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Preface

The Japan Conference on Discrete and Computational Geometry (JCDCG) has
been held annually since 1997. One of the goals of this conference series is to bring
together Japanese researchers from both academia and industry with researchers
in these fields from abroad to share their recent results.

JCDCG 2000 was held 22-25 November 2000 at Tokai University in Tokyo
in conjunction with the celebration of World Mathematics Year 2000. A total of
120 participants from 20 countries attended. This volume consists of the papers
presented at JCDCG 2000, which have been refereed and revised. Some papers
which appear in short form in this volume also appear in fuller expanded versions
in journals dedicated to computational geometry.
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Karolyi, Naoki Katoh, David Kirkpatrick, Joseph O’Rourke, Janos Pach, Jozsef
Solymosi, William Steiger, Jorge Urrutia, and Allan Wilks. They thank the ma-
jor sponsors for their generous contribution: The Research Institute of Educa-
tional Development of Tokai University, the Ministry of Education of Japan (for
the grant-in-aid to A. Saito (A):10304008), and Tokai Education Instruments
Co., Ltd.
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Dudeney Dissections of
Polygons and Polyhedrons
— A Survey —

Jin Akiyama and Gisaku Nakamura

Research Institute of Educational Development, Tokai University
2-28-4 Tomigaya, Shibuya-ku, Tokyo 151-0063, Japan
fwjb5117@mb.infoweb.ne. jp

Abstract. Given two polygons (polyhedrons) o and 8 with the same
area (volume), the problem of finding a partition of « into parts that
can be reassembled to form 3 is a promising area of study in geometry.
We define a new type of dissection, Dudeney dissection, for polygons and
polyhedrons. The dissection imposes two restrictions, one based on the
reversal of the perimeter (surface area) and the interior (cross-section)
of the polygon (polyhedron), and the other based on the hingeability of
parts. In this paper, we survey main results on Dudeney dissections of
polygons and polyhedrons.

Part I. Planar Dudeney Dissections

Chapter 1. Introduction

Given an equilateral triangle a and a square § of the same area, Henry E.
Dudeney introduced in [17] a partition of « into parts that can be reassembled
in some way, without turning over the surfaces, to form g (Figure 1.1). An
examination of Dudeney’s method of partition motivated us to introduce the
notion of Dudeney dissection of a polygon.

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 1-30, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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Definition 1.1 Let o and 8 be convex polygons with the same area. A Dudeney
dissection of a to 3 is a partition of a into a finite number of parts which can
be reassembled to produce B as follows: Hinge the parts of « like a tree along the
perimeter of «, then fir one of the parts and rotate the remaining parts about the
fized part to form (3 (this property is called transformation) with the perimeter
of a in its interior, and with its perimeter consisting of the dissection lines in
the interior of v (this property is called reversal), without turning the surfaces
over.

Analogously we define Dudeney dissections for solids. Many important and
beautiful results have been discovered during these two millennia [18,23]. Among
many results on planar dissections, the following result obtained independently
by Wallace[25], Bolyai[13] and Gerwein[19] is important: An arbitrary polygon
can be transformed to any other polygon of the same area by partitioning it into
a finite number of pieces and reassembling the pieces in some suitable way.

On the other hand, David Hilbert[21] posed a related problem for solids
as one of the problems in his famous list: Give two tetrahedra which cannot
be decomposed into congruent tetrahedra directly or by adjoining congruent
tetrahedra.

In the same year, Max Dehn[16] solved the problem by introducing the no-
tion of Dehn’s invariant showing that a cube cannot be decomposed into pieces
which are reassembled to form a regular tetrahedron even if they have the same
volume. Later, Jean-Pierre Sydler[24] completed Dehn’s work by demonstrating
the sufficiency of Dehn’s invariant.

