � :�576 Æ Ä ¶ ="ÁZ5p6 À7»¢¶ : ´ 6 À7¶ 6 ¶ Ä?5 » ¿�8;: ´ Á ´ 876 ´ 6\ÁZ> ¶
¿ » 5p6 ¶ :c5pÁ ´ :S¸ ¼�´ 6 À B ^ & Ã û ý:9�ü Ë�Î)Þ�> ¶ Í ¶ :HÁ�¿ 8P: ´ Á ´¢µ7¶ Ä ¶ :cÌ » Á ´ 6åÁc> ´ : Æ�´ Ä ¶ =�Á ´ 8;6 ´ :{ÁZ> ¶
¸ç8 »�» 8Ká ´ 6 À Î²:³ t	´As�t	¢;-'¨~¦'¨ Ã é ê ïçË ø Ú"ÖA½ÂÒ?Ú�Õ W ÕKÑ#Ó|ØaÜ�Ð W�û ä�Ó|Ñ/Ù¤ØaÜ�Ï?ÐKÔ Ô�Ú?Ï"ÖdÚ ã ×cÚQù7Ó¹ÐKÔAä�Ó|Ô�Ö�©AÚ�Ù¤Ø�ÕKÔ¤Ú ÷÷rcEÙ7ÙAÐbä�ÚkÖ/©9ÕKÖ&Ö�©AÚ"Ü�ÕK×ZÚ-Ò?Ð�c�Ô ã Ú ã Ò"Ü�ä�Ó|Ñ/Ù¤Ø�Ú�Ï�Ø�ÐKä"Ú ã Ï�c�× � Ú�ä#Ó|Ôúù;Ú�Ô�Ú�×cÕpØ�Ù9ÐKä?Ó|Ö�Ó¹ÐKÔAª&ÕKÔAÜ
Ö¯b4Ð�Ð W b�©�Ó¹Ï­©�Ó|Ô ÖQÚ�×?ä�Ú?Ï"ÖMÓ|Ô¾ÕKÖMÑkÐKä�Ö � ÙAÐKÓ|ÔAÖNä­ª�b�©9Ú�×cÚ � Ó�ä�Õ�ÏZÐpÔ9ä�ÖdÕKÔAÖ ÷¬ ©9Ú�Ô�Ö/©9Ú�×cÚ{ÚZÛ7Ó�ä�ÖNä=< ^ <�Ã �bË>�·í ädcAÏ�©�Ö�©AÕKÖ)Ö�©AÚ&Ô�c�ÑkÒ?Ú�× B Ð W ×cÚQù
c�Ø�ÕK×/Ó|Ô ÖQÚ�×?ä�Ú?Ï"Ö�Ó¹ÐKÔ
ÙAÐKÓ|Ô Ö¹ä�ÐKÔ ý Æ�Ã Ý ½ Ë ä�ÕpÖNÓ�ä@?MÚ"äA Ó B B ^ RkÃ û KDCFE ËHGA Ó|Ó B B ^ RkÃ û JJI û ��K Ë�W ÐK×�ÕpÔAÜ �L��í ª�Ù¤×cÐ � Ó ã Ú ã Ö/©9ÕKÖ*Ú � Ú�×�Ü�Ñ�Ú�ÑkÒ?Ú�×�Ð W ½\Ó�ä�Ï?ÐKÔ � ÚZÛ ÷
M ���Z� °&«&²H®4«�®�àUà­�)¬\¬�­A²���«Z�¡�����·�N3¾®4°&«M¬9²H«Z�O�&®¡���"�
Þ�> ¶ =�876A:HÁcÄZÌA=�Á ´ 8;6È5KÁkÁZ> ¶ Í ¶WÀ7´ 696 ´ 6 À 8p¸ Ù�¶ =�Á ´ 8;6Èì Å*:H>98Ká ´ 6 À Ác>A5pÁ#ÁZ> ¶ Ì96 ´ 876 8p¸�û
ÁZÄ ´ 5p6 À;»�¶ :�º�5 ¼ >A5 µ7¶:øOcAÕ ã ×cÕKÖ�Ó¹Ï =�87ºk¿ »¢¶"â�´ Á ¼ ÅKÌA: ¶ : ¶�â ÁZÄ ¶ º ¶�»¢¼ 6A57ÄcÄZ8KáÂÁcÄ ´ 5p6 À;»�¶ :�ÎbÇQÁ4á�57:
¿9ÄZ8 µ7¶EÆ�´ 6 é ê íbï�ÁZ>A5KÁ ´ ¸0á ¶ Ä ¶ :SÁZÄ ´ =�Á{>98Ká 6A57ÄcÄZ8Ká Ác> ¶ ÁZÄ ´ 5p6 À7»¢¶ :{=�576úÍ ¶ Å�á ¶ =W5p6¾:SÁ ´�»¢»
¶ :SÁ?5pÍ »¢´ :c>�5#6 ¶ 5pÄ »�¼k»¢´ 6 ¶ 5pÄ�Ì9¿A¿ ¶ Ä�Í 8;Ì96 Æ 876�Ác> ¶ ="8;ºk¿ »�¶�â�´ Á ¼ 87¸.Ác> ¶�´ Ä�Ì96 ´ 876�Î�Q98;Ä/5p6 ¼< � íAÅ95�ÁcÄ ´ 576 À7»¢¶{´ :�:Z5 ´�Æ ÁZ8�Í ¶P<	± W ÕpÖ�´ ¸ ¶ 57=?>�87¸ ´ ÁZ:&5p6 À;»�¶ : ´ :/5pÁ »¢¶ 5;:SÁ < Î
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²:³ t	´As�t	¢RQ"¨�ur¨ Ã é ê ípï|Ë6S ÐK×#ÕKÔAÜT?�Û�Ú ã < � í ª4Ö/©9ÚkÒ?Ð�c�Ô ã Õp×�Ü�Ð W Ö�©AÚ:c�Ô Ó¹ÐKÔÂÐ W�û <	± W ÕpÖ
Ö�×�Ó¹ÕKÔPù7Ø�Ú"ä_Ó|ÔúÖ/©9Ú�Ù�Ø�ÕpÔ�ÚkÏ?ÐKÔ9ä�Ó�ä�ÖNä_Ð W ÕKÖ0ÑkÐKä�Ö�RkÃ û » 8 À4» 8 À û.Ë Ú�Ø�Ú�ÑkÚ�ÔAÖdÕK×�Ü�Õp×cÏ"ä ÷

ý ¼ 5�: »¢´�À >;Á�ºk8 Æ�´ T�=�5KÁ ´ 8;6�87¸�Ác> ¶ =�876A:HÁcÄZÌA="Á ´ 876�87¸ õ ´¢¶ ÄZ6 ´z� 576 ÆÔÙ >A5pÄ ´ Ä é ì ò ï.= ´ Á ¶WÆ
5K¸|Á ¶ Ä�Þ�> ¶ 87Ä ¶ º ê Î ð Å�8;6 ¶ =W5p6 ¶ 57: ´¢»�¼�À;´�µ;¶ 5p6 ¶"â 5pºk¿ »¢¶ 8p¸�û ¶ óPÌ ´¢» 5pÁ ¶ Ä?5 »�Ã@U 0 ê ü�¸¹5KÁ�Ë*ÁZÄ ´ ü
5p6 À7»¢¶ :WÅpá�>98;: ¶ Ì96 ´ 876k>A5;:*5_: »�´¢À >PÁ »�¼ :HÌ9¿ ¶ Ä »¢´ 6 ¶ 5pÄ�Í�87Ì96 Æ 5pÄ ¼ =�87ºk¿ »¢¶"â�´ Á ¼�Ã & Ã û'í Ã û.ËcËHË�Î

³�´¢µ7¶ 6�5}¸¹5pº ´¢»�¼k½ 87¸.: ´ ºk¿ »�¼ =�87696 ¶ =�Á ¶WÆ Ä ¶�À;´ 8;6A: ´ 6�ÁZ> ¶ ¿ » 576 ¶ Å�5�=�87696 ¶ =�Á ¶WÆ =�87º#ü
¿�876 ¶ 6;Á�8p¸�Ác> ¶ ="87ºk¿ »¢¶ º ¶ 6;Á/87¸4Ý ½ ´ :&=�5 »�»¢¶WÆ 5 ©AÐKØ�Ú�Æ�¶ Á ¶ ÄZº ´ 6 ¶EÆ Í ¼-½ Î Þ�> ¶ ¿AÄc8�8p¸�8p¸
Þ�> ¶ 87Ä ¶ º ò Î�î ´ :_Í 57: ¶WÆ 876¾Ác> ¶ ¸¹57="Á_Ác>A5pÁ ¶�µ;¶ Ä ¼ ¸¹57º ´¢»¢¼ 8p¸�û < ü�¸¹5KÁ}ÁcÄ ´ 5p6 À;»�¶ : ´ 6åÁZ> ¶
¿ » 5p6 ¶}Æ�¶ Á ¶ Äcº ´ 6 ¶ :�5KÁ�ºk8;:HÁ�5 »¢´ 6 ¶ 57Ä06�Ì9º�Í ¶ Ä�8p¸�>A8 »¢¶ :WÎ�Þ�> ¶ :HÁcÄZ876 À;¶ :HÁ � 698Ká�6�Í 8;Ì96 Æ
8p¸)Ác> ´ :�Á ¼ ¿ ¶}´ :0ÁZ> ¶ ¸ç8 »¢» 8Ká ´ 6 À Î²:³ t	´As�t	¢VQ'¨�¦�¨ Ã é ê7ò ïçË è�Ô Ü W ÕKÑ#Ó|ØaÜÂÐ W�û <	± W ÕKÖ}Ö�×�Ó¹ÕKÔ�ùpØ¢Ú�ä�Ó|Ô·Ö/©9Ú�Ù¤Ø�ÕKÔ¤Ú ã Ú�ÖQÚ�×�Ñ#Ó|Ô�Ú"äR � P E » 8 À KE � ©9ÐpØ�Ú�ä ÷G¬ ©�Ó�ä�Ò?Ð�c�Ô ã Ó�ä}ÖNÓiù�©�ÖLcEÙ ÖdÐ�Ö/©9Ú�Ø�ÐcùPÕK×�Ó|Ö/©�Ñ#Ó¹Ï W Õ7Ï�ÖdÐK× ÷

Þ�> ´ :�Ä ¶ :cÌ » Á�=W5p6�Í ¶ ÌA: ¶WÆ Ác8 ¶ :SÁ?5pÍ »¢´ :c> 5åºk87Ä ¶�À;¶ 6 ¶ ÄZ5 » Ì9¿9¿ ¶ Ä-Í�87ÌA6 Æ ¸ç87Ä�ÁZ> ¶
6�Ì9º�Í ¶ Ä&8p¸�>A8 »¢¶ : Æ�¶ Á ¶ ÄZº ´ 6 ¶WÆ Í ¼ 5�¸¹5pº ´�»¢¼ 87¸�ÁZÄ ´ 5p6 À7»¢¶ :0á ´ ÁZ> À7´¢µ7¶ 6�5p6 À7»¢¶ :WÎ²:³ t	´As�t	¢WQ'¨~Õ'¨ Ã é ê;ò ïçË ø Ú�Ö¤½ ^ e H J < H K <OMNMOMO< H P j Ò?Ú_Õ W ÕpÑ�Ó|ØiÜ�Ð W0û�� î ÖN×�Ó¹ÕpÔPù7Ø�Ú"ä�Ó|Ô
Ö/©9Ú�Ù¤Ø�ÕKÔ¤Údª/ÕKÔ ã Ø�Ú"Ö í`Y_ã Ú�Ô�ÐpÖQÚ�Ö�©AÚ�ä?Ñ�ÕKØ|Ø¢Ú�ä�Ö�ÕpÔPù7Ø�Ú�Ð WÖHLY Ã îX7 ð67 û.Ë ÷ ÷�cEÙ;Ù9ÐKä�Ú í�ùí�J�77í`K�7ZY�YDY�7 í`P ª�ÕpÔ ã Ø�Ú�Ö"å 7·û ÒZÚ�Ö/©9Ú}Ø�ÕK×NùPÚ"ä?Ö4Ó|ÔAÖdÚ�ùPÚ�×/ä�ÕKÖ�Ó�ä W ÜKÓ|ÔPùL[ äYzy J í Y ù U ÷¬ ©9Ú�Ô_½ ã Ú�ÖQÚ�×�Ñ#Ó|Ô�Ú"ä�RkÃ û å0» 8 À[å Ë ©9ÐKØ¢Ú�ä ÷ S c�×�Ö�©AÚ"×�Ñ�ÐK×ZÚdªtÖ/©9Ú�×cÚ�ÚZÛ;Ó�ä�Ö¹ä/Õ W ÕpÑ�Ó|ØaÜ/½ \ ^e H]\J < H]\K <NMOMNM�< H]\P j < b�©9Ú�×cÚ H]\Y Ó�ä{Ó�ä�ÐKÑ�ÐK×�ÙA©�Ó¹Ï#ÖdÐ HLY ÕpÔ ã ½ \0ã Ú�ÖQÚ�×�Ñ�Ó|Ô¤Ú�ä & Ã û å Ë ©9ÐpØ�Ú�ä ÷

ÇQ¸�á ¶ ="8;6A: ´�Æ�¶ Ä Ó|Ô\?*ÔAÓ|ÖdÚÖb4Ú ã ù;Ú"ä�Ã¹´ Î ¶ Î¢Å9="8;6 µ;¶"â =�876 ¶ :ZË4ÄZ5pÁc> ¶ Ä0Ác>A576�ÁZÄ ´ 5p6 À;»�¶ :�ÅPÁZ> ¶ 6
Ác> ¶ :c57º ¶ Í 8;Ì96 Æ >98 »¢Æ :.698pÁ�8;6 »¢¼ ¸ç87Ä�Ác> ¶ 6�Ì9º�Í ¶ Ä.87¸ ©AÐKØ�Ú"ä ÅWÍ9Ì9Á)5 » :c8M¸ç8;ÄtÁc> ¶�Ï?ÐKÑ&Ù�Ø�ÚZÛ;Ó|ÖNÜ
8p¸�Ác> ¶ Í�87Ì96 Æ 5pÄ ¼ 87¸_Ác> ¶ ÌA6 ´ 8;6�Î�Þ�> ¶ ¸ç8 »¢» 8Ká ´ 6 À Ä ¶ :cÌ » Á�:HÁcÄ ¶ 6 À Ác> ¶ 6A:�:H8;º ¶ ¶ 5pÄ »�´¢¶ Ä
Í�87Ì96 Æ : ´ 6 é î�ìKïQÎ²:³ t	´As�t	¢]Q"¨^$�¨ Ã é ê7ò ï|Ë ø Ú"Ö�½ Ò?Ú�Õ W ÕpÑ�Ó|ØiÜÂÐ W#û b4Ú ã ùPÚ�ä�Ó|Ô Ö�©AÚ�Ù�Ø¢ÕKÔ�ÚÚb�Ó|Ö�© ÕpÔPù7Ø�Ú"ä
í ù í�J_7 í`K`7;Y�YDY�7 í�P ù U ÷�ø Ú�Ö]å 7 û ÒZÚ Ö/©9ÚúØ�ÕK×�ù;Ú"ä�Ö#Ó|Ô ÖQÚQùPÚ"×�ä"ÕpÖNÓ�ä W ÜKÓ|Ô�ù[ äYzy J í�Y�ù U ÷a W å ¶ ð ª/Ö/©9Ú�ÔÈÖ/©9Ú�ÒZÐ�c�Ô ã ÕK×�Ü Ï?ÐKÑ&Ù�Ø¢ÚcÛ;Ó|Ö�Ü Ð W�Ý ½ Ó�ä�RkÃ û å0» 8 ÀLå Ë ÷ S c�×�Ö/©9Ú�×�ÑkÐp×cÚdª
Ö/©9Ú�×cÚ�ÚcÛ;Ó�ä�Ö¹ä�Õ W ÕKÑ#Ó|ØaÜ¾Ð W_û b4Ú ã ùPÚ�ä b�Ó|Ö/©·ÕKÔPù7Ø�Ú"ä í J < í K <NMOMOMN< í P ªZb�©�Ó¹Ï­© ã Ú�ÖQÚ�×�Ñ#Ó|Ô�Ú"ä& ÃZÃ@U +ví P ËSû å Ë ©AÐKØ�Ú"ä ÷

Þ�> ¶ ="8;6A= ¶ ¿�Á�87¸ < üN¸¹5pÁc6 ¶ :c:WÅ¤57:�á ¶W»�» 57:�Þ�> ¶ 87Ä ¶ º ò Î ð Å�>A57:�Í ¶�¶ 6 ¶"â Á ¶ 6 Æ�¶EÆ ÁZ8�5pÄcü
Í ´ ÁcÄ?5pÄ ¼ ¿�8 »¢¼�À 876 :�Í ¼�µ 5p6%b{Ä ¶�µ7¶W»¢Æ é ðpò ïQÎ�QA87Ä/87Ác> ¶ Ä ¶"â Á ¶ 6A: ´ 8;6A:/576 Æ�À7¶ 6 ¶ Ä?5 »¢´�ß 5KÁ ´ 876 :�Å
: ¶�¶ é ê ñbïQÅ é ê |Eï�Å é îbôEïQÅ é î ê ïQÅA5p6 Æ é î ð ïQÎ
c d �)¬·®e	>fX�.±�¬I�È²H«��X�Z��±Ø�
è 576 ¼ 8p¸�Ác> ¶ ÁZ> ¶ 8;Ä ¶ ºk: ´ 6#¿9Ä ¶Wµ�´ 8;ÌA:�: ¶ =�Á ´ 8;6A:�>A5 µ7¶ 6A5pÁcÌ9Ä?5 »�À;¶ 6 ¶ ÄZ5 »�´¢ß 5pÁ ´ 876A:.Ác8}> ´¢À > ¶ Ä
Æ�´ º ¶ 6A: ´ 8;6A:WÎKÇd6_Ác> ´ :�: ¶ ="Á ´ 876�ÅKá ¶ º ¶ 6;Á ´ 8;6�8;6 »�¼ 5/¸ ¶ á ê ü Æ�´ º ¶ 6A: ´ 8;6A5 » Ä ¶ :cÌ » Á?:�Î ³�´¢µ7¶ 6#5
¸¹5pº ´¢»�¼k½ 87¸ ê ü Æ�´ º ¶ 6A: ´ 8;6A5 » Í�8 Æ9´�¶ :�Å�5p6 Ú ã ùPÚ 8p¸�ÁZ> ¶�´ Ä�Ì96 ´ 876 ´ : Æ�¶ TA6 ¶WÆ 57:05�º�5 â�´ º�5 »
="8;696 ¶ =�Á ¶EÆ 5pÄ?=&8;6�ý Æ�Ã Ý ½ Ë"Å9á�> ´ =?>�Í ¶W» 8;6 À :MÁc8kÁSá08 Æ�´ :HÁ ´ 6A="Á&º ¶ º�Í ¶ Ä?:�8p¸ ½ Î9þ ¿ 8 ´ 6PÁ
8p¸�ý Æ.Ã Ý ½ Ë�ÅKÍ ¶�» 876 À;´ 6 À Ác8 Ö/©�×cÚ?Ú)Æ�´ :SÁ ´ 6A="Á�º ¶ º�Í ¶ Ä?:.87¸ ½-´ :)=W5 »¢»�¶EÆ 5 � Ú�×�ÖQÚZÛ ÎKþÈº�5 â�´ º�5 »
="8;696 ¶ =�Á ¶EÆ ð ü Æ�´ º ¶ 6A: ´ 8;6A5 » ¿ ´�¶ = ¶ 87¸*ý Æ.Ã Ý ½ Ë�Å�á�> ´ =?>�Í ¶W» 8;6 À :/Ác8�5-: ´ 6 À7»¢¶ º ¶ º�Í ¶ Ä&8p¸
½ Å ´ :*5)W Õ;ÏZÚ Î�Þ�> ¶�Ï?ÐKÑ&Ù�Ø�ÚZÛ;Ó|ÖNÜ 87¸�ÁZ> ¶ Í�87Ì96 Æ 5pÄ ¼ 87¸tÝ ½�´ : Æ�¶ T 6 ¶WÆ 5;:�Ác> ¶ Ác8pÁ?5 » 6PÌAº�Í ¶ Ä
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87¸ µ;¶ ÄcÁ ´ = ¶ :WÅ ¶EÆ�À7¶ :�ÅA576 Æ ¸¹57= ¶ :�87¸�ÁZ> ¶ Í�87Ì96 Æ 5pÄ ¼ ÎAÞ�> ¶ : ¶ 6�Ì9º�Í ¶ ÄZ:&5pÄ ¶ Ä ¶W» 5pÁ ¶WÆ ÁZ8�876 ¶
57698pÁZ> ¶ Ä µ�´ 5×�4Ì »�¶ ÄN& :8Q98;Äcº�Ì » 59Î@ ¶ Á ½ Í ¶ 5�=�8 »¢»�¶ =�Á ´ 876�8p¸�ÁZ87¿�8 » 8 À7´ =�5 » ÍA5 »¢» : ´ 6�Ç É ü :cÌA=?>�Ác> 5KÁ�Ác> ¶_´ 6PÁ ¶ Ä?: ¶ =�Á ´ 876�87¸
576 ¼ ÁSá08�8p¸�ÁZ> ¶�´ Ä#:cÌ9Äc¸¹57= ¶ : ´ : ¶�´ Ác> ¶ Ä ¶ º#¿9Á ¼ 8;Ä ´ :�5ú: ´ ºk¿ »�¶ = » 8;: ¶WÆ =�Ì9Ä µ7¶ Å)5p6 Æ ÁZ> ¶
´ 6PÁ ¶ Ä?: ¶ =�Á ´ 8;6�87¸�5p6 ¼ Ác>AÄ ¶W¶ :HÌAÄH¸¹5;= ¶ :�=�876A: ´ :SÁ?:�8p¸�5KÁ*ºk8;:HÁ�ÁSá08}¿ 8 ´ 6PÁZ:WÎ7Þ�> ¶ 6 ½�´ :*=�5 »�»¢¶WÆ
5k¸¹57º ´�»¢¼ 8p¸ Ù ä�ÚOc ã Ð�±HÒZÕpØ|ØTä Î�Þ�5 ��´ 6 À Ác> ¶�´ 6PÁ ¶ ÄZ: ¶ ="Á ´ 876�87¸�Ác> ¶ :HÌAÄH¸¹5;= ¶ 87¸ ¶ 57=?>�º ¶ º�Í ¶ Ä
87¸ ½ á ´ Ác> 5 »¢» ÁZ> ¶ 8pÁc> ¶ Ä�º ¶ º�Í ¶ ÄZ:WÅ45p6 Æ 57¿9¿ »¢¼P´ 6 À Þ�> ¶ 87Ä ¶ º ð Î ð Ác8¾Ác> ¶ Ä ¶ :HÌ » Á ´ 6 Àð ü Æ�´ º ¶ 6A: ´ 876A5 » 57ÄcÄ?5p6 À7¶ º ¶ 6;Á?:�ÅPá ¶ 87Í�Á?5 ´ 6Ñ ´�s�´rÒ�Ò$¤�s�Óhg'¨�ur¨ Ã é ð ìKï|Ë ¬ ©9Ú_Ï?ÐpÑ/Ù¤Ø�ÚcÛ;Ó|Ö�ÜkÐ W Ö/©9Ú�ÒZÐ�c�Ô ã ÕK×�Ü�Ð W Ö�©AÚ]c�ÔAÓ¹ÐpÔ�Ð W4û Ù ä�ÚOc ã Ð�±
Ò?ÕKØ|Øaä{Ó|Ô Ç É ü Ó�ä�RkÃ û K Ë ÷)¬ ©�Ó�ä�Ò?Ð�c�Ô ã Ó�ä�Õbä�ÜKÑ/Ù¤ÖQÐpÖNÓ¹Ï?ÕpØ|ØaÜ�Ö�Óiù!©�Ö ÷

þ/6A8pÁc> ¶ Ä À;¶ 6 ¶ ÄZ5 »�´¢ß 5pÁ ´ 876#8p¸tÞ�> ¶ 8;Ä ¶ º ð Î ð ¿9Äc8 µ�´�Æ�¶ :�576kÌ9¿9¿ ¶ Ä*Í�87Ì96 Æ 876#Ác> ¶ =�87º#ü
¿ »¢¶"â�´ Á ¼ 8p¸/ÁZ> ¶ :c¿A5;= ¶ 87¸/¸çÄ ¶W¶ ¿ » 57= ¶ º ¶ 6PÁ?:�87¸�5ú=�876 µ7¶�â ¿�8 »¢¼ > ¶WÆ Ä?5 » ÄZ87Í�8pÁ�á�> ´ =?> ´ :
5 »�» 8Ká ¶EÆ ÁZ8�ÁZÄZ576A: » 5pÁ ¶ 5pº ´�Æ :SÁ/¿�8 »¢¼ > ¶WÆ ÄZ5 » 8;ÍA:HÁZ57= »�¶ : ´ 6 ê üQ:c¿A57= ¶ Î²:³ t	´As�t	¢ig'¨~¦'¨ Ã é ìpïçË ø Ú"Ö e H8J < HLK <NMOMNM�< HLPØj Ò?Ú�Õ W ÕpÑ�Ó|ØaÜ�Ð W Ù9ÕpÓ|×db�Ó�ä�Ú ã Ó�ä�«�ÐKÓ|Ô ÖMÏ?ÐKÔ � ÚZÛÙAÐKØaÜN©AÚ ã ×cÕpØ�jdÐ7Ò"ä�ÖQÕ;Ï"Ø¢Ú�älkúÓ|Ô Ç É ü b�Ó|Ö�© ÕÈÖQÐpÖQÕpØ�Ð W)m W Õ7Ï?Ú"ä­ªkÕKÔ ã Ø¢Ú"Ö B Ò?Ú¾Õ Ï?ÐKÔ � ÚZÛ
ÙAÐKØaÜN©AÚ ã ×cÕpØLj�×cÐ7Ò?ÐpÖ�ªnk:b�©9ÐKä"Ú�ÔAc�Ñ�Ò?Ú"×_Ð W�W Õ7Ï?Ú"ä_Ó�ä_Õ�Ï?ÐKÔ9ä�ÖdÕKÔ Ö ÷¬ ©9Ú�Ô%Ö/©9Ú�Ï?ÐKÑ&Ù�Ø¢ÚcÛ;Ó|Ö�ÜåÐ W Ö/©9ÚÚc�ÔAÓ¹ÐKÔ%Ð W Ö/©9Ú8jQÚZÛ"Ù9ÕpÔ ã Ú ã Ð;Ò�ä�ÖdÕ7Ï�Ø�Ú�älk H8J�_ Ã +)B}Ë <HLK¡_ Ã +)B}Ë <OMNMOM�< HLP]_ Ã +)B}Ë Ó�äZRkÃ ûom » 8 À û.Ë ÷ a Ô�Ö/©9Ú:b4ÐK×?ä�Ö0Ï?ÕKä"Ú�Ö/©�Ó�ä�Ò?Ð�c�Ô ã ÏZÕpÔAÔ¤ÐKÖÒ?Ú�Ó|Ñ/Ù¤×cÐ � Ú ã ª0Õ?Ù9Õp×�Ö W ×ZÐKÑ�Ö�©AÚ_Ø�ÐZùPÕK×�Ó|Ö/©�Ñ#Ó¹Ï W Õ7Ï�ÖQÐp× ÷Q98;Ä�Ác> ¶ =W57: ¶ Å�á�> ¶ 6�Ác> ¶ ÄZ87Í�8pÁ ´ :�5�Í 5 »¢» Å9á ¶ >A5 µ7¶ 5k: ´ º ´¢» 57Ä�Ä ¶ :HÌ » ÁWÎ²:³ t	´As�t	¢ g�¨~Õ'¨ Ã é ð ï|Ë ø Ú�Ö e H8J < HLK <NMOMNM j Ò?Ú¾Õ W ÕpÑ�Ó|ØaÜ�Ð W ÙAÕKÓ|×db�Ó�ä�Ú ã Ó�ä�«�ÐpÓ|ÔAÖ�Ï?ÐKÔ � ÚZÛÙAÐKØaÜN©AÚ ã ×cÕpØpjdÐ7Ò"ä�ÖQÕ;Ï"Ø¢Ú�älk�Ó|Ô Ç É ü b�Ó|Ö/©úÕ�ÖQÐpÖQÕpØ)Ð W6m W Õ;ÏZÚ"ä­ª�ÕpÔ ã Ø�Ú�Ö B Ò?Ú#Õ�Ò?ÕpØ|Ø ±Qä;©9ÕZÙAÚ ãj�×cÐ7Ò?ÐpÖ ÷ k¬ ©9Ú�Ô%Ö/©9Ú�Ï?ÐKÑ&Ù�Ø¢ÚcÛ;Ó|Ö�ÜåÐ W Ö/©9ÚÚc�ÔAÓ¹ÐKÔ%Ð W Ö/©9Ú8jQÚZÛ"Ù9ÕpÔ ã Ú ã Ð;Ò�ä�ÖdÕ7Ï�Ø�Ú�älk H8J�_ Ã +)B}Ë <HLK[_ Ã +)B}Ë <NMOMNM�< HLP:_ Ã +)B}Ë Ó�äZRkÃ m K ��K Ë�W ÐK×#Ú � Ú"×�Ü �p� í ÷

Çd6 ¿A5pÄcÁ ´ ="Ì » 5pÄEÅ)Ác> ¶�» 57:HÁ�Ä ¶ :HÌ » Á�:H>98Ká/:�ÁZ>A5KÁkÁc> ¶ =�87ºk¿ »¢¶"â�´ Á ¼ 8p¸&ÁZ> ¶ Ì96 ´ 876 8p¸�û
=�876 À ÄcÌ ¶ 6PÁ ´ 6�T 6 ´ Á ¶ = ¼P»¢´ 6 Æ�¶ Ä?: ´ 6\Ç É ü ´ :_8;6 »�¼ 5KÁ�º#8P:SÁ#: »¢´�À >PÁ »¢¼ :cÌ9¿ ¶ Ä?ó;Ì 5 Æ Ä?5KÁ ´ =7Î�q/8
698;6�ü�ÁcÄ ´�µ�´ 5 »tÃ :cÌ9Í¤="Ì9Í ´ =WË�Ì9¿9¿ ¶ Ä*Í�87Ì96 Æk´ : � 698Ká�6�¸ç87Ä ´ 6�TA6 ´ Á ¶ = ¼�»�´ 6 Æ�¶ ÄZ:�á ´ Ác>-57ÄcÍ ´ ÁZÄZ57Ä ¼
Ä?5 Æ�´¢´ Î

Þ�> ¶ 87Ä ¶ º ê Î ð >A5;:0Ác> ¶ ¸ç8 »�» 8Ká ´ 6 À 576A5 » 8 À Ì ¶ Î²:³ t	´As�t	¢rg'¨^$�¨ Ã é ê ìpïçË ¬ ©9Ú¾ÏZÐpÑ/Ù¤Ø�ÚZÛ7Ó|Ö�ÜÈÐ W Ö/©9ÚDcEÙ7ÙAÚ"×�Ú�Ô � Ú"Ø�Ð?Ù9Ú¾Ð Wkû Ô�ÐpÔA± � Ú"×�Ö�Ó¹Ï?ÕKØ
Ö�×�Ó¹ÕKÔ�ùpØ�Ú"ä}Ó|Ô Ç É ü Ó�ä)RkÃ û K í Ã û.ËcË ÷G¬ ©�Ó�ä�ÒZÐ�c�Ô ã Ó�ä_ÕKä�ÜKÑ/Ù¤ÖQÐpÖNÓ¹Ï?ÕKØ|ØiÜ�Ö�Óiù!©�Ö ÷

þ :c87º ¶ á�>A5pÁ}á ¶ 5 �7¶ Ä�¸ç87ÄZº 8p¸0Ác> ¶k» 57:HÁ_Ä ¶ :HÌ » Á ´ :{ÁcÄZÌ ¶k´ 6Â5�º�Ì =?> ºk87Ä ¶kÀ7¶ 6 ¶ Ä?5 »
: ¶ ÁcÁ ´ 6 Àts Ác> ¶ =�87ºk¿ »¢¶"â�´ Á ¼ 87¸�Ác> ¶ Ì9¿A¿ ¶ Ä ¶ 6 µ7¶W» 8;¿ ¶ 8p¸.û Ã .G+ÂîEËQü Æ�´ º ¶ 6A: ´ 8;6A5 » 5 »¢À7¶ Í9Ä?5 ´ =
:cÌ9Äc¸¹57= ¶ ¿A5pÁZ=?> ¶ : ´ 6#Ç É�ÊpÅp:Z5KÁ ´ :H¸ ¼�´ 6 À :c87º ¶ 6A5KÁZÌ9Ä?5 » ="8;6 Æ�´ Á ´ 876A:WÅ ´ : RkÃ û Ê C�J ��K Ë�¸ç87Ä ¶Wµ7¶ Ä ¼�p�·í Ã : ¶�¶ é î ë ÅAì ð ïçË�Î

ÇQÁ�: ¶�¶ º�: »�´>�7¶W»�¼ Ác>A5pÁ&ÁZ> ¶ Ä ¶ :cÌ » Á?:�8p¸ Ù�¶ =�Á ´ 8;6 ò 5 » :H8 À;¶ 6 ¶ ÄZ5 »�´¢ß�¶ ÁZ8�> ´�À > ¶ Ä Æ�´ º ¶ 6�ü
: ´ 8;6A:WÎ�Þ�> ¶�´ 6PÁ ¶ Ä?: ¶ =�Á ´ 876ú8p¸�ÁSá08 Ã ÁZ>9Ä ¶�¶ Ë&>A5 » ¸|üd:H¿ 57= ¶ : ´ 6 À;¶ 6 ¶ ÄZ5 » ¿�8;: ´ Á ´ 8;6 ´ 6 ê üd:H¿ 57= ¶
´ :4=W5 »¢»�¶EÆ 5�ã Óz©AÚ ã ×cÕKØ A ×cÚ"ä�Ù ÷ ª�ÖN×�Óz©AÚ ã ×cÕpØ B�b4Ú ã ùPÚ ÎPþ á ¶EÆ�À7¶_Ã Á ¶ ÁZÄZ57> ¶WÆ Äc8;6 Ë ´ :4=�5 »�»¢¶WÆ1<	± W ÕpÖ
´ ¸ ´ ÁZ: Æ�´ > ¶WÆ Ä?5 » 576 À7»¢¶�Ã Ä ¶ :c¿�Î�Å ¶ 57=?>�8p¸ ´ Á?:/:H8 »�´�Æ 5p6 À;»�¶ :ZË ´ :�5KÁ »¢¶ 57:HÁ < Î

õ ¶ ="8;6Kà ¶ ="ÁcÌ9Ä ¶ Ác>A5pÁ�Ác> ¶ =�87ºk¿ »¢¶"â�´ Á ¼ 8p¸)Ác> ¶ Ì96 ´ 876�8p¸�5p6 ¼ ¸¹57º ´¢»¢¼ 8p¸ < ü�¸¹5KÁ�Á ¶ ÁcÄ?5Kü
> ¶EÆ Ä?5 ´ 6ÂÇ É ü ´ :#5KÁ�º#8P:SÁ#: »¢´�À >PÁ »¢¼ :cÌ9¿ ¶ Ä?ó;Ì 5 Æ Ä?5KÁ ´ = ´ 6\û�Î�Þ�8ú¿AÄc8 µ;¶ ÁZ> ´ :�=�876Kà ¶ =�ÁcÌAÄ ¶
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¸ç87Ä Ï?ÐKÔPù7×dcAÚ�ÔAÖ Á ¶ ÁZÄZ57> ¶WÆ Ä?59Å ´ Á0áM8;Ì »¢Æ Í ¶ :cÌ { = ´¢¶ 6PÁ*ÁZ8�:c>98Ká Ác>A5pÁ4Ác> ¶ :c57º ¶ :SÁ?5KÁ ¶ º ¶ 6PÁ
>98 »¢Æ :�¸ç87Ä < ü�¸¹5KÁ�ÁcÄ ´ > ¶WÆ Ä?5 » á ¶WÆ�À;¶ :WÎ õ ¶ =W5p6�¿9ÄZ8 µ7¶ 876 »¢¼ 5#á ¶ 5 �;¶ Ä�Ä ¶ :HÌ » ÁEÎ²:³ t	´As�t	¢]g'¨u-'¨ Ã é ê7ê ïçË ¬ ©AÚ�Ï?ÐKÑ&Ù�Ø�ÚZÛ;Ó|ÖNÜÂÐ W Ö�©AÚ�Ò?Ð�c�Ô ã ÕK×�ÜåÐ W Ö�©AÚ�c�ÔAÓ¹ÐKÔ%Ð W_û <	± W ÕpÖ
ã Óz©AÚ ã ×cÕpØ�b4Ú ã ùPÚ"ä_Ó|Ô Ç É ü Ó�äZRkÃ û K ��K Ë�W ÐK×#Ú � Ú"×�Ü �p� í ÷

õ ¶�Æ 8�6987Á � 698Ká ÁZ> ¶ 576A:Há ¶ Ä�ÁZ8�Ác> ¶ ¸ç8 »¢» 8Ká ´ 6 À : ´ ºk¿ »¢¶ óPÌ ¶ :HÁ ´ 876 sA´ : ´ Á&ÁcÄZÌ ¶ Ác> 5KÁ
Ác> ¶ ="8;ºk¿ »�¶�â�´ Á ¼ 8p¸�Ác> ¶ Ì96 ´ 876ú8p¸�û\="Ì9Í ¶ : ´ 6úÇ É ü ´ :6v Ã û ü Ë á Çd6�¸¹5;=�ÁWÅ�á ¶�Æ 8-6987Á ¶Wµ7¶ 6� 698Ká á�> ¶ Ác> ¶ Ä/û¾="Ì9Í ¶ : ´ 6�Ç É ü 5 » á05 ¼ : Æ�¶ Á ¶ ÄZº ´ 6 ¶ 5pÁ/ºk8;:HÁwv Ã û ü Ë0>A8 »¢¶ :WÎ

ÇQÁ ´ :M698pÁ0>A5pÄ Æ ÁZ8�:c>98Ká�Ác>A5pÁ4ÁZ> ¶ =�87ºk¿ »¢¶"â�´ Á ¼ 87¸tÁc> ¶ Ì96 ´ 876�8p¸ ÕWÛ7Ó�äd±¢ÙAÕK×cÕpØ|Ø�Ú�Ø =�Ì9Í ¶ :
´ : RkÃ û K Ë{5p6 Æ Ác>A5pÁ{Ác> ´ :{Í 8;Ì96 Æ¾´ :}57: ¼ ºk¿�ÁZ8pÁ ´ =W5 »¢»�¼ Á ´�À >;ÁEÎtÇd6úÁZ> ¶ =�5;: ¶ 8p¸ Ï?ÐKÔPù7×dcAÚ�ÔAÖ
5 â�´ :SüQ¿A57ÄZ5 »�»¢¶�» =�Ì9Í ¶ :WÅ7ÁZ> ´ :MÍ�87Ì96 Æ =�576�Í ¶�´ ºk¿9ÄZ8 µ7¶EÆ Ác8 »¢´ 6 ¶ 57Ä é ñKïQÎXQA87ÄM=�876 À ÄcÌ ¶ 6PÁWÅ;Í9Ì�Á
6987Á/6 ¶ = ¶ :Z:c57Ä ´¢»�¼ 5 â�´ :Hü�¿ 5pÄ?5 »¢»�¶W» =�Ì9Í ¶ :�ÅAá ¶ >A5 µ;¶ ÁZ> ¶ ¸ç8 »¢» 8Ká ´ 6 À Ä ¶ = ¶ 6PÁ�Ä ¶ :cÌ » ÁWÎ²:³ t	´As�t	¢xg'¨yQ"¨ Ã é ê;ê ï|Ë ¬ ©9Ú/Ï?ÐpÑ/Ù¤Ø�ÚcÛ;Ó|Ö�Ü_Ð W Ö�©AÚ/Ò?Ð�c�Ô ã ÕK×�Ü}Ð W Ö/©9Ú�c�Ô Ó¹ÐKÔ�Ð W.û Ï?ÐKÔPù7×dcAÚ�ÔAÖÏOcAÒZÚ"ä}Ó|Ô Ç É ü Ó�ä)RkÃ û K �oK Ë�W Ðp×�Ú � Ú�×�Ü �L��í ÷
z d �)¬¥Üv�.¯)����� �|{§��¬�­I�"�����p�}�8�Ö��­A�*­I���T� ¬��Z��®*­~�
ÇQÁ�á05;:�:H>98Ká�6�Í ¼ b}5KÁZ876A5�5p6 Æ b{8 µ 5 »¢¶�µ é ð îpÅ ðpê ï�Ác>A5pÁ)¸ç8;Ä�5p6 ¼ ¸¹5pº ´¢»�¼}½ 87¸�=�876 µ7¶�â : ¶ ÁZ:
´ 6 Ç É Ê Å�Ác> ¶ 6�Ì9º�Í ¶ Ä{87¸ ©9ÐKØ¢Ú�ä Å ´ Î ¶ Î�Åt=�87696 ¶ =�Á ¶WÆ =�87ºk¿�876 ¶ 6;Á?:&87¸4Ç É Ê */Ý ½ Å ´ :�5pÁ�ºk8;:HÁ[ ÊYzy�� � P Y � Å�á ´ Ác> ¶ óPÌA5 »¢´ Á ¼ 876 »¢¼\´ ¸ ½ ="8;6A: ´ :HÁZ:#8p¸�> ¼ ¿ ¶ ÄZ¿ » 5p6 ¶ :�8;Ä�¿ 5pÄ?5 »¢»�¶W» :HÁcÄ ´ ¿A: ´ 6
À7¶ 6 ¶ Ä?5 » ¿�8;: ´ Á ´ 8;6�Î;Çd6�¸¹57="ÁWÅ ´ ¸)5p6 ¼ .�º ¶ º�Í ¶ Ä?:487¸ ½ >A5 µ7¶ 8;6 »¢¼ 5�Í�87Ì96 Æ9¶WÆ 6�Ì9º�Í ¶ ÄWÅ~�;Å
8p¸tÍ�87Ì96 Æ 5pÄ ¼ ¿�8 ´ 6PÁZ: ´ 6-="8;º#ºk8;6�ÅpÁZ> ¶ 6kÁZ> ¶�Ï?ÐKÑ&Ù�Ø�ÚZÛ;Ó|ÖNÜ 87¸tÝ ½�´ :45 » :c8 RkÃ û Ê Ë�Å;Í ¶ =�5pÌ : ¶¶ 5;=?> µ7¶ ÄcÁ ¶�â ¸�8p¸)Ác> ¶ Ì96 ´ 876 ´ : Æ�¶ Á ¶ ÄZº ´ 6 ¶EÆ Í ¼ .�º ¶ º�Í ¶ ÄZ:WÅ9á�>98P: ¶ Í�87Ì96 Æ 5pÄ ´�¶ :�¿A57:Z:
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87¸�ÁZ> ¶ ="8;ÄcÄ ¶ :c¿ 8;6 Æ�´ 6 À ¸¹57= ¶ :�8p¸�5p6 ¼ ÁSá08ká ¶EÆ�À7¶ :�8p¸.ÁZ> ¶ :Z5pº ¶ ="8 » 8;Ä Æ9´��¤¶ Ä�¸çÄZ87º ¶ 5;=?>
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þ&:Z:cÌ9º ¶ Å ´ 6\8;Ä Æ9¶ Ä}ÁZ8�87Í�Á?5 ´ 6\5�="8;6PÁcÄ?5 Æ�´ =�Á ´ 8;6�ÅtÁc> 5KÁ�ÁZ> ¶ Ä ¶-´ :�5�¸¹5pº ´�»¢¼�� 87¸/û
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´ 6�ÁZ> ´ :&="8�8;Ä Æ�´ 6A5pÁ ¶ Ác> ¶W´ Ä Æ9´��¤¶ Ä ¶ 6A= ¶}´ :_î7ÎA(�: ´ 6 À Ác> ¶ ¸¹57=�Á�ÁZ>A5KÁ�h B]\¯h < h � \þh�¶ 2 � ü 0 ð�3 Å ´ Á
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�M8;6A: ¶ óPÌ ¶ 6PÁ »¢¼ Å�ÁZ> ¶ =�87ºk¿ »¢¶"â�´ Á ¼ 8p¸�Ác> ¶ ÌA6 ´ 8;6 8p¸}5 »¢» ¿ » 5p6A57Ä�á ¶EÆ�À7¶ : � � ��Ã�� iÃ Ý � \J ËtÝ Ã Ý � \K ËHË ´ :/5KÁ »¢¶ 5;:SÁ Ã�� \¢Ë K Î
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Abstract. We study intersection properties of systems of segments in
the plane. In particular, we show that there exists a constant c > 0 such
that every system S of n straight-line segments in the plane has two at
least cn-element subsystems S1,S2 ⊂ S such that either every segment
in S1 intersects all elements of S2, or no segment in S1 intersects any
element of S2. We also propose a fast approximate solution for reporting
most intersections among n segments in the plane.