This survey article consists of two parts: Planar Dudeney Dissections (Part I)
and Dudeney Dissections of Solids (Part IT). The problem of planar dissections is
completely solved by the judicious use of the theory of planar tessellations. For
Dudeney dissections of solids, we have succeeded in giving many distinct fami-
lies consisting of infinitely many solids which are Dudeney dissectable based on
some common principles; however, it is not clear whether these families exhaust
all polyhedra which are Dudeney dissectable. Methods employed in obtaining
planar Dudeney dissections in Part I and those used for Dudeney dissections of
solids in Part II are different in general, but as you will see that for Dudeney dis-
sections of prisms (Chapter 7) methods of planar dissections are utilized a great
deal. Furthermore, the idea of “superimposition (Chapter 2)”, useful for planar
Dudeney dissection also plays a role in Dudeney dissections of space filling type
solids in Chapter 6.

Chapter 2. Notation and Basic Strategy (Superimposition
of tilings)

The dissected and hinged version of 3 is called the Dudeney partner of the dis-
sected and hinged version of a. § will denote the Dudeney partner of a through-
out. In the figures, the sides of polygon a will be drawn using solids lines while
the lines of the dissection will be drawn using dotted lines (Figure 2.1(a)). We
refer to the dotted lines as dissection lines and the resulting parts of the polygons
as components of the dissection.
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A dissection of « a hinged polygon of @  a tree of components of «
(a) (b) (c)
Figure 2.1

Attach hinges to all the vertices of o from which at least one dissection line
emanates and call the resulting polygon the hinged polygon of a. The hinge points
are denoted by small circles (Figure 2.1(b)). All the vertices of polygon e which
are not hinge points are referred to as nonhinge points. Hinge points can be
suppressed from a hinged polygon, as appropriate, to obtain a tree components
of a (Figure 2.1(c)).

Suppose [ is a Dudeney partner of a. The following are immediate conse-
quences of the fact that both a and # are convex.

Prop. 1.1 In a Dudeney dissection, every component of a polygon is conver.

Prop. 1.2 In a Dudeney dissection, every component is bounded by both sides
of a and dissection lines.

The basic strategy used to obtain the main results relates dissections to plane
tilings. By a tiling of the plane with polygon a is meant an exact covering of the
plane with congruent copies of a such that there are no gaps or overlaps. a 1is
referred to as a tile. It is well known that every triangle and every quadrilateral
tiles a plane and only some special types of pentagons and three different types
of hexagons tile a plane. None of polygons with more than six sides tile a plane

[15,20].

Denote by o' the polygon obtained from a by a 180rotation. o' is called the
half turn of a (Figure 2.2(a)). A concatenation of a and o' is a polygon obtained
by putting a and o' together along a common side (Figure 2.2(b)). Note that
there are infinitely many ways of concatenations of a and o’ depending on how
a and o’ are put together. A convex polygon « is said to satisfy the condition P,
if a concatenation of a and o' tiles the plane when it is repeated indefinitely in
two directions (Figure 2.2(c)). A polygon « satisfying the condition P, is called
a Py-tiler.

Let a be a dissected and hinged polygon and § be its Dudeney partner. We
discuss the relationship between the Dudeney dissection of a to 8 and two tilings
of the plane, one by a and the other by 8. Consider a specific hexagon a which
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g

o a half turn of o concatenations of @ and o’ a P»-tiling a plane
(a) (b) (c)
Figure 2.2

has a Dudeney dissection to 3. Suppose that o can be dissected into four parts
a1, @, ag and a4 along the dotted lines shown in (Figure 2.3(a)). Since § is
a Dudeney partner of a, 8 (bounded by dotted lines in Figure 2.3(b)) shares a
common part aj of a if we fix a; and rotate the remaining parts as, az and ay
about a; (Figure 2.3(b)). Note that the three points S, T and U are collinear.
Fix a part a4 of a, then rotate the remaining parts about ay4. This results in
a hexagon 8 (bounded by dotted lines) on the righthand side of «, sharing a4
in common (Figure 2.3(c)). Note that the three points S, T" and U are collinear
and the straight segment SU in Figure 2.3 (c) coincides with the one in Figure
2.3(b). This implies that the two §’s, the one in Figure 2.3(b) and the one in
Figure 2.3(c) do not overlap and have no gaps (Figure 2.3(d)) between them.
Note that the three points S, V' and W are collinear (Figure 2.3(d)). Fix a part
a3 of @ and rotate the remaining parts about ag, then we again have # (bounded
by dotted lines) just under ag, sharing a3 in common without overlaps or gaps
(Figure 2.3(e)). Finally fix a part a4 of @ and rotate the remaining parts about