1 Introduction

The problem of detecting and reporting intersections among straight-line seg-
ments in the plane is one of the oldest and most extensively studied topics in
computational geometry. It is a basic ingredient of many hidden surface removal
algorithms, and has numerous other applications in computer graphics, motion
planning, geographic information systems, etc. The first efficient techniques were
developed by Shamos and Hoey [SH76] and Bentley and Ottmann [BO79] more
than twenty years ago. The running times of the best known algorithms, due to
Balaban [B95] and Chazelle and Edelsbrunner [CE92], are O(n logn+ I), where
n and I denote the number of segments and the number of intersections, resp.
(See also [PS91].)

In the present paper, we discuss some structural properties of intersection
graphs of segments, i.e., graphs that can be obtained by assigning a vertex to
every element of a system of segments S in the plane, and connecting two of
them by an edge if and only if their intersection is non-empty. Throughout this
paper, we assume that the elements of S are in general position, i.e., no two
segments are parallel and no three of their endpoints are collinear. In particular,
if two elements of S intersect, then they determine a proper crossing.

We prove the following Ramsey-type result.
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Theorem 1. There exists a constant C > 0 such that every system S of
n segments in the plane has two disjoint subsystems S1,S2 ⊂ S such that
|S1|, |S2| ≥ Cn and

(i) either every segment in S1 crosses all segments in S2,
(ii) or no segment in S1 crosses any segment in S2.

In the sequel, A stands for an absolute constant smaller than 106. Theorem
1 is a direct corollary of the following two complementary results.

Theorem 2. Any system S of n segments in the plane with at least cn2 crossings
(c > 0) has two disjoint subsystems, S1,S2 ⊂ S, such that |S1|, |S2| ≥ (2c)A

660 n
and every segment in S1 crosses all segments in S2.

Theorem 3. Any system S of n segments in the plane with at least cn2 non-
crossing pairs (c > 0) has two disjoint subsystems, S1,S2 ⊂ S, such that |S1|, |S2|
≥ (c/5)A

330 n and no segment in S1 crosses any segment in S2.

The above results, combined with Szemerédi’s Regularity Lemma [S78], can
be used to establish a fairly strong structure theorem for intersection graphs of
segments. We say that two sets have almost the same number of elements if their
sizes differ by at most a factor of 2.

Theorem 4. For any ε > 0, there exists an integer K = K(ε) with the property
that any system S of segments in the plane can be partitioned into K + 1 sub-
families, S0,S1, . . . ,SK such that |S0| < ε|S|, all other subfamilies have almost
the same size, and for all but at most εK2 pairs 1 ≤ i, j ≤ K,

(i) either every segment in Si crosses all segments in Sj,
(ii) or no segment in Si crosses any segment in Sj.

Fix an element si in each Si. For any s ∈ S, let f(s) := si if and only if s
belongs Si (0 ≤ i ≤ K). We can think of f(s) as the segment representing s.
According to Theorem 4, with a very small error, two randomly selected elements
s, t ∈ S cross each other if and only if f(s) ∩ f(t) is non-empty.

A geometric graph is a graph whose vertices are points in general position in
the plane (i.e., no three points are on a line) and whose edges are straight-line
segments connecting these points. Our last two results are easy corollaries to
Theorems 2 and 3, respectively.

Theorem 5. Any geometric graph G with n vertices and at least cn2 edges
(c > 0) has two disjoint sets of edges E1, E2 ⊂ E(G) such that |E1|, |E2| ≥
(c/32)A+3

(
n
2

)
and every edge in E1 crosses all edges in E2.

Theorem 6. Any geometric graph G with n vertices and at least cn2 edges
(c > 0) has two disjoint sets of edges E1, E2 ⊂ E(G) such that |E1|, |E2| ≥
(c/34)A+3

(
n
2

)
and no edge in E1 crosses any edge in E2.

The rest of the paper is organized as follows. In Section 2, we establish
Theorems 2 and 3. Theorem 4 is proved in Section 3. The last section contains
the proofs of Theorems 5 and 6, as well as some concluding remarks.
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2 Proofs of Theorems 2 and 3

Three sets of points in the plane are said to be separable if each of them can
be separated from the other two by a straight line. Given three separable sets,
there is no straight line which intersects the convex hull of all of them.

Lemma 1. Every set of n points in general position in the plane has three
separable subsets of size �n/6	.

Proof. Assume without loss of generality that n is divisible by 6, and let P be
an n-element point set. Choose two lines that divide the plane into 4 regions,
containing n, 2n, n, and 2n points of P in their interiors, in this cyclic order. Let
P1, P2, P3, and P4 denote the corresponding subsets of P . By the ham-sandwich
theorem, there is a line � which simultaneously cuts P2 and P4 into two halves of
equal size (see Fig. 1). Then � avoids either the convex hull of P1 or that of P3.
Assume, by symmetry, that P1 is ‘above’ �. Then P1 and the parts of P2 and P4

‘below’ � are three separable sets. �

l

P

P

P

P
1

2

3

4

Fig. 1.

Lemma 2. Let S and T be two systems of segments in general position in
the plane. Then there are two subsystems S∗ ⊆ S, T ∗ ⊆ T such that |S∗| ≥
�|S|/330	, |T ∗| ≥ �|T |/330	, and

(i) either every segment in S∗ crosses all segments in T ∗,
(ii) or no segment in S∗ crosses any segment in T ∗.

Proof. Let |S| = m, |T | = n, and suppose, for simplicity, that both m and n are
multiples of 330. Let P be the set of endpoints of all segments in S. By Lemma 1,
there are three separable m/3-element subsets, P1, P2, P3 ⊆ P . Color a segment
t ∈ T with color i if its supporting line does not intersect the convex hull of
Pi (i = 1, 2, 3). Let Ti denote the segments of color i. At least one third of the
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elements of T get the same color, so we can assume with no loss of generality
that |T1| ≥ n/3.

If there are at least m/330 segments in S, both of whose endpoints belong
to P1, then we are done, because these segments are disjoint from all elements
of T1.

Hence, we can assume that at least (1/3 − 2/330)m = 18m/55 elements of
S have precisely one of their endpoints in P1. Let Q denote the set of other
endpoints of these segments. Let us choose three separable subsets Q1, Q2, Q3 ⊆
Q, each of size at least |Q|/6 = 3m/55. Just as before, color a segment t ∈ T1 with
color i if its supporting line does not intersect the convex hull of Qi (i = 1, 2, 3).
Again, at least |T1|/3 ≥ n/9 elements of T1 get the same color, say color 1; they
form a subsystem T11 ⊆ T1.

Let S11 denote set of all elements of S with one endpoint in P1 and the other
in Q1. Clearly, we have |S11| = |Q1| ≥ 3m/55.

Let us repeat now the whole procedure with T11 in the place of S and S11 in
the place of T . We obtain two subsets, T ′ ⊆ T11 and S′ ⊆ S11, satisfying

|T ′| ≥ 3|T11|
55

≥ n

165
, |S′| ≥ |S11|

9
≥ m

165
.

We can assume that at least half of the supporting lines of the elements of
T ′ cross the convex hull of S′, for otherwise we would obtain two non-crossing
systems of at least |T ′|/2 and |S′| segments. The set of all elements of T ′, whose
supporting lines cross the convex hull of S′ is denoted by T ∗. Similarly, we can
assume that the supporting lines of at least half of the elements of S′ cross the
convex hull of T ∗; otherwise, we could find two non-crossing systems of at least
|T ∗| and |S′|/2 segments. Let S∗ denote the set of all elements of S′, whose
supporting lines cross the convex hull of T ∗. It follows from the definitions that
every element of S∗ crosses all elements of T ∗ and that

|S∗| ≥ |S|′
2

≥ m

330
, |T ∗| ≥ |T |′

2
≥ n

330
. �

Given any system of segments, S and T , in general position in the plane,
define their crossing density, δ(S, T ), as the number of crossing pairs (s, t), s ∈
S, t ∈ T divided by |S| · |T |. Clearly, we have 0 ≤ δ(S, T ) ≤ 1.

Theorems 2 and 3 readily follow from the next result.

Theorem 7. There exists a constant A < 106 satisfying the following condi-
tion. Let S and T be any sets of segments in general position in the plane, and
suppose that their crossing density is at least c > 0. Then there are two disjoint
subsystems S′ ⊆ S, T ′ ⊆ T such that

|S′| ≥ cA

330
|S|, |T ′| ≥ cA

330
|T |,

and every segment in S′ crosses all segments in T ′.
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Proof. Let |S| = m, |T | = n, and suppose first that both m and n are powers of
330. According to our assumption, δ(S, T ) ≥ c.

Applying Lemma 2, we obtain two subsystems, S∗ ⊂ S, T ∗ ⊂ T , such that
|S∗| = m/330, |T ∗| = n/330, and δ(S∗, T ∗) is either 1 or 0. In the first case we
are done, so assume δ(S∗, T ∗) = 0. Then we have

c ≤ δ(S, T ) = 329
3302

δ(S, T − T ∗) +
329
3302

δ(S − S∗, T ) + 3292

3302
δ(S − S∗, T − T ∗).

Therefore, at least one of the crossing densities δ(S, T − T ∗), δ(S − S∗, T ),
δ(S − S∗, T − T ∗) exceeds

c1 := c
3302

3302 − 1
.

In other words, there exist two subsystems, S1 ⊂ S, T1 ⊂ T , with |S1| ≥ m/330,
|T1| ≥ n/330 such that δ(S1, T1) ≥ c1.

Applying Lemma 2 to S1 and T1, we obtain two subsystems S∗∗ ⊂ S1, T ∗∗ ⊂
T1, such that |S∗∗| ≥ m/3302, |T ∗∗| ≥ n/3302, and δ(S∗∗, T ∗∗) is either 1 or 0.
Again, we can assume that δ(S∗∗, T ∗∗) = 0, otherwise we are done. As before, we
can find two subsystems, S2 ⊂ S1, T2 ⊂ T1, with |S2| ≥ m/3302, |T2| ≥ n/3302

such that

δ(S2, T2) ≥ c2 := c

(
3302

3302 − 1

)2

.

Since the crossing density between any two sets is at most 1, after some

k ≤
log 1

c

log 3302

3302−1

steps, this procedure will terminate. That is, when we apply Lemma 2 for the
k-th time, we obtain two subsystems S′ ⊆ S, T ′ ⊆ T such that |S′| ≥ m/330k,
|T ′| ≥ n/330k, and δ(S′, T ′) = 1. Thus, every element of S′ crosses all elements
of T ′, and |S′| ≥ cAm, |T ′| ≥ cAn, where

A ≤ log 330
log 3302

3302−1

< 106.

This completes the proof of Theorem 7 in the case whenm and n are powers of
330. Otherwise, using an easy averaging argument, we can find S0 ⊆ S, T0 ⊆ T ,
whose sizes are powers of 330, |S0| ≥ m/330, |T0| ≥ n/330, and δ(S0, T0) ≥ c.
Applying the above argument to S0 and T0, the result follows. �

Proof of Theorem 2. Assume, for simplicity, that n is even. Given a system of n
segments in general position in the plane, which determine at least cn2 crossings,
one can partition it into two equal parts so that the crossing density between
them is at least 2c (see e.g. [PA95]). Applying Theorem 7 to these parts, the
result follows. �
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Theorem 3 can be established analogously, by repeated application of Lemma
2. However, here we deduce it from Theorems 2 and 3.

Proof of Theorem 3. Let S be a set of n segments in general position in the plane
with at least cn2 non-crossing pairs. For any s ∈ S, let �(s) denote the supporting
line of s. The set �(s) \ s consists of two half-lines; denote them by h1(s) and
h2(s) . Let H1 := {h1(s) : s ∈ S}, H2 := {h2(s) : s ∈ S}, T := S ∪ H1 ∪ H2.
Further, for any h ∈ H1 ∪ H2, let s(h) be the unique segment s ∈ S, for which
h1(s) or h2(s) is equal to s.

Note that if two segments s, t ∈ S do not cross each other, then the crossing
between their supporting lines, �(s) and �(t), gives rise to a crossing between a
pair of elements of T , involving at least one half-line. Therefore, the number of
crossing pairs in T involving at least one half-line is at least cn2. There are three
possibilities:

1. for some i = 1, 2, the number of crossing pairs in Hi is at least cn2/5;
2. the number of crossing pairs between H1 and H2 is at least cn2/5;
3. for some i = 1, 2, the number of crossing pairs between Hi and S is at least

cn2/5.

In Case 1, applying Theorem 2 to Hi, we obtain two subsystems, Hi1,Hi2 ⊂
H, whose sizes are at least (2c/5)A

660 n > (c/5)A

330 , and every half-line in Hi1 crosses
all half-lines in Hi2. Then S1 := {s(h) : h ∈ Hi1} and S2 := {s(h) : h ∈ Hi2}
meet the requirements in Theorem 3.

In Case 2, apply Theorem 7 to obtain H′
1 ⊆ H1, H′

2 ⊆ H2, whose sizes are
at least (c/5)A

330 n, and every element of H′
1 crosses all elements of H′

2. Setting
S1 := {s(h) : h ∈ H′

1}, and S2 := {s(h) : h ∈ H′
2}, the result follows. Case 3 can

be treated similarly. �

3 Proof of Theorem 4

The proof is based on a variant of Szemerédi’s Regularity Lemma, which was
discovered by Komlós (see [KS96]) and can be established by an elegant argu-
ment.

For any graph G and for any disjoint subsets X,Y ⊂ V (G), let E(X,Y ) ⊆
E(G) denote the set of edges of G running between X and Y . Clearly, we have
|E(X,Y )| ≤ |X ||Y |. For any γ, δ > 0, we call the pair (X,Y ) (γ, δ)-superregular
if for every X ′ ⊆ X and Y ′ ⊆ Y satisfying

|X ′| ≥ γ|X |, |Y ′| ≥ γ|Y |,

we have
|E(X ′, Y ′)| ≥ δ|X ||Y |.

Lemma 3. ([KS96]) Let γ > 0 be a sufficiently small constant, and let δ > 0.
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Then any graph with n vertices and at least δn2 edges has a (γ, δ)-superregular
pair (X,Y ) with

|X | = |Y | ≥ δ1/γ2
n.

First we establish

Theorem 8. For every δ > 0, there exists an integer k = k(δ) > 0 with the
following property. The intersection graph G of any system of n segments in the
plane has k bipartite subgraphs, which altogether cover all but at most δn2 edges
of G.

Proof. Set G0 := G, and let β be a small positive constant to be specified later.
Suppose that for some i ≥ 1 we have already defined Gi−1. If G does not have
a complete bipartite subgraph Hi, which contains at least βn2 edges of Gi−1,
then stop. Otherwise, pick such a subgraph Hi, and let Gi denote the graph
obtained from Gi−1 by the deletion of all edges belonging to Hi. Obviously, this
procedure will terminate in

j ≤ |E(G)|
βn2

≤ 1
2β

steps, with a graph Gj .
We claim that Gj has fewer than δn2 edges, provided that β is sufficiently

small. Suppose that this is not true. Then, according to Lemma 3, Gj has a
(γ, δ)-superregular pair (X,Y ) with

|X | = |Y | ≥ δ1/γ2
n,

where γ := δA

330 . Let SX and SY denote the corresponding families of segments.
In view of Theorem 7, there are two disjoint subsystems TX ⊆ SX and TY ⊆ SY

with

|TX | = |TY | ≥ δA

330
|X | = γ|X | = γ|Y |

such that every segment in TX crosses all elements of TY . Let X ′ and Y ′ denote
the subsets of X and Y , corresponding to TX and TY , resp. Then X ′ and Y ′

induce a complete bipartite subgraph in G. Furthermore, using the fact that
(X,Y ) is a (γ, δ)-superregular pair in Gj , we obtain that at least

δ|X ′||Y ′| ≥ δγ2δ2/γ2
n2

edges between X ′ and Y ′ belong to Gj . Therefore, if we choose β so small that
this last quantity exceeds βn2, then we could continue our procedure and define
the next graph Gj+1. This contradiction completes the proof. �

Obviously, a similar result holds for G, the complement of a segment inter-
section graph G.
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Theorem 9. For every δ > 0, there exists an integer k = k(δ) > 0 with the
following property. The complement G of the intersection graph G of any system
of n segments in in the plane has k bipartite subgraphs, which altogether cover
all but at most δn2 edges of G.

Now we are in a position to prove Theorem 4. Let G denote the intersection
graph of S. Let δ be a small positive constant which will be specified later. By
Theorems 8 and 9, there is a family

F = {A1, B1, A2, B2, . . . , A2k, B2k}

of subsets of V (G) such that

1. Ai and Bi are disjoint (1 ≤ i ≤ 2k);
2. Ai ×Bi is contained either in E(G) or in E(G) (1 ≤ i ≤ 2k);
3. all but at most 2δn2 pairs {u, v} ⊂ V (G) are covered by ∪2k

i=1Ai ×Bi.

We say that two vertices of V (G) are of the same type, if every member of F
contains both or neither of them. The number of different types is at most 32k.
A given type is negligible, if fewer than

s :=
εn

32k

vertices have it. Letting V0 denote the set of all vertices with negligible types,
we have |V0| < εn.

Divide the elements of V (G) − V0 into groups V1, V2, . . . , VK of almost the
same size: for every 1 ≤ i ≤ K, let s ≤ |Vi| ≤ 2s. Clearly, we have

(1− ε)n
2s

≤ K ≤ n

s
.

A pair (i, j), 1 ≤ i �= j ≤ K is called exceptional, if Vi×Vj is not contained in
∪2k

i=1Ai ×Bi. For every non-exceptional pair (i, j), Vi and Vj induce a complete
bipartite subgraph either in G or in G.

Let m denote the number of exceptional pairs. The total number of pairs
{u, v} ⊂ V (G) for which u ∈ Vi, v ∈ Vj for some exceptional pair (i, j) is at
least ms2. On the other hand, by condition 3 above, this number cannot exceed
2δn2. Thus, we obtain that

m

K2
≤ 2δn2

s2K2
≤ 2δn2

s2
4s2

(1− ε)2n2
=

8δ
(1− ε)2

.

This is smaller than ε, if δ is sufficiently small, so the partition of S corresponding
to V0 ∪ V1 ∪ . . . ∪ VK meets all the requirements of Theorem 4.
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4 Concluding Remarks

First we show how Theorems 5 and 6 follow from the previous results.

Proof of Theorem 5. Let G be a geometric graph with n vertices and at least cn2

edges. The next result of Ajtai, Chvátal, Newborn, Szemerédi [ACNS82] and,
independently, Leighton [L83] (see also [PA95], [PT97]) implies that there are at
least c

64e
2 crossings pairs of edges.