ay4. We obtain a part of a plane tiling by 3, drawn with dotted lines (Figure
2.3(f)).
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By applying the same operation on each hexagon g of the four hexagons
which enclose «a, an extended part of a plane tiling by « is obtained since « 1s a
Dudeney partner of 8. In the same manner, repeat the operation for a and for
[ alternately. The domains tiled doubly by a and by § are expanding gradually.
Moreover, it follows from the manner of tiling that both tilings, by a and by g,
satisfy the condition Ps. It is guaranteed that the operation mentioned above
can be applied on an arbitrary a and its Dudeney partner 3, since at every stage
of this procedure every part of a has a side which faces to the exterior region of
a and the same thing can be said for every part of 3. Thus we have the following
result for a general polygon a and its Dudeney partner 3.

Theorem 2.1[4] Let a be a polygon with a Dudeney dissection (3, then both
and B satisfy the condition Ps.

Superimposition of the two tilings

Theorem 2.1 implies the following method to find the Dudeney dissection
between a and 3, where @ and f have the same area. Let T(A) be a plane tiling
by A. Chose an arbitrary vertex of the tile A and color it with red, then the
red vertices are distributed throughout the whole plane in T(A). Superimpose
T(B), a plane tiling by B, on T(A) appropriately. If every red vertex locates in
the same position in some B of T(B), it gives a Dudeney dissection between A
and B.

The superimpositions drawn in Figure 2.4(a) and 2.4(c) do not give congruent
Dudeney dissections, but they do in Figures 2.4(b) and 2.4(d).

Figure 2.4 (T(A), T(B) are drawn with solid lines, dashed lined, respectively)



Chapter 3. Verious Results of General Dudeney Dissections
of Polygons

The results can be classified into two, namely general Dudeney dissections
and congruent Dudeney dissections. A general Dudeney dissection of a polygon
a produces a polygon G, which is not congruent to a. A congruent Dudeney
dissection of a polygon «a produces « itself. In this section, we introduced various
results on general Dudeney dissections which are discussed in the paper [2]. It
provides procedures for constructing the dissections shown below.

Every quadrilateral has a Dudeney dissection to a parallelogram (Figure 3.1).

Figure 3.1

Every triangle has infinitely many Dudeney dissections to parallelograms (Figure

3.2).

Figure 3.2

Every parallel hexagon has a Dudeney dissection to a trapezoid (Figure 3.3).

Figure 3.3
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Every parallel hexagon has a Dudeney dissection to a triangle (Figure 3.4).

Chapter 4. Congruent Dudeney Dissections of Polygons

A congruent Dudeney dissection of a polygon a produces « itself. In the dis-
cussion of congruent Dudeney dissections of polygons, three cases are considered
depending on the location of hinge points:

Figure 4.1

Case 1. All hinge points are interior points of the sides of a and so also of 3
(Figure 4.1).

Case 2. All hinge points are on the vertices of polygon a and so also of 5 (Figure
4.2).

Case 3. Some hinge points are vertices of either a or # while others are interior
points of their sides (Figure 4.3).

Cases 1,2 and 3 are discussed in papers [3], [4] and [5], respectively. The following
are some of the results for cases 1, 2 and 3.

Case 1. All hinge points are interior points of the sides of a and so
also §.

We state here only some of the main results in this category by illustrating
examples.
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Every triangle has a Dudeney dissection to a triangle (Figure 4.4(a)) and also
to itself (Figure 4.4(b)).

(a)

(b)
Figure 4.4

Every quadrilateral has a Dudeney dissection to another quadrilateral (Figure
4.5(a)) and also to itself (Figure 4.5(b)).

I WY S S
-

S 4

com, b
- o

Figure 4.5
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A parallelogram ABCD has a congruent Dudeney dissection if and only if
BD=BC (Figure 4.6(a),(b)).

Figure 4.6

A 1 x n rectangle has a congruent Dudeney dissection, where n is any integer
greater than one (Figure 4.7).

-+
[
[

==

]
1]
]

Figure 4.7

Every parallel pentagon (a pentagon with a pair of parallel sides (Figure 4.8(a)))
has a Dudeney dissection to another parallel pentagon (Figure 4.8(b)). No pen-
tagon has a congruent Dudeney dissection.

Figure 4.8



10 Jin Akiyama and Gisaku Nakamura

Every quasi parallel hexagon (Figure 4.9(a)) has a congruent Dudeney dissection

(Figure 4.9(b)).

8 A
GF
0 €

a quasiparallel hexagon
(a) (b)

Figure 4.9

Every pentagonal hexagon (Figure 4.10(a)) has a congruent Dudeney dissection

(Figure 4.10(b)).

a pentagonal hexagon

(a) (b)

Figure 4.10

Every symmetric parallel hexagon (Figure 4.11(a)) has a congruent Dudeney
dissection (Figure 4.11(b)).

a symmetric parallel
hexagon

(a) (b)

Figure 4.11
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Case 2. All hinge points are on the vertices of polygon a and so also
of .

A hexagon a =ABCDEF has a Dudeney dissection if and only if « satisfies
the following conditions (Figure 4.12(a),(b)) :

FA = AB, BC = CD, DE = EF,
/ABC + LCDE + LEFA = 2,

where A, C, E are hinge points and B, D, F are not.

oA /
B & ¢ F ,
) I
o) F €
E ’
(a)

Figure 4.12

A hexagon a =ABCDEF with an interior point M, has a congruent Dudeney
dissection if and only if either of the two conditions are satisfied (Figure 4.13):

CDEM is a parallelogram,

ABCM=AMEF, (a)
AB=AM=AF,
a is an equilateral parallel hexagon with MA=MC=ME. (b)

Figure 4.13
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Case 3. Some hinge points are vertices of either o or § while others
are interior points of their sides.

We show here only a few examples which are either triangles or quadrilaterals.
Analysis for this case is much more complicated than the first two. Only two
different types of triangles, both are isosceles triangles, have congruent Dudeney
dissections. The associated dissections are shown in Figures 4.14 and 4.15.

[P

Dudeney dissection to another triangle
Figure 4.14

B Ry Ui
-

-

Congruent Dudeney dissection
Figure 4.15

The analysis of quadrilaterals belonging to Case 3 considers how many ver-

tices of a become vertices of 3.

[i] All four vertices of a become vertices of 3.

[ii]] Three vertices of a become vertices of £3.

[iii] Two vertices of a become vertices of 3.

[iv] One vertex of @ become a vertex of 5.

[v] None of the vertices of a become vertices of 3.

There are no quadrilaterals with Dudeney dissections satisfying [i] and [ii]. On
the other hand, there are many quadrilaterals with either Dudeney dissections or
congruent Dudeney dissections satisfying [iii], [iv] or [v]. Examples corresponding
to these cases are shown in Figures 4.16, 4.17 and 4.18, respectively.
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1""--._
s, ! -,
e S
L[
N
< .

h
H
H
K
Y
\,
S,
H

Dudeney dissection to

. C t Dud dissecti
another quadrilateral ongruent Ludeney dissection

(a) (b)
Figure 4.16

Dudeney dissection to Congruent Dudeney dissection

another quadrilateral ‘
(a) (b)
Figure 4.17

Dudeney dissection to

another quadrilateral Congruent Dudeney dissection

(a) (b)
Figure 4.18
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Part II. Dudeney Dissection of Solids

By extending the idea of Dudeney dissection of one polygon into another in
the plane, one can consider Dudeney dissection of a polyhedron into another. In
the following chapters, let us explain Dudeney dissections of a variety of only
interesting solids. Refer to [6,7,8,9,10,11] for the details.

Chapter 5. Definition and various types of Dudeney dissec-
tion of solids

Although it is easy to guess what the definition of Dudeney dissection of a
solid into another should be in analogy with planar Dudeney dissection, we will
give a precise definition in order to pinpoint the problems involved.