Lemma 4. Let G be a geometric graph with n vertices and e > 4n edges, for
some c > 0. Then G has at least e3

64n2 crossing pairs of edges.
Thus, we can apply Theorem 2 to the system S = E(G). We obtain two

subsets E1, E2 ∈ E(G) such that every edge in E1 crosses all edges in E2, and
|E1| = |E2| ≥ (c/32)A

336 cn2 > (c/32)A+2
(

n
2

)
. �

Theorem 6 can be proved similarly. The only difference is that, instead of
Theorem 2 and Lemma 4, we have to use Theorem 3 and

Lemma 5. ([P91]) Let G be a geometric graph with n vertices and e ≥ 3n/2
edges, for some c > 0. Then G has at least 4e3

27n2 pairs of edges that do not cross
and do not share an endpoint.

The above theorems can also be established using Szemerédi’s Regularity
Lemma [S78]. However, then the dependence on c of the sizes of the homogeneous
subsystems whose existence is guaranteed by our results gets much worse.

According to an old theorem of Kővári, Sós, and Turán [KST54], every graph
with n vertices and at least cn2 edges has a complete bipartite subgraph with
c′ logn vertices in its classes, where c′ > 0 is a suitable constant depending on
c. This immediately implies that Theorem 2 holds with the much weaker bound
c′ logn instead of c′n.

For some computational aspects of recognizing intersection graphs of seg-
ments, see [KM94].
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KST54. T. Kővári, V. T. Sós, and P. Turán, On a problem of K. Zarankiewicz, Colloq.
Math. 3 (1954), 50–57.

L83. T. Leighton, Complexity Issues in VLSI, Foundations of Computing Series,
MIT Press, Cambridge, MA, 1983.

P91. J. Pach, Notes on geometric graph theory, in Discrete and Computational
Geometry: Papers from the DIMACS Special Year (J. E. Goodman, R. Pol-
lack, and W. Steiger, eds.) DIMACS Series in Discrete Mathematics and
Theoretical Computer Science 6, American Mathematical Society, Provi-
dence, RI, 1991, 273–285.

PA95. J. Pach and P.K. Agarwal, Combinatorial Geometry, J. Wiley & Sons, New
York, 1995.

PS91. J. Pach and M. Sharir, On vertical visibility in arrangements of segments
and the queue size in the Bentley-Ottmann line sweeping algorithm, SIAM
J. Comput. 20 (1991), 460–470.
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Abstract. Suppose that the terminals to be interconnected are situated
in a rectangular area of length n and width w and the routing should be
realized in a box of size w′×n′×h over this rectangle (single active layer
routing) where w′ = cw and n ≤ n′ ≤ n + 1. We prove that it is always
possible with height h = O(n) and in time t = O(n) for a fixed w and
both estimates are best possible (as far as the order of magnitude of n is
concerned). The more theoretical case when the terminals are situated
in two opposite parallel planes of the box (the 3–dimensional analogue
of channel routing) is also studied.

1 Introduction

Traditionally, the detailed routing phase of the design of VLSI (Very Large Scale
Integrated) circuits was considered as a 2-dimensional problem, gradually
extended to 2, 3, . . . layers. Even within this problem single row routing and
channel routing (where the terminals to be interconnected are on one side, or
on two opposite sides, respectively, of a rectangle) are the better understood
subproblems, where the inputs are essentially one-dimensional (one or two lists
of terminals, of length n, also called the length of the channel). Here the main
aim is to realize the routing, and since its ’horizontal’ size is given, its ’vertical’
size, or width, w should be minimized. An important quantity is the density of
the problem: the maximum number d so that there exists a vertical straight line
cutting d nets into two.

In case of the 2-layer Manhattan model

– (1) single row routing is always possible in O(n) time with w = d, see [12, 17],
– (2) channel routing is NP-hard [18, 26],
– (3) but this latter becomes always possible in O(nd) time with w = O(d) if

we may extend the length of the channel by introducing additional columns
[3, 6, 14]. In fact, the number of these additional columns may be as large
as O(

√
n), see [3, pp. 212–213].

In spite of (2), there are plenty of practically effective algorithms available,
which can solve ’difficult’ problems (of length 150...200) with width around 20
[17, 10]. In case of switchbox routing (where the terminals are on all the four
sides of a rectangle – a real 2-dimensional problem) instances with length 23 and
width 15...16 are already ’difficult’ problems on 2 layers [5, 8, 15, 22].
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c© Springer-Verlag Berlin Heidelberg 2001



3–Dimensional Single Active Layer Routing 319

If more than two layers are permitted, both channel and switchbox routing
become easier, see for example [7] and [4, 25], respectively.

As technology permits more and more layers, a ’real’ 3-dimensional ap-
proach becomes reasonable. There are plenty of deep results in this area, see
[1, 2, 9, 11, 13, 19, 20, 21, 23, 24], for example. Most of them embed certain
’universal-purpose’ graphs (like n-permuters, n-rearrangeable permutation net-
works, shuffle-exchange graphs) into the 3-dimensional grid, ensuring that pairs
of terminals can be connected, moreover, in some papers along edge-disjoint
paths. Our result below is of much simpler structure but it allows multiterminal
nets as well, and ensures vertex disjoint paths (or Steiner-trees) for the intercon-
nections of the terminals within each net.

Throughout, except in the last section, we restrict ourselves to the single
active layer case (all the terminals are on a single plane and the third dimension
(above this plane, with height h) is for interconnections only). The terminals
occupy certain gridpoints of an n×w rectangle. Henceforth we will use ’vertical
direction’ to refer to the direction of h (that is, to the direction perpendicular
to this n × w rectangle) and not for the direction of w.

One can easily see even in small instances like 4× 1 that a routing is usually
impossible unless either the length n or the width w may be extended by in-
troducing extra rows or columns between rows and columns of the original grid
(compare with (3) above). If it is allowed to introduce both extra rows and extra
columns then there is a trivial upper bound of h = O(wn) for the height of the
routing; see Lemma 1 below.

Our main result is that if w is fixed and n becomes large, a routing of height
O(n) can be attained not only in the aforementioned trivial way, but even if
the new length n′ satisfies n ≤ n′ ≤ n + 1 and only w is extended to w′ = cw,
where c is a suitably chosen constant (we will show that c ≥ 8 suffices). In view
of Lemma 2 this linear bound is best possible. Moreover, our algorithm realizes
this in O(n) time, which is also essentially best possible.

Throughout this paper we are going to think of w as fixed and try to obtain
bounds for the height as a function of n only.

2 Definitions and Main Results

The vertices of a given (planar) grid of size n × w are called terminals. A net
N is a set of terminals. A single active layer routing problem is a set N =
{N1, N2, . . . , Nt} of pairwise disjoint nets. n and w are the length and the width
of the routing problem, respectively.

By a spacing of sw in direction w we are going to mean that we introduce
sw −1 pieces of extra columns between every two consecutive columns (and also
to the right hand side of the rightmost column) of the original grid. This way
the width of the grid is extended to w′ = sw · w. A spacing of sn in direction n
is defined analogously.

A solution with a given spacing sw and sn of a routing problem N = {N1,
N2, . . . , Nt} is a set T = {T1, T2, . . . , Tt} of pairwise vertex–disjoint Steiner–
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trees in the cubic grid of size (w · sw) × (n · sn) × h (above the original planar
grid containing the terminals) such that the terminal set of Ti is Ni for every
1 ≤ i ≤ t. h is called the height of the routing.

Since w is fixed, one can also imagine the input as w rows of terminals (each
of length n) or as a set of

(
w
2

)
channel routing problems, each with length n and

with a given density. Let D be the maximum of these densities. Clearly, D ≤ n.

Theorem 1. If sw ≥ 8 then for any fixed value of w and for any n a single
active layer routing problem can always be solved in time t = O(n) and with
height h = O(n) such that the length n is preserved or increased by at most one.
Both linear bounds are best possible.

Our algorithm gives t = O(w3n) and h = O(wD).

3 Straightforward Bounds

Lemma 1. If sw ≥ 2 and sn ≥ 2 then every routing problem can be solved with
height h ≤ w

2 n.

Proof. We assign a separate layer to each net. For every terminal we introduce
a vertical wire segment to connect the terminal with the layer of its net. The
interconnection of the terminals of each net can now be performed trivially on
its layer using the extra rows and columns guaranteed by the spacing in both
directions.

Since 1–terminal nets can be disregarded, the number of nets is at most 1
2nw

thus h ≤ w
2 n follows immediately.

Lemma 2. For any given n there exists a routing problem that cannot be solved
with height h smaller than n

2sw
.

Proof. Let, for simplicity, the width and the length be even, let w = 2a and
n = 2b. Consider the following example (the idea is very similar to those in
[4, 16]). Suppose that each net consists of two terminals in central-symmetric
position as shown in Figure 1.

The number of nets is an. Since each net is cut into two by the central vertical
line e, any routing with width w′ = sww and height h must satisfy w′h ≥ an.
Therefore h ≥ (w/2w′)n, hence h ≥ n

2sw
.

Since in the above example D = n, this also proves the lower bound h =
Ω(D).

The straightforward lower bound for the time is the length of the input, that
is, t = Ω(wn).
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4 Two Simple Steps

1. Suppose at first that w = 1. Then what we have is essentially a single row
routing problem with density d. Each net determines an interval of length at most
n and these intervals can be packed in a vertex-disjoint way into d parallel lines,
usually called tracks, using the ’left-edge algorithm’ [12, 17]. Using the classical
2-layer Manhattan model, we can arrange the tracks in a horizontal plane, as
shown in the top of Figure 2, thus realizing a routing with w′ = d and h = 2.
However, alternatively these tracks can occupy either a vertical plane, leading to
w′ = 2 and h = d, or two vertical planes, leading to w′ = 3 and h = �d/2�, see
the middle and the bottom drawing of Figure 2, respectively. (Theoretically one
can pack the tracks to more vertical planes and thus ensure h = �3d/(2w′)� for
larger values of w′ as well but it does not seem to be interesting.) Throughout
in Figures 2, 3 and 6 continuous lines denote wires while dotted lines are for the
indication of coplanarity only.

Similarly, if w = 2 then we have a channel routing problem with density d
and using the same linear time algorithm we can always realize a routing with
w′ = d + 1 and h = 3 or with w′ = 3 and h = d + 1, see Figure 3. This method
is also well-known, it dates back at least to [7].

The right hand side of Figure 3 shows the essential idea of our algorithm:
immediately at the level of the terminals (when leaving the ’single active layer’)
we increase the width from w to w′ = sww in order to make enough space
’between the rows of the terminals’ for the vertical plane(-s) containing the
interconnecting wires. The same process is illustrated for w = 6 in Figure 5
below.
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h

nw

Fig. 2.

Later we shall need the following observation: if a larger horizontal area is
available, we can decrease the height to h = 2�d/(w′ − 2)�+ 2. For this we can
arrange the tracks in �d/(w′ − 2)� parallel horizontal planes – however, we need
an ’empty’ plane between two consecutive planes of tracks to ensure that the
endpoints of the intervals can always reach the terminals, even if they are ’in the
wrong side’, as terminals t2 and t3 in Figure 3. Therefore the basic quantity hw′

can be upper bounded by essentially 3d/2 for w = 1 but only by 2d for w = 2.

2. Let us turn now to the general problem with width w. Since the terminals
occupy certain gridpoints of an n×w rectangle, we consider them as a collection
of w parallel rows, each of length n. We wish to solve

(
w
2

)
channel routing prob-

lems one after the other. Figure 4 illustrates this for w = 6. At first (going from
the bottom of the figure to the top) we solve those w−1 channel routings where
the rows are adjacent (first ’floor’), then those w − 2 ones where the distance of
two rows is two (second ’floor’) etc.
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The w − 1 channel routings at the first floor (actually the w − 1 vertical
planes containing the wire segments of these channel routings) do not interfere
with one another (these are illustrated by the w − 1 empty dots in the bottom
horizontal line of the figure).
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On the other hand, the w − 2 channel routings at the second floor do not
have this property hence this floor will have two levels, one for the row pairs 1
and 3, 3 and 5, etc and one for the row pairs 2 and 4, 4 and 6 etc. In general,
floor f contains lf levels where lf = f if 1 ≤ f ≤ 
w/2� and lf = w − f if

w/2� < f ≤ w− 1. Solid dots illustrate the rows, the vertical lines in the figure
show that the terminals within a row may appear at different floors. Empty dots
indicate the areas where these two rows can be interconnected. Hence such an
empty dot may indicate a contribution of at most D to the final height (compare
with the right hand side of Figure 3).

Observe that there are two empty dots between two solid ones in the second
floor, three empty dots between two solid ones in the third floor etc. Hence
the total height requirement is not D ×

∑w−1
f=1 lf = O(w2D) but only 2D ×

∑w−1
f=1

1
f lf = O(wD). The extra constant 2 is due to the necessary empty planes

between the consecutive planes of tracks, as explained in the last remark in Step
1 above, concerning the empty plane between the consecutive planes of tracks.

In the introduction we mentioned that the width of the input must be ex-
tended to w′ = sww. Figure 4 might give the wrong impression that sw = 2 suf-
fices. However, as we shall see in the next section, the realization of the ’crossings’
in the figure requires much more space, leading to sw = 8.

5 The Real Routing

For future reference we are going to introduce the following terminology. By a
w–plane we are going to mean a plane that is perpendicular to the width of the
routing, that is, to the ’vector’ w of Figures 2, 3 and 6. Analogously, h–planes
and n–planes are planes perpendicular to the height and the length of the routing
(or to the vectors h and n), respectively. Similarly, by a w–wire segment we are
going to mean a wire segment that is parallel to the width of the routing or
to the vector w. h–wire segments and n–wire segments are defined in the same
way. (Note that for example an h–plane is a horizontal plane, while an h–wire
segment is a vertical wire segment.)

In the previous section Figure 4 illustrated the order how the
(
w
2

)
channel

routing problems are routed one above the other. (Of course it is possible that
the terminals in row i and those in row k do not share any net and therefore a
whole level within a floor is missing.)

However, Figure 4 may alternatively be considered as a ’cross-section’ of the
routing by an n–plane of size w′ × h (and then there are n copies of these cross-
sections, one behind the other). In this sense an empty dot in a particular level
indicates a whole w–plane of length n and of height at most 2�D/f� containing
several wires one above the other for that channel routing. Hence a horizontal
line in Figure 4 between a solid and an empty dot indicates a wire segment going
towards this plane – but it may go for a wire segment running in this plane or
it may wish to avoid it and go for a wire segment in one of the other parallel
planes (that is, towards one of the further empty dots).
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It is very important to realize, therefore, that there are two types of ’crossings’
which have to be avoided if we wish to realize the final 3-dimensional routing
along the n–planes one after the other:

– Type 1 — A vertical line, connecting two solid dots, and a horizontal line,
connecting two empty dots, may cross each other in Figure 4.

– Type 2 — A horizontal line which passes through an empty dot in Figure 4
may, in fact, not use that particular n–wire (which is perpendicular to the
actual n–plane).

The basic point is that crossings of Type 2 can be avoided by a detour
within the actual n–plane (increasing the height by one and the width by two)
but crossings of Type 1 can be avoided outside the n–plane only. Therefore we
must use the adjacent n–plane as well. But what happens if in this latter n–
plane there is another vertical line interconnecting two solid dots (or in the real
routing: a h–wire segment coming from a terminal) blocking the detour?

We avoid this problem in the following way: Since w′ > w, we must, in
any case, start the routing in each n–plane by ’expanding’ the w terminals into
larger distances. This increases the height by w/2 and can be performed like in
either of the ways shown in Figure 5. Now, if we use the two kinds of expansions
alternatively then the terminals within a single row will form a zigzag pattern and
hence two h–wires that ’should’ block each other in two consecutive n–planes,
will actually be shifted by two units away.

Fig. 5.

This way we have ensured that a Type 1 detour will not be blocked by an
h–wire segment coming from a terminal. However, one difficulty remains to be
solved: A Type 1 detour can still cross a w–wire segment that goes in the same
h–plane one unit behind (connecting two w–planes within a level). In order to
handle this, let us number the n–planes from ’front’ to ’back’ with the numbers
1, 2, . . . , n and the h–planes form ’bottom’ to ’top’ with the numbers 1, 2, . . . , h.
Now let us declare the following rule: If a w–wire segment goes in an n–plane
numbered with an even number, then it must go in an h–plane also numbered
with an even number; similarly, if a w–wire segment goes in an n–plane numbered
with an odd number, then it must go in an h–plane also numbered with an
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odd number. Since the height of a level is always the double of the number of
tracks in it, the above rule can obviously be fulfilled. (This way some of the
Type 2 detours will become unnecessary: If a w–wire segment reaches a w–plane
(containing some of the tracks within a level) between two consecutive tracks,
then the w–wire segment can cross the w–plane without meeting the tracks,
there is no need for a Type 2 detour.)

Figure 6 illustrates most of these situations in a single drawing. Recall that
continuous lines are wires, dotted lines are for the indication of coplanarity only.
Observe that t1, t2, . . . are terminals within a single row (illustrating the afore-
mentioned zigzag pattern), while the terminals t′1, t

′
2, . . . form the next row. It

might be instructive to recall that the detour between A and B is of Type 1
while that between C and D is of Type 2.

h

nw

t’1

t’2

t

t2
t3

t4
t5

t6

t’3

D

C
B

A

Fig. 6.
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Figure 7 shows a part of Figure 6 again in order to explain why sw needs to
be as large as 8.

t1

t’1

D

C
B

A

A’

B’

D’

C’

Fig. 7.

6 3–Dimensional Channel Routing

Throughout this paper we have dealt with the single active layer routing problem,
which is, in a sense, the 3–dimensional analogue of single row routing. However,
the 3–dimensional analogue of channel routing may also be of interest not only
from a technical point of view (see [11] for example), but also in a theoretical
sense: in contrast to the essential difference in complexity between single row
routing and channel routing in the 2–layer Manhattan model (see (1) and (2)
in the Introduction), there does not seem to be such a difference between their
3–dimensional analogues. The 3–dimensional channel routing problem is defined
as two parallel rectangular planes of size n × w containing all the terminals to
be interconnected (by vertex disjoint Steiner trees) in a box of size n′ × w′ × h
between the two parallel planes. As before, we suppose that w is fixed and n can
be very large hence we allow w′ = sww but n ≤ n′ ≤ n + 1 only.

Theorem 2. For any fixed value of w and for any n such a 3-dimensional chan-
nel can always be routed in t = O(n) time such that the length n is preserved or
increased by at most one, the width is extended to w′ = sww and the required
height is h = O(n). Both linear bounds are best possible.

The lower bound is the same as in Lemma 2. The routing can be performed
basically along the same line as explained in Sections 4 and 5 for the single active
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layer case. Just like the two ’expansions’ of Figure 6 are alternating along the
direction n, the expansions opposite to each other on the two parallel planes
should also be shifted by two units away.
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Abstract. We repart a new peria& structure d the cylinder packing. 
All the cylinders arc c o n p m t  and the lmgth d the cylinders arc in- 
finite and thdr dktctiams arc rtstlicted to amly six dktctiams d (110). 
lbch cylinder is fixed by cylinders d ather dktcticms, so that the whole 
structure sustains mechanical s t a i t y .  The packing dmsity equals to 
{3si&-ias& T 

is3e 
' (E 0376219), which lies betwtm two values ever known: 

0.494 m 0.247. The arrmgemmt d parallel cylinders fmms a certain 2D 
rhmLic lattice ccammm to all d six (110) directims. Nevertheless the 
way dfildng cylinders is M m t  in all d six dktctions: the cylinders d 
two dktctions arc supparted with the rhombus-type, and the cylinders 
d ather fwr  dktctions arc supparted with the equilateral-triangle-typc. 
The structure containing the eqdatd- t r iangktype  has never bem 
known. 

1 Introduction 

The history of the re-& on the cylinder @ng is much shorter than that on 
the sphere @ng. Few mathematicians have treated the problem[l]. Some sim- 
ple structures d t h e  cylinder @ng appear in the bmks about solid puzzles(e.g. 
Holdm[2], Coftin[3] ). O'Keeffe and Andersson applied the cylinder @ng to 
the ximce[4] [5] [ti] [7]. They are crystal chemists and explained the garnet struc- 
ture famous for its complexity by using a periodic cylinder @ng restricted to 
only four directions d {Ill). 

In enginering, some structures d the cylinder @ng are used for the com- 
M t e  materials. Such structures are light and tough against the stress from 
various directions. Some periodic structures were designed (&tta[8], Hijikata 
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and Fukuta[9]). Stimulated by their researches, the authors investigated other 
peridc structures with six directions [10][11][12][13][14], and paid much effort 
exhaustively to h d  d l  the p&ble structures with high symmetry and density. 
More precisely, d l  the cylindms are supported by contacts d the cylinders in 
more than four directions among other five. Watanabe found the remarkable fact 
that each structure could continuously moXy itself without a n g  its direc- 
tions of cylindms, its 6% density and its stability at the same time w h a  
the cylindms are kept tangent one another. An animation can be demonstrated 
on his website[l4]. 

Quasipridc paclangs d cylindms wme d m  reported. An architect Hizume 
extended Clofi's structure and Ogawa cooperated the rescmch[15][16][13]. The 
structures have the iccrsahdal symmetry, and are compcsed d six directions in- 
dicated by ( I d }  (T = (I + &)/2 ). Other quasiperiodic packings were dixussed 
in r m t  papers[I7] [I81 [19]. 

The structures d the cylinder M n g  have to be researched more systmati- 
d y .  The present paper suggests further M b i l i t y  d (110) six-axes structures. 
The theory d (110) structure will change to general one. 