Definition 5.1 Suppose convexr polyhedrons A and B have the same volume.
We say that the polyhedron A has a Dudeney dissection into B if A has a
dissection into a finite number of pieces, which are connected to form a tree, and
if the pieces can be rearranged without losing the connectivity to form the solid
B in such a way that all of the exterior surfaces of A get into the interior of B,
and all of the faces of the dissection of A will appear as the exterior surfaces of
B (call this property reversal ).

Remark. Pieces of dissection are put together to form a connected chain by
gluing together sides of two pieces by gummed tapes (this kind of hinges are
called piano hinges). This is the same as saying that two adjoining edges of the

two pieces are attached together by hinges. You can picture this by imagining a
door being opened and closed.

Though this is the definition of Dudeney dissection of solids, it may not be
easy to visualize it concretely, so let us give a simple example to illustrate it.
Figure 5.1 below shows a dissection of a big cube into 8 smaller cubes. When you
put together these little cubes in various ways, using piano hinges, you discover
the way to put them together as in Figure 5.2. This way of putting together
the pieces yields a Dudeney dissection of the big cube A into another cube B, if
you rearrange smaller cubes in the way indicated in Figure 5.2. Namely, exterior
faces of the cube A get hidden in the interior of the cube B, and every cross
section of A appears as an exterior face of B, that is, this satisfies the property
reversal. It is easy to construct this model, so construct one and try to convince
yourself by experimenting with it.

In search for new types of Dudeney dissections of polyhedrons you encounter
more and newer varieties of Dudeney dissections of solids. However, if you want
to discover new types of such dissections, you need a disciplined approach. A
haphazard way of searching will not yield good results usually. Then what is the
strategy you should employ in your search? You should figure out mathemati-
cal principles lurking behind Dudeney dissections of solids. Through meticulous
investigations, we succeeded in discovering that there are at least four different
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Figure 5.1 Figure 5.2

mathematical principles which govern Dudeney dissections of polyhedrons. If
we follow each of these mathematical principles, then characteristically, you will
catch all at once a large family of Dudeney polyhedrons of solids based on that
principle. It may be possible that there are still other mathematical principles
besides these four, but at present we do not know whether such principles exist.
Thus, we have decided to classify Dudeney dissections of solids into the following
six types.

—_

. Space filling type [6]

. Layered type (a) 2-Layered type [9] (b) 3-Layered type [7]
(c) Multi-layered type [10]

[\

(%)

. Mirror image type [8]

S

. Clasping type [11]

The reasons for naming each of these types as such will become clear as we
proceed to investigate the mechanism underlying Dudeney dissections of solids.

Chapter 6. Space filling type Dudeney dissections and su-
perimposition of two tessellations

A solid is called a space filling solid or a space filler if a space can be filled
without having any gaps or overlaps by using copies of the solid. There are many
such solids such as cubes, rectangular blocks, a special kind of tetrahedrons,
triangular prisms, semiregular 14-hedrons (truncated octahedrons) (Fig.6.1(a)),
rhombic dodecahedrons (Fig6.2(a)) and so on. Refer to [1,23] for details.

By space filling type we refer to Dudeney dissections of solids constructed
by a clever use of properties of space filling solids, which is a generalization of
the superimposition of two tilings applied for planar cases. Let us explain this
method (we call this method superimposition of two tessellation) more concretely
by taking two examples of semiregular 14-hedrons and rhombic dodecahedrons.
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(a) Dudeney dissection between a semiregular 14-hedron and a rect-
angular block

As we described above you can place semiregular 14-hedrons of same size
as in figure 1 to honeycomb the entire space. Suppose you take out just two of
these 14-hedrons and stack them as in Figure 6.1(a). By connecting four vertices
lying on the lower portion of each of these 14-hedrons by dotted lines you form
two squares and connecting these squares with four vertical dotted lines, you see
that a rectangular block will emerge from the two 14-hedrons(Figure 6.1(b)).
You discover that by repeating the same process for each vertically adjacent pair
of 14-hedrons you end up with the honeycombing of the space by rectangular
blocks. From the way that each rectangular block was constructed, it is clear that
the relative positions of a semiregular 14-hedron and a rectangular block remain
constant in space, and that the volume of a 14-hedron and of a rectangular block
is the same.

(a) semiregular 14-hedrons

(b ©
Figure 6.1

Space filling type Dudeney dissection of solids are constructed based on this
property of space filling solids. Suppose you draw a tessellation of the space
by means of semiregular 14-hedrons and draw another by means of rectangu-
lar blocks and superimpose these drawings. You then dissect a semiregular 14-
hedron into 6 pieces by means of the 6 planes forming the exterior faces of a
rectangular block interecting the 14-hedron, then you obtain a Dudeney dissec-
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tion of the 14-hedron into the rectangular block. Figure 6.1(c) illustrates this
fact. If you roll in the pieces of dissection you get the semiregular 14-hedron,
while if you roll out the pieces you get the rectangular block. The fact that
this is indeed what happens is more or less obvious from the way semiregular
14-hedrons and the rectangular blocks honeycomb the space.

Superimposition of two tessellations of the space

If you superimpose a tessellation of the space by one of space filling solids
onto a tessellation of the space by another such solid in an adroit way thereby
keeping relative positions of these solids constant, and then dissect one of the
solids of one kind by the planes forming exterior faces of the solid of the other
kind that intersects the former, you will obtain a space filling type Dudeney
dissection between these 2 solids. We emphasize here that the superposition of
2 tessellations has to be done adroitly as it is important that everything must
fit together when corresponding vertices and sides of solids are put together by
gummed tapes and rotated.

(b) Dudeney dissections between a rhombic dodecahedron and a rect-
angular block

As another example of space filling type Dudeney dissection of solids, let
us explain Dudeney dissections between a rhombic dodecahedron and a rectan-
gular block, by applying for superimposition of two tessellations of the space.
A rhombic dodecahedron is a space filling solid. We can fill up the space with
no gaps and no overlaps, as in Figure 6.2(a), by using copies of this solid. By
picking points located at the same position on each of the corresponding edges
of the surfaces of these dodecahedrons, and connecting them by dotted lines as
shown in Figure 6.2(b), we obtain rectangular blocks. These rectangular blocks
also honeycomb the space as in Figure 6.2(c), and thus, by dissecting one of the
rhombic dodecahedrons into 9 pieces by means of the planes comprising the ex-
terior surfaces of the rectangular block intersecting the rhombic dodecahedron,
we obtain, as in Figure 6.2(d), a Dudeney dissection between a rhombic dodeca-
hedron and a rectangular block. By means of superimposition of tessellations we
can obtain surprisingly many Dudeney dissections between two kinds of space

filling solids.

()

(d)
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Chapter 7. Layered type Dudeney dissections of solids

—Reduction to the case of planar Dudeney dissections—

Solids, such as triangular or rectangular prisms, which have the shape of
pillars, are called prisms. When lateral sides of a prism are perpendicular to
the top and the bottom, it is called a right prism. By layered type Dudeney
dissections of solids, we refer to a certain class of Dudeney dissections of right
prisms. There are two essentially different Dudeney dissections of right prisms,
one is 3-layered type and another is 2-layered type. On a basis of there two
cases, we can produce Dudeney dissections of certain type of prisms which can
be obtained by slicing them into n layers for an arbitrary n. We start with
3-layered type.

(a) 3-layered type Dudeney Dissections of Solids

This class of dissections shares a characteristic of having two planes parallel
to the top (and bottom) of the prism slicing the prism into three layers. Here, we
emphasize that we are referring to one particular class of Dudeney dissections
of right prisms, as there exists another class, called 2-layered type dissections,
of right prisms.