2 The New (110)-Structure 

The structure is a six-axes periodic structure made &cylinders with one diameter 
d. Some similar structures whose @ng density are 0.494 or 0.247 have been 
known and are listed on Table I in Appendix. For the sake d convmiace, we 
d the structures respectively TypeI(density 0.4941, TypeII(d&ty 0.247), 
and TypeIII(the present structure). 

The six directions are A(1, l,O), B(1, -1,0), C(l,0, I), D(-l,O, I), E(O, I, I), 
F(O, I, -1). If we c l k f y  t h e  directions acmrding to perpadidarity, they 
separate into three goup:  A-B, C-D, and E-F. Another classification is made 
by the relations of sixty degrees: 

- B, D and F are sixty degrees each other. A common normal vector is (I, I, I) 
- A, C' and F are sixty degrees each other. Normal vector (-1, I, I) 
- A, D and E are sixty degrees a h  other. Normal vector (I, -1, I) 
- B, C and E are sixty degrees each other. Normal vector (I, I, -1) 

When we m e  about cylinders parallel to A-direction in the structure &Type 
111, they form a rhombic lattice on a plane p e r p d i d a r  to A-direction. E.ach 
d other five directions d m  forms the rhombic lattioe on a plane perpadidar 
to the direction. Moreover, the six rhombic lattices are congruent. A rhombus 
d the rhombic lattice has two diagonals, and we express that the length d the 
l o w  diagonal is 2a and that the length of the shortm diagonal is &a. The 
relation between a and d is 

The following expression is written with a and d to make formulae simple. 
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2.1 Equations describing the structure 

For the description d the structure d cylinders, we use the line equation as the 
center line d the cylinder. Whether two cylinders contact each other or not is 
confirmed by comparing their distance with the diameter d. For TypeIII, the 
equations of one cylinder about each direction are shown: 

where, f is a parameter and -m < f < m for cylinders with infinite length. 
- 

All other cylinders &, d A-direction are obtained by parallel movements 
&A1: 

where, a1 and a2 are vectors causing the prallel movements, and m and n 
are integers. In the m e  way, d l  the cylinders m be generated by parallel 
movements d one cylinder in other directions. All the vectors d the parallel 
movements are shown as follows: 

An overview d this structure is shown in Fig. I and the projections to the 
plane perpdicular to (110)-directions are in Fig. 2. 
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2.2 Packing Density 

It is e z i y  to dculate the e n g  density for the present periodic cylinder system. 
h u s e  the cylinders don't overlap, whole @ng density is six times as high 
as the density done direction. The density done direction is determined by the 
ratio of the area d a circle and d a rhombus. Hence, the whole packing density 

The density lies k w e m  two d u e s  ever known: d r / 9  E 0.494(TypeI) and 
\/5r/18 E 0.247(TypeII). 

2.3 The Supported States 

I€ we restrict the directions d cylinders to (IIO), there can  be two t p f  sup 
p r t ,  that is, the rhombictype and the equilateral-triangletype. In the rhombic 
type, a cylinder is fixed by four directions which are sixty degrees against the 
cylinder. In the equilateral-triangletype, a cylinder is fixed by two directions d 
sixty degrees and one perpendicular direction against the direction. C!onmning 
the present structure, the cylinders d A- and B-directions are fixed with the 
rhombmtype and other four directions are fixed with the equilateral-triangle 
type. The more detail is shown as follows: 

- A-direction is fixed by C-, D, E-, and F-directions 
- B-direction is fixed by C-, D-, E-, and F-directions 
- C-direction is fixed by A-, B-, and Ddirections 
- Ddirection is fixed by A-, B-, and C-directions 
- E-direction is fixed by A-, B-, and F-directions 
- F-direction is fixed by A-, B-, and E-directions. 

These are mnfirmd on Fig. 2. On the other hand, the suppr td  state for Type1 
and TypeII is shown in Fig. 3 and Fig. 4. Only the rhombmtype supprting is 
contained in TypeI and TypeII. 

It is dective to investigate the structure about its arrangement along (111)- 
directions. B-, D-, F-directions are perpendicular to (I, I, 1)-direction, the fact 
mentioned at the begining d Sec. 2. Therdore the cylinders d the B-, D-, 
F-directions are stacked up along (I, I, 1)-direction. In TypeIII, the order d 
appearance along (I, I, 1)-direction is A FBDFBDFBD and there is a gap 
(= 0.436474 between D and F. A list a b u t  all of four (111)-directions is shown 
Mow, where the mark means the gap whose size is common to four directions. 

- Along (l,l,l): A*-FBDUFBDUFBDUFBD*-A 
- Along (-l,l,l): ***C'AFUC'AFUCAFUCAF*** 
- Along (I, -1, I): * * * DAE U DAE U DAE U DAE * * * 
- Along (l,l,-I): ***C'BEUCBEUCBEUC'BE*** 

Cbnmning TypeI and TypeII, there is no gap along (111)-directions. The fact 
brings Type1 and TypeII only the rhombmtype support. 
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3 Conclusion 

An unknown (110) six-axes structure was reported. The palle l  cylinders of the 
structure form a cmtain 2D rhombic lattice common to d l  of six direchns. The 
six directions, A, B, - - -, F, are classified into two groups 0 and ,fi A and B 
belong to 0,  and all the others to j3. All the cylinders d group 0 are supported 
by contact with the cylinders dfour directions of group P, so that the contacting 
four cylinders construct a rhombus. All the cylinders d group /3 are supported 
by cylinders d three directions: A, B and the perpendicular pair of itself, so that 
the three cylinders construct a equilateral triangle. 

Reswching of the dmivative structures from the present structure and dis- 
tinguishing the s p e  group are further problems. 

The authors are grateful to Y. N h h i m a ,  T. Hirata, D. Nagy, W. Sasalci 
and H. N-wa for their beneficial comments and their encouragement. 

Fig. 1. An wmview af the structure Typclll. Not nnly the present structure h t  &a 
dl (110)-structures show the extcrinr af the rhamhic h & c & e h  if the models are 
made af many cylinders with the same length. 
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Appendix: N-axes structures 

T'able 1. X-axes structures 

Fig. 5 

Fig. 6 

Fig. 7 

-1 
Fig. 8 

Fig. 9 

Fig. 10 

Fig. 3 

Fig. 4 

(100) = [loo], [010], [001]. 
(111) = [m] ,  [ITTI, [TIT], [TTI]. 
(110) = [m] ,  [ m ] ,  [~II] ,  [lie], [im],  IT]. 
fLContact Index" sham the contact numLer with &her cylinders in the each projection. 
A goad cxamplc ta understand the index is shown in Fig. 2 
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Fig. 2. Projectinn at the structure T'ypclll ta each plane pmpenh la r  to (110). A- 
and B-directinns arc fixed with the rhmLic-type and ather f a r  directions arc fixed 
with the equilateral-trianglctype. Thus, faur directinns are fixed by tri-gnn, and t m  
directinns arc fixed by tetra-gnn, so we cxprcss the fixing state af the structure by 3442. 
(This is "Cantact Inch? in 'hMe 1.) On these figures, upper directinn is +,z far the 
projections af A and B, fy far C and D, and +E far E and F. 
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Fig. 3. Projection d the structure -pel, whme packing density is a r / 9  1: 0.494. 
The figure is pmjecths t6 A- and B-directians. The same projecths as them are 
acquired far ather f m r  directions, t h d m e  they are omitted. A cylinder is fixed with 
the rhamlietype in all direcths, m the contact index is 4". Notice the existence of 
the structure with andha- contact index: 5" and with the same packing density. The 
fixkg states described as another index contain the rhaml&type supparting. 

Fig. 4. Projection of the structure T'ypcII, whme packing density is &r/ l8 E 0.247. 
The figure is projectinns to A- and B-direcths this time too, and other four are also 
omitted. Thwgh the arrangemmt of cylinders in m e  direction is rectangular now, a 
cylinder is still k d  with the rhamlbetype in directians, so the cantact index is 4". 
Notice the eristence d the structures with ather contact indexes: 4452,4254 ar 5" and 
with the same packing density. The fixing states described as the ather indexes always 
contain the rhamliotype supporting. 
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Fig. 5. A n  wervicw d ancads structure. Fig. 8. A n  werview of anather bpi& 
Parallel cylinders fmm the honeycomb on~axis structure. Parallcl cylinders fmm 
lattice. The p a h g  h s i t y  is ~ % r / 6  1: the squ- lattice. This is mtehanicdy 
0.907. The contact index is 6'. This struc- unstahlt. The paelring density is r / 4  c- 
ture is the h s e s t  d all cylinder pachgs 0.735, and the cnntact index is 4 l  

Fig. 7. -axes structure. The dirt* Fig. 8. Three-axes structure. The dire* 
tinns are [I001 and [010] as typical mes. tims are (ZOD). The packing density is 
Arbitrary ,V-axes structures are passiblc %/I6 1: 0.589. The cantact index is 4' 
if w extend this twmlayer structure. Such which is the squarctype suppding 
,V-axts structure have the samt h s i t y  
and the s ~ n e  contact i n k  as the t m  
axes structure. This structure is &a un- 
s t a u  between Merent layer. The con- 
tact index is 4' 
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Fig. 9. Far-axes structure ](An avemiew and a projectinn). The directinns arc (111). 
The packing dmsity is &/8 c- 0.680. The cantact indm is 6' which is the hcxaganal- 
type suppdng 

Fig. 10. Four-axes structure II(An overview and a projection). The directinns arc still 
(111) hmver  the packing h s i t y  is 6 / 1 8  c- 0302. and the cantact index is 34. Tho 
four-axes structures cannat camc and gn each other by any ranad af cylinders 
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Î ÊjõBÃ3Å Î Å�Æ3Ü / : ÂWÊ /B- :òû Ø ü Ù�ý èjþ ø å ÿ ÂWÅ�Ü ;B: - 9 Ã Î È Ê -�6{7 9 / ÂWÂ 9�È / : Ê / : Ä 9 - :òû Ø ü Ù±ý è�þ ø å ÿ
Â�ÅWÜ ;P: - 9 Ã Î È Ê - ä Ì Ê : ÎS/ Æ - Ç´9 Î Ä :0; Ê × Î 9 1 Â�ÊXÄ�Å�Æ :S9 / × Î 9 1 Â�ÊXÄ 9 Æ × Â / Æ /2Î Ü ÎR/ ×=; -�6" $ % 'b)  È / Æ 1 Ê × /tÎ : Å : Å 9 Æ=ÊjÏßÅWÆ :095È�9 Æ�ÉBÊ�Ë È Â 9 - ÊXÏ È Ê�ÂWÂ -.1�Ð :0; Ê Ç´9 Â�Â 9 Ì Å�Æ3ÜdcRe9fhgCiIjkml9npoUqZoUq eCf q fGr / ÂWÜ 9 Î Å :0; Ä 6�ã Ë : ÊXÆ3ÏßÊ / ÈR; ÂWÅWÆ=Ê - Ê�ÜBÄ5Ê�Æ : ÅWÆ 1 9t:S; Ï=Å Î Ê È�: Å 9 Æ - Ã=Æ : ÅWÂ{Å :�; Å : -/ Æ 92:0; Ê Î ÂWÅ�Æ3Ê - Ê�ÜBÄ5Ê�Æ :*9 Î*/ × Î Ê�É�Å 9 Ã - Ê�Ë : Ê�Æ - Å 9 Æ�ä 9 Î :09 Å�Æ Í Æ=Å : Ð Å Ç Å : Ï 9 Ê - Æ 9t:5; Å :/ Æ Ð :0; ÅWÆ=Ü 6ts : /2Î : Å�Æ3Ü Ì Å :S; Ù Ï�Å - Ó 9 Å�Æ : ÂWÅWÆ=Ê - Ê�ÜBÄ*ÊXÆ : - ä :0; Ê × Â / Æ=Ê�Å - × /tÎ : Å : Å 9 Æ=ÊjÏóÅ�Æ :S9
Ù�ý èfÈ�9 Æ�É2Ê�Ë Î ÊXÜ2Å 9 Æ -X6X7 ; Êur nRl�k,vxw eCy oUv i�cRe9fhgCiIj kmlMnzo{q{o{q e9f q f|r&Å - Ï�Ê Í Æ=ÊXÏ /2- Ç´9 Â�Â 9 Ì�-z}Â�Ê :�:0; Ê - Ê :`~ßü w þ
9tÇ Æ 9 Ï�Ê -®1 Ê :0; Ê - Ê :�9tÇ�È�9 ÆPÉBÊ�Ë È Ê�ÂWÂ - ä È�9 Æ=Æ=Ê È�:®: Ì 9 Æ 9 Ï�Ê -®1�Ðò/ Æ
ÊXÏ�ÜBÊ2ä2Å ÇÞ:0; Ê È�9 Î0Î Ê - ×æ9 Æ3Ï�ÅWÆ=Ü È ÊXÂ�Â -f- ; /tÎ Ê / È�9 Ä5Ä 9 Æ 1 9 Ã=Æ3Ï /2Î0Ð*/ Æ3Ï :S; Ê�Ê�Ë : Ê�Æ3Ï=ÊXÏ£ÂWÅ�Æ3Ê- ÊXÜ2Ä5Ê�Æ :�Ç´9 Î Ä5Å�Æ3Ü :S; Ê�Å Î È�9 Ä5Ä 9 Æ 1 9 Ã=Æ3Ï /2Î0Ð Å - ÅWÆ Í Æ3Å : Ê 9 Î Å : ; /B- 9 Æ=Ê£ÊXÆ3Ï ×�9 ÅWÆ :[9 Æ
:0; Å - È�9 Ä5Ä 9 Æ 1 9 Ã=Æ3Ï /2Î0ÐB6 w Å -*/ × Â / Æ /2Î Ü ÎS/ ×=; Ì Å :0;=9 Ã : Â 9�92× - ä 1 Ã : w Ä /�Ð ; / ÉBÊ
Ï 9 Ã 1 Â�Ê�ÊjÏ�Ü2Ê - Å Ç 1 92:0; Ê�Æ3Ï ×æ9 Å�Æ : - 9tÇ / Æ±Ê�Ë : ÊXÆ3Ï�ÊXÏ±ÂWÅ�Æ3Ê - ÊXÜ2Ä5Ê�Æ : /tÎ Ê 9 Æ :0; Ê È�9 Ä5Ä 9 Æ1 9 Ã=Æ3Ï /2Î0ÐB6|� 9t: Ê :0; / :�:0; Ê È�9 Æ�É2Ê�Ë × /tÎ : Å : Å 9 Æ3Å�Æ=Ü*Å - Æ 9t: Æ3Ê È Ê -0-S/tÎ ÅWÂ Ð Ã=Æ3ÅWõPÃ=Ê 6
Á : Ì ÅWÂ�Â : Ã Î Æ 9 Ã :':0; / : / Ä / Ë�Å�Ä'Ã=Ä î5� ç × / È â Å�Æ=Ü 9tÇ w ü Ì ; Ê Î Ê�î���Å -5/ × / :0;#9tÇ

:0; Î Ê�Ê)Æ 9 Ï�Ê -./ Æ3Ï : Ì 9 ÊjÏ�Ü2Ê - þ Ð ÅWÊ�Â�Ï -./ - Ä / ÂWÂ - Ê :³92Ç Â�ÅWÜ ;P: - 9 Ã Î È Ê -³- 9 Â�É�ÅWÆ=Ü 0�Î 9 1 ÂWÊ�Ä è 6��Æ Ç´9 Î : Ã=Æ / : Ê�Â Ð ä :0; Ê Î Ê)Å - Æ 9 Ü 9�9 Ï ÈR; /tÎR/ È�: Ê Î Å ôX/ : Å 9 Æ 9tÇ Ä / Ë�ÅWÄ Ã=Ä î�� ç × / È â ÅWÆ=Ü - 9tÇ
Ü ÎR/ ×=; - ÅWÆ :S; Ê - ÊXÆ - Ê®ÂWÅ â Ê_�.Ê Î ÜBÊ�� - Ç´9 Î Ä'Ã=Â / Ô à Ö�ÈR; /tÎR/ È�: Ê Î Å ô Ê - Ä / Ë�ÅWÄ Ã=Ä�î % ç × / È â Å�Æ=Ü -ü Å 6 Ê 6 Ä / Ë�ÅWÄ Ã=Ä Ä / :SÈR; Å�Æ=Ü - þ 6_Ò ÅWÆ3Ï�ÅWÆ=Ü :0; Ê%Ä / Ë�ÅWÄ Ã=Ä î � × / È â ÅWÆ=Ü�Å -#��0�ç ; /2Î Ï Ô�èjånÖ
Ê�É2ÊXÆ Ç´9 Î × Â / Æ /2Î Ü ÎR/ ×=; - Ô ù Ö 6��Ê È Ê�Æ : Â Ð äh� / Æ=Ê â 9áÔ�è à Ö_; /B- Ç´9 Ã3Æ3Ï /ß- ÅWÄ × Â�Ê ÈR; /tÎR/ È�: Ê Î Å ôX/ : Å 9 Æ 9tÇ Ü ÎR/ ×3; - ; / É�ÅWÆ=Ü/�� îu�h�C� ç Ç / È�:09 Î ä :0; / : Å - Ü ÎR/ ×=; -&Ì ; Å ÈR; È / Æ 1 Ê*Ï=Ê È�9 Ä ×æ9 - ÊjÏ�Å�Æ :S9�× / :0; - 92Ç / : Â�Ê /2- :
ù5Æ 9 Ï�Ê -X6 ÁVÆ s Ê È�: 6 Ø Ì Ê × Î 9 É2Ê :S; / : w ; /B-�/�� îP�*�M� ç Ç / È�:S9 Îj6=7 ; Å - Å -&/ Â Î Ê / Ï Ð ÊXÆ 9 Ã3Ü ;
:09 Ê - : /21 ÂWÅ - ;%:S; Ê - ÃG� È ÅWÊ�Æ È Ð 9tÇ 7 ; Ê 9 Î ÊXÄ è 6��Ê ÎSÐ*Î Ê È Ê�Æ : Â Ð ä(� / Æ 9 Ê : / Â 6 Ô�è ù Ö Ü / É2Ê /'- ÅWÄ × Â�Ê × Î 9�9tÇÞ:09 � / Æ=Ê â 9 � - :S; Ê 9 Î ÊXÄ�ä / Æ3ÏÝ&/tÎ : É�ÅWÜ - Ê�Æ / Æ3Ï Ý Ê�ÂWÂ Ô]èp�nÖ=× Î Ê - Ê�Æ : ÊXÏ / ×æ9 Â Ð Æ 9 Ä*Å / Â / Â�Ü 9 Î Å :S; Ä Ì ; Å ÈR; Í Æ3Ï -f/ Æ / È�: Ã / Â� î �*� � ç Ç / È�:S9 Î 9 Î�- : / : Ê - :S; / : Æ 9 Æ=Ê®Ê�Ë�Å - : -�6
ÁVÆ s Ê È�: 6 å ä Ì Ê × Î 9 É2Ê :S; / : Ï�Ê : Ê Î Ä*ÅWÆ=ÅWÆ=Ü :S; Ê - Ä / ÂWÂ�Ê - : Æ�Ã=Ä 1 Ê Î 92Ç ÂWÅWÜ ;P: - 9 Ã Î È Ê --0/ : Å - Ç Ð ÅWÆ=Ü 0�Î 9 1 ÂWÊ�Ä è Å -���0�ç ; /2Î Ï 6,� Ê / Ï 9B×�: / È�9 Æ - : Î Ã È�: Å 9 Æ 9tÇ ã Å�Ï�Ê�Æ 1 Ê�Æ ô Ê : / Â 6

Ô �tÖf:09 /�- Ê :'9tÇ Ï�Å - Ó 9 ÅWÆ : Â�ÅWÆ=Ê - Ê�ÜBÄ*ÊXÆ : - ä / Æ3Ï Î ÊXÏ=Ã È Ê :S; Ê - Ê : ç È�9 É2Ê Î × Î 9 1 Â�ÊXÄ :S9�:0; Ê
92×�: Å�Ä5Å ôX/ : Å 9 Æ�ÉBÊ ÎR- Å 9 Æ 9tÇ 0�Î 9 1 ÂWÊ�Ä è 6
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�ª^xD£B|�JE��#H]���[�¤E�������p�ª^J� Ñ Ê :�:S; Ê :S; Î Ê�Ê È�9 Æ�ÉBÊ�Ë È ÊXÂ�Â - È�9 ÎSÎ Ê - ×æ9 Æ3Ï�ÅWÆ=Ü :09 î � ï � 1 Êx­`®�¯W® / Æ3Ï ê*6=7 ; Ê