Figure 7.1

Method of layered type Dudeney dissections of solids

Let us first take the simplest case of a triangular right prism, and explain
a Dudeney dissection between a triangular and a hexagonal right prisms. In
Figure 7.1 (a) a triangular right prism of height 4h, which is partitioned into
three layers of triangular right prisms by means of the two planes parallel to
the top (and bottom) of the prism. Here, the first and the third layers have
height h, while the second layer has the height 2A. The number h can be an
arbitrary positive number. We leave the second layer prism intact, while the
first and third layer prisms are dissected further into three smaller triangular
prisms each, by means of three planes perpendicular to the top of the initial
prism and intersecting the top triangle along the three line segments connecting
a point P arbitrarily chosen from the interior of the triangle and the vertices
A, B and C of that triangle. The three layers shown in Figure 7.1 (b) illustrate
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this manner of dissection. We next attach the three pieces of the first layer and
those of the third layer to the second layer prism by gluing them by gummed
tapes along the common edges as shown in Figure 7.1(c), and then flipping
these smaller triangular prisms overs the glued edges, we obtain a hexagonal
right prism of height 2h, as shown in Figure 7.1(d). We notice that by this
procedure, we end up with having the top and the bottom surfaces and the lateral
surfaces of the resulting hexagonal right prism consist of the cross sections of the
dissection of the original triangular right prism, that is, it satisfies the reversal
property, and therefore, we have a Dudeney dissection between a triangular
right prism of height 4h and a hexagonal right prism of height 2h. This provides
the simplest example of layered type Dudeney dissections of solids. Figure 7.2
illustrates a Dudeney dissection between a triangular right prism of height 4h
and a pentagonal right prism of height 2h, while Figure 7.3 shows a Dudeney
dissection of the same type between a rectangular right prism of height 4h and
a quadrilateral right prism of height 2h.

Y g g

Figure 7.2 Figure 7.3

Reduction to the case of planar Dudeney dissection

With some more manipulation, we can extend the layered type Dudeney
dissections discussed above to more general layered type Dudeney dissections of
solids. In order to explain the ideas involved, let us take a very simple example
of a triangular right prism, whose top (and bottom) is a right triangle, as shown
in Figure 7.4(a). The height of this prism is 4h, and it is partitioned into three
layers of triangular prisms with height h, 2h and h, respectively. We connect the
first and the third layer to the second layer by gluing them by gummed tapes
along the lines of dissection appearing on the same lateral side of the original
prism, and then flip the first and the third layer prisms over the glued edges, as
shown in Figure 7.4(b). Going through the stage shown in Figure 7.4(c), we end
up with a triangular right prism of height 2k, as shown in Figure 7.4(d).

The top and bottom of the resulting prism are isosceles triangles and they
are made up of the cross sections of the dissection of the original prism. However,
each of the three lateral sides of the resulting prism still is made up of lateral
surfaces of the original triangular prism. So, let us figure out a way to convert
these lateral sides to those consisting of cross sections of the dissection of the
original prism. In order to achieve this, it suffices to consider a planar congruent
Dudeney dissection of the isosceles triangle, as shown in Figure 7.5. In this way,
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Figure 7.4

we obtain a Dudeney dissection of a triangular right prism shown in Figure 7.5,
which 1s obtained by different manner from the one discussed earlier.

Generalization of the 3-layered method

For general layered type Dudeney dissections of solids discussed above, the
top and bottom faces of the prism were flipped over one of the edges on the same
lateral side of the original prism to form polygons which are symmetric with
respect to these edges. Therefore, if we can achieve a planar Dudeney dissection
of this polygon, then we can obtain a Dudeney dissection of the original solid.
Polygons shown in Figure 7.6, including the isosceles triangle of Figure 7.4(d), all
of which are symmetric with respect to a line segment, have such planar Dudeney
dissections. Dashed lines in these pictures show that these polygons are obtained
by flipping pieces over these lines. By applying this method, we can obtain many
different kinds of layered type Dudeney dissections of solids. Furthermore, it is
known that you can apply this basic idea, with some clever manipulations, to
obtain Dudeney dissections of prisms, which are not right prisms but slanted

N A
S DO

Figure 7.6
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(b) 2-layered type Dudeney Dissections of Solids