Ê�Ë : ÊXÆ3Ï�ÊXÏ#Â�ÅWÆ=Ê - Ê�Ü2Ä5ÊXÆ : -&+p°%/ ÆæÏ + % /tÎ Ê 9 Æ :0; Ê È�9 Ä5Ä 9 Æ 1 9 Ã=Æ3Ï /tÎSÐ 9tÇ ­`®�¯ßä / Æ3Ï¯d® ê�Î Ê - × 6+Ñ Ê :\± °5/ Æ3Ï ± % Ï�Ê�Æ 9t: Ê�Ê�Æ3Ï ×æ9 Å�Æ : - 9tÇ�:S; Ê%Ê�Ë : Ê�Æ3Ï=ÊXÏ +p°5/ Æ3Ï + % 9 Æ :0; ÊÈ�9 Ä5Ä 9 Æ 1 9 Ã=Æ3Ï /tÎ Å�Ê -�Î Ê - × 6
Á Ç + °`² + % ä :0; ÊXÆ × Â / È Ê : Ì 9 Â�ÅWÜ ;P: - 9 Ã Î È Ê - ÅWÆ :S; Ê5Å�Æ : Ê Î Å 9 Î 92Ç ­ / Æ3Ï³¯�Å�Æ :0; Ê¨´Æ=Ê�ÅWÜ ; 1 9 Î ;=9�9 Ï 92Ç5± ° / Æ3Ï ± % 6P7 ; Ê : Ì 9 ÂWÅ�Ü ;B: - 9 Ã Î È Ê - È ÂWÊ /2Î Â Ð Å�ÂWÂ�Ã3Ä*ÅWÆ / : Ê :0; Ê 1 9 Ã=Æ3Ï ç/tÎSÐ 9tÇ ­ / Æ3Ï\¯ 6B7 ; Ê Ð ÅWÂWÂ�Ã=Ä5ÅWÆ / : Ê :0; Ê 1 9 Ã3Æ3Ï /tÎSÐ 92Ç ê"/2-JÌ Ê�ÂWÂ ä :S; Ê�ÂWÅ�Ü ;B: - 9 Ã Î È Ê�Æ=Ê�Ë :

:09�± % Å�ÂWÂ�Ã3Ä*ÅWÆ / : Ê - :0; Ê 1 9 Ã3Æ3Ï /tÎSÐ 92Ç ê Ê�Ë È Ê ×�: + %¶µ ê ä 1 Ã : + %1µ ê Å - Å�ÂWÂWÃ=Ä5Å�Æ / : ÊjÏÇ Î 9 Ä :0; Ê - Å�Ï�Ê 9tÇ ê¶1�Ð�/ ÂWÅ�Ü ;P: - 9 Ã Î È Ê
Æ3Ê�Ë :�:09d± ° 6

·¸ ¹º »&»¼&¼
½¾

­ ¯
ê ­

¯
ê

¿ �{À�=�;8= 7�Ì 9 ÂWÅWÜ ;P: - 9 Ã Î È Ê È / Æ±ÅWÂ�ÂWÃ=Ä5Å�Æ / : Ê :S; Ê 1 9 Ã=Æ3Ï /tÎSÐ 9tÇ+:0; Î Ê�Ê / Ï�Ó / È Ê�Æ :�È Ê�ÂWÂ -
Á Ç + °�Á² + % ä :0; ÊXÆ × Â / È Ê : Ì 9 Â�ÅWÜ ;P: - 9 Ã Î È Ê - ÅWÆ :S; Ê5Å�Æ : Ê Î Å 9 Î 92Ç ­ / ÆæÏ ê Å�Æ :0; Ê¨´Æ=Ê�ÅWÜ ; 1 9 Î ;=9�9 Ï 9tÇ5± ° / ÆæÏ ± % ü - Ê�Ê Ò Å�Ü 6 èjþ 6�7 ; Ê : Ì 9 ÂWÅWÜ ;P: - 9 Ã Î È Ê - È Â�Ê /tÎ Â Ð ÅWÂ�ÂWÃ=Ä5ÅWÆ / : Ê:0; Ê 1 9 Ã=Æ3Ï /tÎSÐ 9tÇ ­ / Æ3Ï ê*6=7 ; Ê Ð ÅWÂ�ÂWÃ=Ä5Å�Æ / : Ê :S; Ê 1 9 Ã=Æ3Ï /2Î0Ð 92Ç ¯ /2-.Ì ÊXÂ�Â@ä + ° µ ¯�Å -Å�ÂWÂ�Ã3Ä*ÅWÆ / : ÊXÏ Ç Î 9 Ä :0; Ê - Å�Ï�Ê 92Ç ¯ 1�Ð :0; ÊfÂWÅ�Ü ;B: - 9 Ã Î È Ê�Æ=Ê�Ë :_:S9Â± % ä + % µ ¯�Å - Å�ÂWÂWÃ=Ä5Å�Æ / : ÊjÏÇ Î 9 Ä :0; Ê - Å�Ï�Ê 9tÇ ¯ 1PÐ :0; Ê�ÂWÅ�Ü ;P: - 9 Ã Î È Ê)Æ3Ê�Ë :�:09.± °n6 ÃÄ0�Î 92×�9 - Å : Å 9 Æ è ÅWÆ Ç Ê ÎR- :S; / : /#Î ÊXÂ / : ÅWÉ2Ê�Â Ðb- Ä / ÂWÂ - Ê :�92Ç Â�ÅWÜ ;P: - 9 Ã Î È Ê - È / Æ - 9 Â�ÉBÊ0�Î 9 1 ÂWÊ�Ä è5Ç´9 Î / Æ Ð Ä / Ë�ÅWÄ Ã3Ä î�� ç × / È â ÅWÆ=Ü 9tÇ�:0; Ê£Ü ÎS/ ×=;Å� 6�� 9t: ÊBä ;=9 Ì Ê�ÉBÊ Î ä :0; / :

:0; Ê Î Ê
Å - Æ 9'9 Æ=Ê ç :09 ç 9 Æ=Ê È�9 ÎSÎ Ê - ×�9 Æ3Ï=Ê�Æ È Ê 1 Ê : Ì Ê�Ê�Æ�Ä / Ë�Å�Ä'Ã=Ä�î�� ç × / È â ÅWÆ=Ü - 9tÇ�� / Æ3Ï
92×�: Å�Ä / Â - 9 ÂWÃ : Å 9 Æ - :09 0fÎ 9 1 Â�ÊXÄ è 6�Æ Ã Î Ä / Å�Æ Î Ê - Ã=Â : - : / : Ê - 9 Æ=Â Ð :0; / :�:0; Ê�ÂWÅWÜ ;P: - 9 Ã Î È Ê
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× Â / È ÊXÄ*ÊXÆ : 13/B- ÊjÏ 9 Æ / Ä / Ë�Å�Ä'Ã=Ä î�� ç × / È â ÅWÆ=Ü 92Ç�� Å -®1 Ê - :�×æ9 -0- Å 1 Â�Ê*ÅWÆ :S; Ê Ì 9 ÎS- :
È /2- Ê 6Ç 4(:È:ÈÉN;*=!Ê B
�J���1>ËE¶K�î ��Ì ¥
K�H]ÍM>[V�@x>[V � O5B(>UH]B.H]�9Î9���]EÏKMD,���]KCERD3ù_÷�Ð ~ßüU� þ Ð ø å ú�V*�pX��JE��
Ò 9 Î :S; Ê × Î 9�9tÇ_92Ç Ñ Ê�Ä5Ä / è ä - Ê�Ê s Ê È�: 6 Ø 6�����p�ª^J� ü´9tÇ 7 ; Ê 9 Î Ê�Ä è�þÑ FJSTHJ>U��V*H�Q�� � È�È�9 Î Ï�Å�Æ3Ü :S9 Ñ Ê�Ä5Ä / è ä �$È�9 Æ : / ÅWÆ -�/ î � ç × / È â ÅWÆ=Ü Ì ; Å ÈR;óÈ�9 ÉBÊ ÎR-/ : Â�Ê /2- : ù_÷ ü Ù�ý è�þ ø å ú Æ 9 Ï�Ê -�6,0 Â / È Ê : Ì 9 ÂWÅWÜ ;P: - 9 Ã Î È Ê - Ç´9 Î ÊXÉ2Ê Î0Ð î�� / Æ3Ï 9 Æ=Ê ÂWÅ�Ü ;P:

- 9 Ã Î È Ê :S9 ÊXÉ2Ê Î0Ð È ÊXÂ�ÂÞÆ 92:�È�9 É2Ê Î ÊjÏ 1�Ðß/ î�� 6�7 ; ÊXÆ :S; Ê :092: / ÂÞÆ�Ã=Ä 1 Ê Î 92Ç ÂWÅ�Ü ;B: - 9 Ã Î È Ê -
Å -

àWÒ Ùßý èåÔÓ ýÖÕ ü Ùßý èjþ Úóù Ò Ù£ý èåÔÓ,× ²ÙØ Ø�Ú Ù%ý èåÜÛ#ÝÞ`�]H]�RE]ER>[D{Q�� Ò ÅWÜ 6 à Ï�Ê × Å È�: -�/ È�9 Æ - : Î Ã È�: Å 9 Æ 92Ç'å�ß ý è Â�ÅWÆ=Ê - Ê�ÜBÄ5Ê�Æ : -�Î ÊjõPÃ=Å Î ÅWÆ=Ü
Ø ß ý è ² û Ø ü Ù°ý èjþ ø å ÿ ÂWÅWÜ ;P: - 9 Ã Î È Ê -�6�Æ)1æ- Ê Î ÉBÊ :0; / : Ê / ÈR; Â�ÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ : ÅWÆ :0; Ê
Å�Æ : Ê Î Å 9 Î 92Ç /5- ; / Ï�ÊjÏ Î Ê�ÜBÅ 9 Æ Î ÊXõPÃ=Å Î Ê - : Ì 9 Ï�Å - : ÅWÆ È�: ÂWÅ�Ü ;P: - 9 Ã Î È Ê -X6� Ê 9 1 : / Å�Æ / È�9 Æ - : Î Ã È�: Å 9 Æ 9 Æ±Ù ² å�ß ý à ® å�ß ý ù|® 9 Î å�ß ý©Ø%Â�ÅWÆ=Ê - Ê�ÜBÄ5Ê�Æ : -�1�Ð/ Ï=Ï�ÅWÆ=Ü 9 Æ3Ê2ä : Ì 9 ä 9 Î :S; Î Ê�Ê®Â�ÅWÆ=Ê - Ê�ÜBÄ*ÊXÆ : -�- ;=9 Ì Æ /B- Ï /2- ; ÊjÏ - Ê�ÜBÄ*ÊXÆ : - 9 Æ Ò Å�Ü 6 à 6

¿ �{À�=9à,= � È�9 Æ - : Î Ã È�: Å 9 Æ 92Ç Ù ² à�á ÂWÅ�Æ3Ê - ÊXÜ2Ä5Ê�Æ : -�Î ÊXõPÃ=Å Î Å�Æ=Ü à è ÂWÅ�Ü ;P: - 9 Ã Î È Ê - ÃÄ� 9t: Ê :0; / :*:S; Ê�Ä / Ë�Å�Ä'Ã=Ä î � ç × / È â ÅWÆ=Ü 9tÇ&:S; Ê È�9 Î0Î Ê - ×æ9 Æ3Ï�ÅWÆ=ÜòÜ ÎS/ ×=;«� È�9 ÉBÊ ÎR-
9 Æ=Â Ð ù ß ý#ù*Æ 9 Ï�Ê - 92Ç�:S; Ê :092: / ÂPÐ ~ßü{� þ Ð ² å�ß ý è 6
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¿ �{À�=��m= 7 ; Ê È�9 ÎSÎ Ê - ×�9 Æ3Ï=Å�Æ=Ü*Ü ÎR/ ×3;
�
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H]�]XW��Q ñ >[VA0d�
4 ÊXÆ 9t: Ê 1�Ð#B :0; Ê ÆPÃ3Ä 1 Ê Î 92Ç Â�ÅWÆ=Ê - Ê�ÜBÄ*ÊXÆ : -�Ì ; Å ÈR; /tÎ Ê�Ê�Ë : Ê�Æ3Ï�ÊjÏ :09 / È�9 Ä × ÂWÊ : Ê

Â�ÅWÆ=Ê 1�Ð :0; Ê È�9 Æ�É2Ê�Ë × /tÎ : Å : Å 9 Æ3Å�Æ=Ü / ÂWÜ 9 Î Å :0; Ä 6CB ï � � ® è � - ÅWÆ È Ê :S; Ê�Â�ÅWÆ=Ê - Ê�ÜBÄ*ÊXÆ : -�/tÎ Ê
× / Å Î0Ì Å - Ê
Æ 9 Æ ç × /tÎR/ ÂWÂWÊ�Â 6�4 Ê�Æ 9t: Ê :S; Å - Â�ÅWÆ=Ê 1�Ð.+ED ï  Å Ç+:0; Ê Î Ê
Ê�Ë�Å - : - 9 Æ=Ê 6Æ)13- Ê Î ÉBÊ :S; / :�:S; Ê Î Ê /tÎ Ê)Æ 9ßÈ Ã :0: ÅWÆ=Ü£ÊXÏ�ÜBÊ - ÅWÆ w Æ 9 Î Å�Æ � 6Ç 4(:È:ÈÉ³àm=!Ê B
�`V8FG�\�]���&�ª^>F Ì �IXz@��¨H�FGDUEx>[V w >ËE B ������p�ª^J� �ö- Ã 1æ- Ê :�ñG2 ~ßü w þ�È�9 Î0Î Ê - ×æ9 Æ3Ï - :09 /*Î Ê�Ü2Å 9 ÆAHJI�Å�Æ :0; Ê × Â / Æ=Ê2ä :S; / : Å - :0; Ê
Ã=Æ=Å 9 Æ 92Ç+:S; Ê È Â 9 - ÊXÏ È ÊXÂ�Â - È�9 ÎSÎ Ê - ×�9 ÆæÏ�Å�Æ3Ü :09ß:S; Ê Æ 9 Ï=Ê - ÅWÆ ñ 6 HKIáÅ - È�9 Æ=Æ=Ê È�: ÊXÏ�Å Ç³ñÅ�Æ3Ï=Ã È Ê -
/ È�9 Æ=Æ=Ê È�: ÊjÏ - Ã 1 Ü ÎR/ ×3; 6�7 ; Ê 1 9 Ã=ÆæÏ /tÎSÐ 9tÇ / Æ Ð H I Å - È�9 Ä ×æ9 - ÊjÏ 9tÇf× Å�Ê È Ê -
9tÇ+:0; Ê�Ê�Ë : Ê�Æ3Ï=ÊXÏ�Â�ÅWÆ=Ê - Ê�Ü2Ä5ÊXÆ : - 9tÇt 6L K9E��#� § HKI�Å -�/*1 9 Ã=Æ3Ï=ÊXÏ Î ÊXÜ2Å 9 Æ 6G� Æ Ðß1 9 Ã3Æ3Ï�ÊXÏ Î Ê�Ü2Å 9 Æ�Å -�/ ×�9 Â Ð Ü 9 Æ / Â�Ï 9 Ä / ÅWÆ/ Æ3Ï :0; Ã - ; /2-J/ : ÂWÊ /B- :J:0; Î ÊXÊ.ÉBÊ Î : Å È Ê -�6Ms 9
:0; Ê Î Ê /2Î Ê / : ÂWÊ /B- :J:S; Î ÊXÊ�Ê�Æ3Ï ×�9 ÅWÆ : - 92Ç ÜBÅ�ÉBÊ�Æ
Â�ÅWÆ=Ê - Ê�ÜBÄ*ÊXÆ : - 9 Æ£Å : -�1 9 Ã=Æ3Ï /2Î0Ð ä / Æ3Ï Ç´9 Î :0; Ê È�9 ÎSÎ Ê - ×æ9 Æ3Ï�ÅWÆ=Ü ñM2T~ßü w þ ä 57N ü ñ�þ a ù 6L K9E��9F § HKIbÅ -£/ ÆbÅ�Æ Í Æ=Å : Ê Î Ê�Ü2Å 9 Æ 6J7 ; Ê Î Ê /2Î Ê / : ÂWÊ /B- :£: Ì 9 Å�Æ Í Æ=Å : ÊáÊ�Ë : Ê�Æ3Ï�ÊjÏ- ÊXÜ2Ä5Ê�Æ : - 9 Æ :0; Ê 1 9 Ã3Æ3Ï /tÎSÐ 92Ç HKI 6 Á ÇJ:0; Ê Î Ê /2Î Ê / : Â�Ê /2- :�: Ì 9 ÂWÅ�Æ3Ê - ÊXÜ2Ä5Ê�Æ : - 9 Æ :0; Ê1 9 Ã=Æ3Ï /2Î0Ð 9tÇ HJI�ä :S; Ê�Æ :S; Ê Î Ê /tÎ Ê / : ÂWÊ /B- :[9 Æ=Ê£Ê�Æ3Ï ×æ9 Å�Æ : 92Ç ÂWÅ�Æ3Ê - ÊXÜ2Ä5Ê�Æ : - 9 Æ :0; Ê1 9 Ã=Æ3Ï /2Î0Ð ä / Æ3Ï Ç´9 Î :S; Ê È�9 Î0Î Ê - ×æ9 Æ3Ï�ÅWÆ=Ü ñM2 ~£ü w þ ä 5-N ü ñ�þ abù 6��- Ê :*ñO2 ~ßü w þ�È�9 Î0Î Ê - ×�9 Æ3Ï�ÅWÆ=Ü :09 / ÆóÅWÆ Í Æ=Å : Ê Î ÊXÜ2Å 9 Æ È / Æ ; / É2Ê 5 N ü@ñ�þ ² à ä
Å Ç / Æ3Ï 9 Æ=Â Ð Å Ç�:S; Ê Î Ê Å - Ê�Ë / È�: Â Ð 9 Æ=Ê ÂWÅWÆ=Ê - Ê�ÜBÄ5Ê�Æ :)9 Æ :0; Ê 1 9 Ã=Æ3Ï /tÎSÐ 92Ç HJI 6 ÁVÆ :S; Å -
È /2- Ê2ä :S; Ê®Ã=Æ=Å�õBÃ3Ê
ÂWÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ :�9 Æ :0; Ê 1 9 Ã=Æ3Ï /tÎSÐ 9tÇ HKI±Å - Ê�Ë : Ê�ÆæÏ�ÊXÏ :09*:0; Ê
ÅWÆ Í Æ3Å : Ð
Å�Æ 1 9t:0; Ï�Å Î Ê È�: Å 9 Æ -X6 ÃÄ
P 68796'QRQUÉG7TS¡;8=/. �M�&�JÎ9�J�RQ ñG2 ~ßüU�°þ O >[D£B 57UWVXN ü ñ�þ ² à § HKIN>ËE`K`B|KM� ^ Ì ¥*� K9V*�\�¬^ + D ������p�ª^J� 7 ; Ê : Ì 9 ÊjÏ�Ü2Ê - ÂWÊ / É�ÅWÆ=Ü ñöÇ´9 Î Ä / à ç È Ã : 6J7 ; Å - Å -5/ à ç È Ã :'92Ç 1 9t:0; w / Æ3Ï� 6 ÃÄÇ 4(:È:ÈÉ1��= <5��D ñM2T~%ü w þ ERF
HIB D[B
K9D ñ >[V*X9F
H]�JE`KWH]�9V8V*�]HJD¦�]X¨ERF
�©@M��K]¥|B
� Ê B|��V

à Ð ñ Ð-& Ð $YN ü ñ�þ ÐXý 57UWV N ü ñ�þ Ý üFè�þ�����p�ª^J� Ñ Ê :[Z 1 Ê :0; Ê%ÆPÃ3Ä 1 Ê Î 92Ç³:S; Ê ü Ê�Ë : ÊXÆ3Ï�ÊXÏ þ Â�ÅWÆ=Ê - Ê�ÜBÄ5Ê�Æ : - ÅWÆ :0; ÊßÅ�Æ : Ê Î Å 9 Î 9tÇHJI�äJÂ�Ê :]\ 1 Ê :S; Ê±ÆPÃ3Ä 1 Ê Î 9tÇ ÊXÆ3Ï ×�9 ÅWÆ : - ÅWÆM^DÙ@_ ü HJI þ[92Ç ü Ê�Ë : Ê�Æ3Ï=ÊXÏ þ Â�ÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ : -Ì ; Å ÈR; /2Î Ê£Æ 92: Ê�Æ : Å Î Ê�Â Ð ÅWÆ`^@Ù@_ ü HJI þ ä / Æ3Ï°ÂWÊ :ba 1 Ê :0; ÊßÆ�Ã=Ä 1 Ê Î 92Ç[ü Ê�Ë : Ê�Æ3Ï�ÊjÏ þ ÂWÅ�Æ3Ê- ÊXÜ2Ä5Ê�Æ : - 9 Æ :S; Ê 1 9 Ã=Æ3Ï /tÎSÐ 9tÇ HJI Ì Å :0; Æ 9 ÊXÆ3Ï ×�9 ÅWÆ : - ÅWÆA^DÙ@_ ü HJI þ 6
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7 ; Ê Ç´9 ÂWÂ 9 Ì ÅWÆ=Ü Ç´9 Ã Î ÊjõPÃ / ÂWÅ : Å�Ê - Å�Ä5Ä5ÊXÏ=Å / : Ê�Â Ð ÅWÄ × Â Ð üFè�þ 6Ð ñ Ð ² Z ý \ ý è ® ü à þÐ $YN ü@ñ�þ Ð ² à Z ý \ ® ü ù þ
5-UWV N ü ñfþ a a ý \ ® 1 Ã : ü Ø þ
5-UWV N ü ñfþ a a ý \ ý è ® Å Ç è & È & à Ý ü åBþ

ü à þ / Æ3Ï ü ù þ /2Î Ê 9 1 É�Å 9 Ã -X6=Ò 9 Î ü Ø þ ä È�9 Æ - Å�Ï�Ê Î :0; Ê × / Å ÎR- 9tÇ�È�9 Æ - Ê È Ã : Å�ÉBÊ)ÂWÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ : -/ Â 9 Æ=Ü :0; Ê 1 9 Ã=ÆæÏ /tÎSÐ 9tÇ HKI 6=ã É2Ê Î0Ð£- Ã ÈR;±× / Å Î Ç´9 Î Ä -�/bc�ç ÓFÃ=Æ È�: Å 9 Æ / Æ3Ï È�9 ÎSÎ Ê - ×�9 ÆæÏ -
:09 / Æ�ÊXÏ�ÜBÊ 9tÇ w 6�7 ; Ê[Æ�Ã=Ä 1 Ê Î 9tÇ c�ç ÓFÃ=Æ È�: Å 9 Æ - 9 Æ :0; Ê 1 9 Ã=Æ3Ï /2Î0Ð 9tÇ HKI�Å -&/ : Â�Ê /2- :\ ý a ä=Å Ç HJI�Å -�1 9 Ã=Æ3Ï=ÊXÏ{ä / Æ3Ï \ ý a Ú è ä�Å Ç HKI±ÅWÆ±Ã3Æ 1 9 Ã3Æ3Ï�ÊXÏ 6
Á Ç HKIòÅ - Ã=Æ 1 9 Ã=Æ3Ï�ÊjÏ :0; ÊXÆ :0; Ê Î Ê /tÎ Ê : Ì 9 ÂWÅ�Æ3Ê - Ê�Ü2Ä5ÊXÆ : Ê�Ë : Ê�ÆæÏ�ÊXÏ :S9 ÅWÆ Í Æ=Å : Ð 9 Æ

:0; Ê 1 9 Ã3Æ3Ï /tÎSÐ 92Ç H I 6 � 9t:S;áÈ�9 Î0Î Ê - ×æ9 Æ3Ï :09 / Æ�ÊjÏ�Ü2Ê 92Ç w 6 ÁVÆ :S; Å - È /B- Ê 5-UWV N ü ñfþ a
üda ý \ Ú èjþ ý à ² \ ý a ý è 6
Ò ÅWÆ / Â�Â Ð Ç´9 Î ü@å2þ ä=Æ 9t: Ê :0; / :ea abù Ç´9 Î HKI 1 9 Ã=Æ3Ï=ÊXÏ{ä / Æ3Ï a a è®9t:S; Ê ÎSÌ Å - Ê 6 ÃÄ

+ 4-,t 5�U�z�U6*  à,=/. �9�.K.@M��K]¥|Bf0 § OP�dH]K9�[� ñg2 ~ßü 0 þ KAh v i�ijiÂ�ª^J0 § > ^ ñ >[V*XMF
H]�RE¨KHI�MV
Vh�IH�D¦�IX#@M�IKI¥|B § Ð $Y6 ü ñfþ Ð ² Ð ñ Ð § 5-UWV 6 ü ñ�þ ² Ð ñ Ð § KMV*X 57UWV 6 ülk�þ=m à ^J�9�`KM�[� k ï ñ �
P 68796'QRQUÉG7TS à,=�¢ ^ ñn2 ~£üU�°þ >ËE\K O5B|�]�J�P�¬^ � K9V*X-Ð $ N ü ñfþ Ð ² Ð ñ Ð § D[B
�JV ñ H]�9�R��� ÌE{¥
�9VhXCE�D¦�WK#B
K9� ^ Ì ¥h��K9Vh�.�ª^ + D ������p�ª^J� s Ã ×=×�9 - Ê :0; / : Ð ñ Ð ² ß / ÆæÏ ñ ÅWÆ3Ï�Ã È Ê -�/ : Ä 9 - :�ß ÊXÏ�ÜBÊ - ÅWÆ w 6

à ß ² Ð $eo ü ñ�þ Ð�ý 5-UWV o ü ñ�þ & Ð $eN ü@ñ�þ Ðjý 5-UWV N ü ñfþ & Ð ñ ÐXý ß ² à ß Ý
7 ; / : Å - ü èjþ+;=9 ÂWÏ -fÌ Å :S; ÊXõPÃ / Â�Å : Ð262ã õPÃ / ÂWÅ : Å�Ê - ü à þ ä ü ù þ ä ü Ø þ ä / Æ3Ï ü åBþ Å�Ä × Â Ð :0; / :�a ² è 6ÃÄÇ 4(:È:ÈÉqp5= <5��D ñM2T~%üU�°þ � Ê B|��VÐ $ o ü ñ�þ Ðr& à Ð ñ ÐjÚ à Ú ( / Úts / ý à B ® ü á þO5B|����� (8/ >ËE&D[B
�#V
FG�.�I���`�ª^&V*�pX��JE&>[V ñ O5B
�CE��.X��©@����]�#>ËE&D{OP�W>[VÅ�]�MD[B � KMV*X �#ü ñfþ]§K9V*X#s / >ËEdD£B|�
V
FG�.�]�J�W�¬^
X9>ËEvu��M>[V
D�ERF
�JEJ��D{Ed�¬^ ñ O5B(>UH]B«KM����O5B|�]���¤Ed>[V �]�9D£B � K9V*X�#ü ñfþ ������p�ª^J� � Ê â Æ 9 Ì Ð $ ü w þ Ð ² à Ð ~%ü w þ ÐBÚ à 6h� ×=× Â Ð Å�Æ3Ü Ñ Ê�Ä5Ä / ù :09 / Â�Â È�9 Ä ×æ9 Æ=Ê�Æ : -
9tÇu~£üU�°þ ' ñ ä Ì Ê ; / É2Ê.Ð $ N ü@ñ�þ ÐC& à Ð ñ Ð�Ú à 6
Ñ Ê :)ñ °
1 Ê :S; Ê - Ê :�92Ç Æ 9 Ï=Ê - k ï ñ Ì Å :0; 5-UWV o üdk�þ ² 57UWV oJw I-x ülk�þ ² à 63Ñ Ê :)ñ % 1 Ê:0; Ê£Ã=Æ3Å 9 Æ 92Ç Ä / Ë�ÅWÄ / Â × / :0; - î 2 �#ü@ñ�þ - Ã ÈR;ò:S; / : 5-UWV o ü î þ ² 5-UyV oJw I7x ü î þ ² à/ Æ3Ï 5-UWV N üdk�þem à Ç´9 Î)/ ÂWÂ k ïòî 6ÞÑ Ê :
ñ � 1 Ê :S; Ê Ã3Æ=Å 9 Æ 9tÇ Ï�Å - Ó 9 ÅWÆ : É2Ê Î : Ê�Ë - Ê : - ÅWÆ ñÌ ; Å ÈR; /2Î Ê Ì ; Ê�Ê�Â - ÅWÆ 1 9t:S;d� / Æ3Ï � ü ñ�þ 6(Æ)13- Ê Î É2Ê :S; / :�ñ ° ä ñ % ä / Æ3Ï ñ � /tÎ Ê × / Å ÎSÌ Å - ÊÏ�Å - Ó 9 ÅWÆ : 6� È�È�9 Î Ï�ÅWÆ=Ü :S9 , 9 Î 9 Â�Â /tÎ Å�Ê - è / Æ3Ï à ä :0; Ê Î Ê /2Î Ê / : Â�Ê /2- : (*/ ý4s / Ú à B Ï 9 Ã 1 ÂWÊ)ÊjÏ�Ü2Ê -

Å�Æ w ü{� þ 6 ÃÄ
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z {9|~}-�C�I��¿�º�¼�»��
� × /tÎ : Å : Å 9 Æ 9tÇ / Ü ÎS/ ×=; 0 Å�Æ :095× / :0; -_� î5��®0î���®Sî��M��Å -�/ îu�h� ç Ç / È�:09 Î 92Ç 0 6G� Ê × Î 9 É2Ê
:0; / :&:0; Ê'Ü ÎS/ ×=;�� ; /B-&/�� îP�*�9� ç Ç / È�:S9 Îj637 ; Ê � îu�h�9� ç Ç / È�:09 ÎS-&Ì Ê Î Ê Î Ê È Ê�Æ : Â Ð ÈR; /tÎR/ È ç
: Ê Î Å ô ÊXÏ 1�Ð � / Æ=Ê â 9±Ô�è à Ö ä / ÆæÏ /5- Å�Ä × ÂWÊ × Î 9�9tÇ Å - × Î 9 É�ÅWÏ�ÊjÏ%ÅWÆ Ô]è ù Ö 62&354(68794�: à,= 8l� KMV*�]Í�� :[� ER>[�1¥h���x@M�IKI¥|B�0ÖB|K9E`K � îP�*�M� Ì ^JK�HJD¦�9��> ^`KMV*X
�9V
�AQd> ^

�y� Ù ü 0 Ú ñ�þ & à Ð ñ Ð?® Ç´9 Îó/ ÂWÂ s 2 � ü � þ Ý ü Û þÃÄ
7 ; Ê : Ê Î Ä �W� Ù ü 0"Ú ñfþ Î ÊjõBÃ3Å Î Ê - Ç Ã Î :0; Ê Î Ê�Ë × Â / Æ / : Å 9 Æ 6

+ 4-,t 5�U�z�U6* ��m= � @���KI¥
B/0 >ËE y l c o e n�� c nIqZoUq c l i § > ^,^J�9�ÂKM�[� k ï ~ßü 0 þ]§ 0òÚ � k �¨H]�9V8D©KM>[V|EK_¥
�J�£^J�]H�Db�.K9D¦HIBG>[V�@ 8 � Ì ^JK�HJD¦�9� : �. �M�`K�^JK�HJD¦�9�#H��R>[DZ>UHIKM�h@���K]¥|B#0 O >[D[B ~ßü 0 þ ² � k ° ® k % ® Ý�ÝzÝ ® kX� � § K�X�X
V*��O ÎC���RDZ>UHI�JE� ° ® � % ® ÝzÝ�Ý ® ��� K9V*X
Vh�JO �]X�@��JE k ° � ° ® k % � % ® ÝzÝ�Ý ® k �T�@� � Ê B|�#���JERFG�?DZ>[V�@\@M�IKI¥|B->ËE#Kb�y��f5�� ER>[V�@����#V*�pX��`>ËE&KM�¤E��
H]�MV|ER>UX������]X
K9E`K/�W�Mf5�
. �M�`K`@���KI¥
B�0 § �W� Ù ü 0 þ >ËE�D£B|�`V
FG�.�]�J�&�ª^x>[D{EY�y��f«H]�9��¥|�MV*��V
D{EJ�� Ç / È�:09 Î0ç È Î Å : Å È / Â�Ü ÎR/ ×3; 92Ç`ß3m è Æ 9 Ï�Ê - ; /2-%/ : ÂWÊ /B- :�ß ÊjÏ�Ü2Ê -�6³7 9 - Ê�Ê :0; Å - ä

9 13- Ê Î É2Ê :0; / : / Ç / È�:S9 Î0ç È Î Å : Å È / Â_Ü ÎS/ ×=; Å - È�9 Æ=Æ=Ê È�: ÊjÏ{ä / Æ3Ï Å :�È / Æ=Æ 9t:[È�9 Æ : / ÅWÆ ÂWÊ / ÉBÊ -X6� 9t: Ê :S; / : /*- ÅWÆ=ÜBÂ�Ê
Æ 9 Ï�Ê
Å -�/ Â - 9[Ç / È�:09 Î ç È Î Å : Å È / Â@ä :0; Ê È�9 Î0Î Ê - ×æ9 Æ3Ï�ÅWÆ=Ü - Ã=Æ È�9 Ä ×�9 Æ=ÊXÆ :
Å -)/ × / :S; î % 6Þ, 9 Æ - ÊjõPÃ=Ê�Æ : Â Ð ä /£- Ã3Æ È�9 Ä ×�9 Æ=ÊXÆ :&9tÇ à ß Æ 9 Ï=Ê - ; /B-&/ : Â�Ê /2- : à ß ÊjÏ�Ü2Ê -Ç´9 Î�/ ÂWÂ ß#m"è 6Ç 4(:È:ÈÉ4�m=!Ê B
�_@���K]¥|B � B|K9E#K � î �*� � Ì ^JK�HJD¦�9��������p�ª^J� , 9 Æ - ÅWÏ=Ê Î�/ Æ ñG2 ~%üU� þ ä Ì ; Ê Î Ê �W� Ù ü{� Ú ñ�þ Ú à Ð ñ ÐPÅ - Ä / Ë�Å�Ä / Â 6=4 Ê�ÂWÊ : Ê / Â�Â
È�9 Ä ×�9 Æ=ÊXÆ : - 9tÇ � Ú ñ Ì ; Å ÈR; /tÎ Ê®Æ 9t: - Ã=Æ / ÆæÏ±Ï=Ê�Æ 92: Ê :0; Ê Î Ê - Ã=Â : ÅWÆ=Ü£Ü ÎS/ ×=; 1�Ð � /�6� Ê Ì Å - ;±:S9 / ×=× Â Ð%Ñ ÊXÄ5Ä / Øæä�Å�Æ × /2Î : Å È Ã=Â /tÎ ÁVÆ=ÊXõPÃ / Â�Å : Ð ü á þ ä :09d~ßü{� / þ=2 ~%üU� þ 6Ð $Yo üU� / þ Ðr& à Ð ~£üU� / þ ÐnÚ à Ú ( / Úts / ý à B ® üU�Pþ
Ì ; Ê Î Ê ( / Å - :S; Ê�Æ�Ã=Ä 1 Ê Î 92Ç Æ 9 Ï=Ê - ÅWÆ k ï � / Ì Å :0; 5-UWVXo üdk�þ ² 5-UWVXo�� ülk�þ ² à / ÆæÏ#s /
Å - :S; Ê�Æ�Ã=Ä 1 Ê Î 92Ç Ï�Å - Ó 9 ÅWÆ : - Ã 13- Ê : - 9tÇ � /ÞÌ ; Å ÈR; /tÎ Ê Ì ; Ê�ÊXÂ - ÅWÆ 1 92:0; � / Æ3Ï � / 6
ÁVÆ 9 Î Ï�Ê Î :S9 Ï�Ê : Ê Î Ä5Å�Æ=Ê (8/f/ Æ3Ï�s / ÅWÆ : Ê Î Ä - 9tÇ - Ã3Æ È�9 Ä ×�9 Æ=ÊXÆ : - ä Ì Ê£Å�Æ : Î 9 Ï�Ã È Ê

Æ=Ê Ì × /tÎR/ Ä5Ê : Ê ÎR- Ç´9 Î :0; Ê*Æ�Ã=Ä 1 Ê Î 9tÇ�È Ê Î : / ÅWÆ : Ð × Ê - 9tÇ - Ã3Æ È�9 Ä ×æ9 Æ=Ê�Æ : - 9tÇ�� Ú ñ 6� Ê È�9 Æ - ÅWÏ=Ê Î�- Ê × /2ÎS/ : Ê�Â Ð :0; Ê[î ° çD- ä=î % çV- ä / Æ3Ï / Â�Â 9t:0; Ê Î�- Ã=Æ -X6Ñ Ê :Ja % / Æ3Ï a � 1 Ê :S; Ê Æ�Ã=Ä 1 Ê Î 9tÇ - Å�Æ3Ü2ÂWÊ[Æ 9 Ï�Ê È�9 Ä ×æ9 Æ=Ê�Æ : - k ï ~ßü{� þ ' ñ Ì Å :S;57UWV o ülk�þ ² à / Æ3Ï 57UWV o ülk�þ a ù Î Ê - × 6 ü � 9t: Ê :0; / :�; Ê Î Ê 57UWV o � üdk�þ ² 57UWV o ülk�þ 6 þÑ Ê : 5 % ä 5 � ä / ÆæÏ 5 � 1 Ê :0; Ê�Æ�Ã=Ä 1 Ê Î 92Ç î % È�9 Ä ×æ9 Æ=Ê�Æ : - î 2 ~£ü{� þ ' ñ - Ã ÈR;
:0; / : î 2 � / Ì Å :S; 57UWV o ü î þ ² à ä 5-UWV o ü î þ ² ù3ä / ÆæÏ 57UWV o ü î þ a Ø Î Ê - × 6,Æ)13- Ê Î É2Ê
:0; / : 5-UWV o ü î þ ² à ü�9 Î 57UWV o ü î þ ² ù þ Ä5Ê / Æ - :0; / : î È�9 Æ : / Å�Æ - 9 Æ3Ê ü´9 Î : Ì 9 Î Ê - × 6 þ
Æ 9 Ï�Ê ü - þ Ì Å :0; 5-UyV o üdk�þ ² à 6, 9 Æ - ÅWÏ=Ê Î :0; Ê - Ã=Æ È�9 Ä ×æ9 Æ=Ê�Æ : - 9tÇ,� Ú ñ Ì Å :S; Ä 9 Î Ê :S; / Æ à Æ 9 Ï�Ê -�62Ñ Ê :�:S; Ê :092: / Â
ÆPÃ3Ä 1 Ê Î 92Ç_:S; Ê�Å Î Æ 9 Ï�Ê -�1 Ê à ß 637 ; Ê Ð ; / É2Ê ß Â�Ê / É2Ê -X6�Ñ Ê :J� % / ÆæÏ � � 1 Ê :S; Ê�Æ�Ã=Ä 1 Ê Î9tÇ Â�Ê / É2Ê - k Ì Å :S; 57UWVXo ülk�þ ² à / Æ3Ï 57UWVXo ülk�þ=m à Î Ê - × 6tÑ Ê : s ° / Æ3Ï[s % 1 Ê :S; Ê�Æ�Ã=Ä 1 Ê Î- Ã=Æ È�9 Ä ×æ9 Æ=Ê�Æ : - 92Ç*� Ú ñ Ì Å :0; Ä 9 Î Ê :0; / Æ à Æ 9 Ï�Ê - ä Ì ;=9 - Ê Ç / È�:09 Î È Î Å : Å È / Â - Ã 1 Ü ÎS/ ×=;
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Å - Ì ; Ê�ÊXÂ / Æ3ÏóÆ 9 Æ çDÌ ; Ê�ÊXÂ Î Ê - × 6�7 ; Ê - Ê È�9 Ä ×æ9 Æ=Ê�Æ : - ; / É2Ê / : Â�Ê /2- : à ß ý�s % Å�Æ : Ê Î Å 9 ÎÊXÏ�ÜBÊ -�/ ÆæÏ / : Â�Ê /2- : à ß Ú � % ÊjÏ�Ü2Ê - È�9 Æ3Æ=Ê È�:�:0; ÊXÄ :09ßñ 6� - Å�Æ=Ü :S; Ê - Ê × /2ÎS/ Ä*Ê : Ê ÎS- ä Ì Ê È / Æ®Ê - : ÅWÄ / : Ê :0; Ê�Æ�Ã=Ä 1 Ê Î 9tÇ ÊXÏ=Ü2Ê - Å�Æ � / 6 Ð $ ü{� / þ Ð*&57UWV o � ü@ñ�þ ý ü 5 % ý 5 � ý 5 � þ ý ü à ß ý4s % þ Ì ; Ê Î Ê 5-UWV o � ü ñ�þ & à a % ý°ù a � ý à 5 % ý°ù 5 � ýØ 5 � ý ü à ß Ú � % þ 6Þ7 ; Ê Æ�Ã=Ä 1 Ê Î 9tÇ Æ 9 Ï�Ê - ; / ÉPÅWÆ=ÜßÏ�ÊXÜ Î Ê�Ê à Å�Æ 1 92:0;-� / Æ3Ï � / Å -)/ :
Â�Ê /2- :�a % ý à 5 % ý 5 � ý � % 6 � - ÅWÆ=Ü B & è ä�ÁVÆ3ÊXõPÃ / ÂWÅ : Ð üU�Pþ Å -�Ì�Î Å : : ÊXÆ /B-

à a % ý#ù a � ý#ù 5 % ý©Ø 5 � ý å 5 � ý©Ø ß ý�s % Ú � % && à ü Ð ñ Ð�ý a % ý a � ý à 5 % ý à 5 � ý à 5 � ý à ß3þ Ú üRa % ý à 5 % ý 5 � ý � % þ Úts ° ®a % ý a � ý 5 % ý 5 � ý 5 � ý�s ° ý�s % & à Ð ñ Ð Ý7 ; Ê®ÆPÃ3Ä 1 Ê Î 92Ç - Ã=Æ È�9 Ä ×�9 Æ3Ê�Æ : - Å -�/ : Ä 9 - : à Ð ñ Ð 6
� ÈXÈ�9 Î Ï�ÅWÆ=Ü :09 � / Æ=Ê â 9 � - :S; Ê ç
9 Î Ê�Ä�ä � ; /2-�/
� î �*� � ç Ç / È�:09 Îj6 ÃÄ
� �¡�9�9�1�J»3½&¹��!�*�#¼P�ß¼ ��º=À���À��,�+º�À ¼f¹ � »=¼ �J�ª���
7 ; Ê s=ãf7.ç ,ÏÆ � ã � × Î 9 1 Â�ÊXÄ Å - Ç´9 Î Ä Ã3Â / : ÊXÏ /2- Ç´9 ÂWÂ 9 Ì�-X6 �
Å�ÉBÊ�Æ /%- Ê :�9tÇ Ù#Ê�ÂWÊ�Ä5Ê�Æ : -­ ² � U ° ® U % ® Ý�ÝzÝ ® UT� ��ä / Æ3Ïq� - Ê : - ñ ° ® ñ % ® Ý�ÝzÝ ® ñ@ ¡2 ­[ä Í Æ3Ï / Ä5ÅWÆ=Å�Ä'Ã=Ä Æ�Ã=Ä 1 Ê Î
9tÇ - Ê : -�- 9':S; / :�:S; Ê�Å Î Ã=Æ3Å 9 Æ±ÊjõPÃ / Â - ­ 637 ; Ê s�ãf7.ç ,ÏÆ � ã � × Î 9 1 ÂWÊ�Ä�Å -�â Æ 9 Ì Æ :09 1 Ê��0�ç ; /2Î Ï Ô]è Ø Ö 62&354(68794�:¢�m=�Ê B|� ÑC£ Ê Ì L~¤b¥�£�¦ ¥*�I�������J� HIKMVÈ�I�¨�I�IXMF
H]�IX&¥
�9�?Q9Vh�9�¨>UK9�[�?Q D¦�!X���D©��� Ì�#>[V8>[V�@WD[B
�&�¨>[V
>[�¨FG� V8FG�\�]���&�ª^x�?>A@CB(D�E��9FG��H]�JE_�I�¨§�FG>[���]X1^J�M�_�������J� �J����������p�ª^J� � Ê�ÜBÅ�ÉBÊ /�- Ê :P ©9tÇ�å ý èp� Ð ­#ÐDý åª©  «­¬ ° Ð ñ « Ð�Â�ÅWÆ=Ê - Ê�ÜBÄ5Ê�Æ : -�- 9®:0; / : / Ä5Å�Æ3Å�Ä / Â- Ê :�È�9 ÉBÊ Î È / Æ 1 Ê Ï�Ê : Ê Î Ä*ÅWÆ=ÊjÏbÅ�Æ ×�9 Â Ð Æ 9 Ä5Å / Â : Å�Ä5Ê Ç Î 9 Ä / Ä5Å�Æ3Å�Ä / Â - Ê :%9tÇ ÂWÅ�Ü ;P:- 9 Ã Î È Ê - ÅWÂ�ÂWÃ=Ä5Å�Æ / : ÅWÆ=Ü 1 9t:S; - Å�Ï�Ê - 92Ç_:S; Ê�Â�ÅWÆ=Ê - Å�Æ  6, 9 Æ - ÅWÏ=Ê Î%/Ys=ãf7.ç ,ÏÆ � ã � × Î 9 1 ÂWÊ�Ä 6³Ñ Ê : ­ /&1 Ê :S; ÊòÄ'Ã=Â : Å - Ê :�È�9 Æ : / ÅWÆ=ÅWÆ=Ü :0; Ê
Ê�ÂWÊ�Ä5Ê�Æ : - 9tÇ ­ Ì Å :0; Ä'Ã=Â : Å × Â�Å È Å : Ð å ä ü Ð ­ / Ð ² å Ù þ 6
ÁVÆ :S; Ê ,./2Î : Ê - Å / Æ È�9P9 Î Ï=Å�Æ / : Ê -0Ð�- : ÊXÄ�ä × Â / È Ê / ÂWÅWÆ=Ê - Ê�Ü2Ä5ÊXÆ : + DÂ² Ô�ü{� ® á �Bþ ® ü èz�3ü ��ý

à þ ® á �PþDÖ 6z� Ê /2-S- 9�È Å / : Ê :S; Ê ×�9 ÅWÆ :�üFèz��ß ® á �Bþ ï + D :S9&:S; Ê - Ê :�ñ®��Ç´9 Î�/ ÂWÂ ß ² è ® à ® Ý�Ý�Ý ®¯� 64 ÊXÆ 9t: Ê :0; Ê ×æ9 Å�Æ :)È�9 ÎSÎ Ê - ×�9 ÆæÏ�Å�Æ3Ü :S9�ñ®� 1�Ð ñ®� /2-�Ì Ê�ÂWÂ 6
� Ê /2-S- 9�È Å / : Ê�Ï�Å - Ó 9 Å�Æ : Ã3Æ=Å :
Å�Æ : Ê Î É / Â - 9 Æ :S; Ê�ÂWÅ�Æ3Ê�° ² �&:S9 Ê / ÈR; ÊXÂ�ÊXÄ5Ê�Æ :�9tÇ ­ /@624 Ê Í Æ3Ê / Æ /tÎS1 Å : ÎR/tÎSÐ Â�ÅWÆ=Ê /tÎ 9 Î Ï�Ê Î
9 Æ\­ /�/ ÆæÏ :S; Ê × Â / È ÊXÄ5Ê�Æ :+92Ç3:S; Ê�Ã=Æ=Å : Å�Æ : Ê Î É / Â -�/2Î Ê�Ï�Ê Í Æ=ÊXÏ È�9 Æ - Ê È Ã : Å�ÉBÊ�Â Ð[/ ÈXÈ�9 Î Ï�ÅWÆ=Ü
:09�:0; Å - 9 Î Ï�Ê Îj6æ7 ; Ê Í3ÎR- : Å�Æ : Ê Î É / Â_Å - Ô�ü èz�æü ��ý à þ ® �Bþ ® üFèp�3ü � ý à þ ý è ® �BþVÖ 6Þ7 ; Ê ß ç :S;
Å�Æ : Ê Î É / Â{Å - ÔWüdaW� ® �Pþ ® üRay� ý è ® �PþDÖ{Ç´9 Î�/ Â�Â ß ² è ® à ® ÝzÝ�Ý ® å Ù 67 ; Ê 13/B- Å È ÅWÏ=Ê / 92Ç.:S; Ê Î ÊXÏ�Ã È�: Å 9 ÆíÅ - :S; / : / Ã=Æ=Å : ÅWÆ : Ê Î É / Â U « - ;=9 Ã=ÂWÏ 1 ÊßÉ�Å - Å 1 ÂWÊ
Ç Î 9 Ä / ×�9 ÅWÆ :�ñ²± Å Ç / ÆæÏ 9 Æ=Â Ð Å Ç U « ï ñ'± 6(� Ê Ì Å�ÂWÂ × Â / È Ê ;=9 Î Å ô 9 Æ : / Â�Â�ÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ : - 9 Æ
:0; Ê�ÂWÅWÆ=Ê�° ² ù � - 9®:S; / : U « Å - Æ 92: É�Å - Å 1 Â�Ê Ç Î 9 Ä ñ²± Å Ç U « Áï ñ'± 6 ÁVÆ Ç / È�: ä :0; Ê�ÉPÅ - Å 1 ÅWÂWÅ : Ð 9tÇU « ï ñ'± Ì ÅWÂ�Â 1 Ê Î Ê / Â�Å ô ÊjÏ 1PÐ�/ � ;=9 ÂWÊ�� 9 Æ :0; Ê[Â�ÅWÆ=Ê/° ² ù � 1 Ê : Ì ÊXÊ�Æ :0; Ê[Å�Æ : Ê ÎR- Ê È�: Å 9 Æ -
9tÇ�:0; Ê ÂWÅ�Æ=Ê - ÔWüda « ® �Bþ ñ²±�Ö ä Ô�üRa « ý è ® �Pþ ñ « Ö ä / Æ3Ïq° ² ù � 6æ7 ; Ê × /2ÎS/ Ä*Ê : Ê ÎS- a � - ;39 Ã=Â�Ï 1 Ê
ÈR;=9 - Ê�Æ - 9�:0; / :):S; Ê - Ê
� ;=9 Â�Ê - � /tÎ Ê'Ï=Å - Ó 9 ÅWÆ : 6�7 ; ÊXÆ / : Ä 9 - :�å�©  «­¬ ° Ð ñ « ÐÞÏ=Å - Ó 9 ÅWÆ : ÂWÅ�Æ3Ê- ÊXÜ2Ä5Ê�Æ : - 9 Æ :0; Ê)ÂWÅ�Æ3ÊJ° ² ù �'È / Æ 13/2Î :0; Ê®É�Å - Å 1 Å�ÂWÅ : Ð£1 Ê : Ì ÊXÊ�Æ / Â�Â × / Å ÎR- ü U « ® ñ ± þ Ì Å :S;U « Áï ñ ± 6
7 ; Ê v e³i[iJÅ - :0; Ê³Å�Æ : Ê Î É / Â ÔWü ü@ñ ± ý a « þ ø à ®0ù �Bþ ® ü ü@ñ ± ý a « ý èjþ ø à ®Sù �PþDÖ ² ÔWüR� ±« ®Sù �Bþ ® ü´� ±« ý

è ø à ®0ù �BþDÖ{Ç´9 Î)/ × / Å Î ü U « ® ñ ± þ Ì Å :S; U « ï ñ ± 6,Æ)1æ- Ê Î ÉBÊ :0; / :);=9 Â�Ê - È�9 Î0Î Ê - ×�9 Æ3Ï�ÅWÆ=Ü :09 /-0/ Ä*Ê®ÅWÆ : Ê Î É / Â ÔWüda « ® �Pþ ® üda « ý è ® �BþVÖ /tÎ Ê / Â�Â�Ï=Å - Ó 9 ÅWÆ : 1�Ð È�9 Æ - : Î Ã È�: Å 9 Æ 6
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Á Ç�:0; Ê Í3ÎR- : ß Ú è Ã3Æ=Å : ÅWÆ : Ê Î É / Â - 9 Æµ° ² � /tÎ Ê / Â Î Ê / Ï Ð Ï�Ê Í Æ=ÊjÏ{ä :S; Ê�Æ Ì Ê ÈR;=9�9 - Ê :0; Ê
× /tÎR/ Ä5Ê : Ê Î ay� /2- Ç´9 ÂWÂ 9 Ì�-X6
� Ê ÜBÅ�ÉBÊ[Â 9 Ì Ê Î�1 9 Ã=Æ3Ï - Ç´9 Î ay� / Æ3Ï ÈR;=9�9 - Ê ay� /tÎS1 Å : ÎS/2Î ÅWÂ Ð
-0/ : Å - Ç Ð ÅWÆ=Ü :0; Ê 1 9 Ã=ÆæÏ -�6æÒ Å ÎR- :�9tÇ / ÂWÂ@ä ay�bm¶ay�T· ° ý è 6Ñ ÅWÆ=Ê Ô�ü{� ® á �Bþ ® üda ��· ° ý à ®Sù �PþDÖ Å�Æ : Ê ÎR- Ê È�: - :S; Ê�ÂWÅ�Æ=Ê>° ² � / : 5 ��· °n63Ñ Ê :Ya � m 5 ��· °n6Ò 9 Î Ä :S; Ê[ÅWÆ : Ê ÎR- Ê È�: Å 9 Æ - 92Ç ÂWÅWÆ=Ê - Ô�üRa « ® �Bþ�üR� ±« ý è ø à ®0ù �BþDÖ / Æ3Ï Ô�üRaj¸ ý è ® �Pþ�ü´�@¹¸ ®0ù �BþVÖ
Ç´9 Î�/ ÂWÂr^ º V º ß ® / Æ3Ï Ç´9 Î�/ ÂWÂ¼» m�½ 690�Î 9 ÓFÊ È�: Ê�ÉBÊ ÎSÐ®- Ã ÈR; Å�Æ : Ê ÎS- Ê È�: Å 9 Æ ×æ9 Å�Æ :JÇ Î 9 Ä :0; Ê
×æ9 Å�Æ :�üU� ® á �Pþ+:09':0; Ê
ÂWÅ�Æ=Ê¾° ² � 6�Ñ Ê :®üRa � ® �Pþ 1 Ê :S9[:S; Ê Î ÅWÜ ;P:³92Ç Ê�É2Ê Î0Ð£- Ã ÈR;ß× Î 9 ÓFÊ È�: ÊXÏ
×æ9 Å�Æ : 60 Â / È Ê : Ì 9 Ï=Å - Ó 9 ÅWÆ : Â�ÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ : -�+ °� / Æ3Ï + % � Ç´9 Î Ê / ÈR; Å�Æ : Ê Î É / Â Ô�üRay� ® �Bþ ® üdaW� ý è ® �BþVÖ/2- Ç´9 ÂWÂ 9 Ì�-X6�+ °� È�9 Æ - Å - : - 92Ç&:S; Ê ×æ9 Å�Æ : - 92Ç ÂWÅ�Æ3Ê ÔWüU� ® á �Bþ ® üday� ® �BþVÖ Ì Å :S;G¿ ç È�9P9 Î Ï=Å�Æ / : Ê -ay� & ¿ & ay� ý è Ú à ´�ä -0/�Ð + °� ² Ô�üRay� ® �Pþ ® üday� ý è Ú à ´G® a / � þVÖ 6�Ñ Ê : + % � 1 Ê :0; ÊXÆ
Ô�üRay� ý è Ú³´(® a / � Ú�´ þ ® üday� ý è ® �BþDÖ Ì ; Ê Î Ê�´*Å -�/5- ÃG� È ÅWÊ�Æ : Â Ð%- Ä / Â�Â È�9 Æ - : / Æ : 6 ü Ò ÅWÜ 6 Ø þ 6

üday� ® �Bþ üday� ý è ® �Bþ
ê �

+ °� + % �
´

¿ �{À�=�p�= Ñ Å�Æ=Ê - Ê�ÜBÄ5Ê�Æ : - È�9 ÎSÎ Ê - ×�9 Æ3Ï=Å�Æ=Ü :09£9 Æ=Ê®Ã=Æ=Å : Å�Æ : Ê Î É / Â

° ² á �
° ² ù �
° ² � ¿

°

¿ �UÀ5=T�m= Æ ÉBÊ Î É�Å�Ê Ì 9tÇ_:0; Ê È�9 Æ - : Î Ã È�: Å 9 Æ ü Ä Ã=Â : Å × ÂWÊ�Ê�ÂWÊ�Ä5Ê�Æ : - 9tÇ ­ /�/2Î Ê
Æ 92: Å�Æ3Ï=Å È / : ÊjÏ
9 Æ :0; Å -�Í ÜBÃ Î Ê þ
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7 ; Ê È�9 Æ - : Î Ã È�: Å 9 ÆáÅ - È�9 Ä × ÂWÊ : ÊXÏ 1PÐ : Ì 9%× / Å ÎS- 9tÇ ÂWÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ :)9 Æ :S; Ê'ÂWÊ Ç¦: / Æ3Ï
Î ÅWÜ ;P: Ê�Ë : Î ÊXÄ5Å : Å�Ê -&/2- Å�ÆæÏ�Å È / : ÊXÏ�ÅWÆ Ò Å�Ü 6 å 6�Ò Å�Æ / Â�Â Ð × Ê Î : Ã Î01 :S; Ê ÂWÅWÆ=Ê - Ê�ÜBÄ*ÊXÆ : - :S9 1 Ê
× / Å Î0Ì Å - Ê
Æ 9 Æ ç × /tÎR/ ÂWÂWÊ�Â 6� 9 Ì ÈR; Ê È â 9 Ã :�:S; Ê[É�Å - Å 1 ÅWÂ�Å : Ð È�9 Æ3Ï=Å : Å 9 Æ -�6hÆ Æ=Ê[ÂWÅ�Ü ;B: - 9 Ã Î È Ê È / Æ�ÅWÂ�ÂWÃ=Ä5ÅWÆ / : Ê :0; Ê
Â 9 Ì Ê Î*- Å�Ï�Ê 92Ç Ê�ÉBÊ ÎSÐ × / Å Î 92Ç Â�ÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ : - È�9 Î0Î Ê - ×�9 Æ3Ï�ÅWÆ=Ü :S9 Ã=Æ=Å : Å�Æ : Ê Î É / Â -X6tÆ Æ3Ê
Â�ÅWÜ ;P: - 9 Ã Î È Ê È / Æ°ÅWÂ�ÂWÃ=Ä5Å�Æ / : Ê :S; Ê£Ã ×=× Ê Î'- Å�Ï�Ê 9tÇ³:0; Ê£ÂWÅ�Æ3Ê - ÊXÜ2Ä5Ê�Æ :®9 Æt° ² á � 6mÆ Æ3Ê
Â�ÅWÜ ;P: - 9 Ã Î È Ê È / ÆíÅWÂ�ÂWÃ=Ä5Å�Æ / : Ê :0; Ê�Â 9 Ì Ê Î[- ÅWÏ=Ê - 92Ç�:0; Ê å�©  «­¬ ° Ð ñ « Ð�Â�ÅWÆ=Ê - Ê�ÜBÄ5Ê�Æ : - 9 Æ
:0; Ê£ÂWÅ�Æ3Ê[° ² ù � 6{7 ; Å - Â / : : Ê Î[- 9 Ã Î È Ê*Ä5Å�Ü ;P: Å�ÂWÂ�Ã3Ä*ÅWÆ / : Ê :0; Ê*Ã ×=× Ê Î - ÅWÏ�Ê 92Ç - 9 Ä5Ê 9tÇ
:0; Ê - Ê�ÜBÄ*ÊXÆ : - È�9 Î0Î Ê - ×�9 Æ3Ï�ÅWÆ=Ü :09 Ã=Æ=Å : ÅWÆ : Ê Î É / Â -�6
7 ; Ê × Î 9 1 Â�ÊXÄ Î Ê - : - :09 Å�ÂWÂWÃ=Ä5Å�Æ / : Ê :0; Ê±Ã ×=× Ê Îß- Å�Ï�Ê - 92Ç&:S; Ê�Â�ÅWÆ=Ê - ÊXÜ2Ä5Ê�Æ : - È�9 Î0ç

Î Ê - ×�9 Æ3Ï=Å�Æ=Ü :09�:0; Ê'Ã=Æ=Å : ÅWÆ : Ê Î É / Â -�6h� - Ê :
9tÇ ÂWÅWÜ ;P: - 9 Ã Î È Ê - × Â / È ÊXÏ :S9 / Ä5ÅWÆ=ÅWÄ / Â - Ê :
È�9 É2Ê Î Å�ÂWÂ�Ã3Ä*ÅWÆ / : Ê - :S; Ê�Ã ×=× Ê Î³- Å�Ï�Ê 9tÇ / ÂWÂ + °« ® + %« ®4^ ² è ® ÝzÝ�Ý ® å Ù 69� ; Ð È / Æ=Æ 92: 1 Ê :0; Ê Î Ê/*- Ä / ÂWÂ�Ê Î�- Ê :�9tÇ Â�ÅWÜ ;P: - 9 Ã Î È Ê -�À� Ê ÈR;=9�9 - Ê 9 Æ=Ê ×æ9 Å�Æ :)9 Æ / ÂWÅ�Æ3Ê - Ê�Ü2Ä5ÊXÆ :
È�9 ÎSÎ Ê - ×æ9 Æ3Ï�ÅWÆ=Ü :09 Ê / ÈR; Ã3Æ=Å : ÅWÆ : Ê Î É / Â 6
Ñ Ê : ê « ï + °« 1 Ê / ×æ9 Å�Æ :
9tÇª¿óÈ�9�9 Î Ï�ÅWÆ / : Ê ay� ý è Ú©ù9´ ü - Ê�Ê Ò Å�Ü 6 Ø þ 6 Á : Å - ÊXÆ 9 Ã3Ü ;�:S9
ÈR; Ê È â Å Ç /£- Ä / Â�ÂWÊ Î�- Ê :)9tÇ Â�ÅWÜ ;P: - 9 Ã Î È Ê - È / Æ�ÅWÂ�ÂWÃ=Ä5ÅWÆ / : Ê / ÂWÂ ×�9 ÅWÆ : -)ê « ï + °« Ç Î 9 Ä :0; Ê
Ã ×=× Ê Î&- ÅWÏ=Ê Ç´9 Î�/ ÂWÂ®^ ² è ® Ý�Ý�Ý ® å Ù 6Æ É2Ê Î :0; Ê°Â�ÅWÆ=Ê4° ² á � äfÆ 9 Â�ÅWÜ ;P: - 9 Ã Î È Ê È / ÆëÅ�ÂWÂWÃ=Ä5Å�Æ / : Ê / ×�9 ÅWÆ : ê « Ç´9 Î±/ Æ Ð^ ² è ® à ® ÝzÝ�Ý ® å�ß 6 ��Æ3Ï=Ê Î :0; Ê°ÂWÅ�Æ=Ê�° ² ù � ä�Æ 9 ÂWÅ�Ü ;P: - 9 Ã Î È Ê È / Æ�ÅWÂ�ÂWÃ=Ä5Å�Æ / : Ê : Ì 9
Ï�ÅÂÁÞÊ Î Ê�Æ : ê « / ÆæÏ ê ±®Ç Î 9 Ä :0; Ê�Ã ×=× Ê Î&- ÅWÏ=Ê2ä 1 Ê È / Ã - Ê a � m 5 ��· °®/ Æ3ÏW´'Å -�- Ä / ÂWÂ 6
Á Ç ê « Å - ÉPÅ - Å 1 ÂWÊ Ç Î 9 Ä / ×�9 ÅWÆ : î ü î;Ã|®Sî�Ä þ Ì ; Ê Î Êóù � º î;ÄÅº á � ä :S; Ê�Æ î Å -

Å�Æ / : ÎS/ × Ê ô 9 Å�Ï c ±« Ç´9 Î Ä5ÊjÏ 1�Ð :0; Ê±ÂWÅ�Æ=Ê - ° ² ù � ä;° ² á � ä Ô�üRa « ® �Bþ�üR� ±« ý è ø à ®0ù �PþDÖ ä
/ Æ3Ï ÔWüda « ý è ® �Bþ�ü´� ±« ®0ù �PþDÖ³Ç´9 Î - 9 Ä5Êµ» } U « ï ñ²± 6_7 ; Ê ÈR;39 Å È Ê 9tÇYa « Ü2Ã /2ÎS/ Æ : Ê�Ê - :0; / :
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