2-layered type Dudeney dissections of solids refer to Dudeney dissections of
right prisms, as it was the case for 3-layered type Dudeney dissections; however,
2-layered type dissections have a characteristic of dissecting prisms into two
layers by means of a single plane parallel to the top (and the bottom) of the
prism, whereas 3-layered type dissections discussed earlier dissected prisms into
three layers. In order to explain concretely the mechanism involved, let us take
an example of a cube, which is easy to visualize. Suppose we take a cube A, and
consider a way to convert it to a cube B, congruent to the cube A, by means
of a Dudeney dissection of 2-layered type. We partition, as in Figure 7.7(a), the
cube A by slicing it by means of a plane parallel to the top of the cube A to
obtain two congruent square blocks. We then put together these square blocks
by gluing along one of the edges of the cross section by a gummed tape, as in
Figure 7.7(b), and by flipping the upper block over the glued edge, we get a
rectangular block of Figure 7.7(c). This rectangular block has width, length and
height of 1, 2 and 1, if the length of each edge of the initial cube equals 1.

2

(a) the cube A with all surface color (b) (c) (In this stage only the top
black (the exterior face color) face consists of the cross
. section)
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Figure 7.7

If we observe the exterior faces of this rectangular block, we notice that the
top face consists of the cross sections of the dissection of the cube A, but the
lateral surfaces and the bottom face remain as exterior faces of the cube A. So,
let us figure out a way to convert the lateral surfaces of the rectangular block
into surfaces consisting of the cross sections of the dissection of the cube A. For
this purpose, we can use a planar Dudeney dissection of the top rectangle of the
block. Figure 7.7(d) illustrates this procedure. What remains now is to take care
of the bottom face, but this can be done easily by going through the procedures
indicated in Figures 7.8(a),(b),(c). In this way a Dudeney dissection of the cube
A into the cube B is accomplished.
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color white (interior color)
Figure 7.8

Generalization for the 2-layered method

We note that Dudeney dissection of solids of this type discussed above con-
sists of slicing the cube into two layers to get a rectangular block with half the
height, following it with a planar Dudeney dissection of the top face of the block,
and finally stacking one-half of the rectangular block on top of the other half
to restore the two layers. The process of slicing the cube and that of stacking
pieces to restore two layers are both quite simple, and therefore, the heart of
2-layered type Dudeney dissections lies in performing a planar Dudeney dissec-
tion of the top face of the rectangular block. A characteristic property of this
planar Dudeney dissection is that it deals with two polygons symmetric with
respect to an axis. Since the problem of finding Dudeney dissections of solids is
thus reduced to finding planar Dudeney dissections, it becomes much simpler.
As further examples of this type of Dudeney dissections of solids, we give two
more examples of Dudeney dissections between two congruent solids. Figure 7.9
illustrates a congruent Dudeney dissection of a double thickness right prism hav-
ing the top (and bottom) face of an equilateral triangle, while Figure 7.10 shows
a congruent Dudeney dissection of a double thickness right prism having the top
(and bottom) face of an isosceles trapezoid. At a glance, they look rather simple,
but they are actually quite intricate. We can construct many other examples of
2-layered type Dudeney dissections of similar solids.

(¢) Multi-layered Type Dudeney Dissections of Solids

Taking hints from the procedures involved in two layered or three layered
type Dudeney dissections of solids discussed earlier, we can show that Dudeney
dissections of certain type of prisms can be obtained by slicing them into n layers
for an arbitrary n. We have to have prisms with their top (and bottom) consisting
of polygons of rather special kind in order to consider n layered dissection for an
arbitrary n. The simplest example is given by the case of a rectangular prism.
Since this case illustrates well the essential feature of multi-layered Dudeney
dissections, and 1t can be explained quite simply, we will consider a rectangular
prism in the sequel.
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Figure 7.9

(Start and end with a double thickness right prism having the top face of an
equilateral triangle.)
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Figure 7.10

(Start and end with a double thickness right prism having the top face of an
isosceles trapezoid.)
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An example of a multi-layered Dudeney dissection of a rectangular
prism

Let us consider a prism having rectangular top and bottom faces as in Figure
7.11(a). This prism, however, is not a right prism but has a slight slant. This slant
will play a significant role in the n-layered type Dudeney dissections of solids.
The reason for this comes from the fact that it is necessary to go through an
operation to change the top and bottom faces of the prism to surfaces consisting
of cross-sections of the dissection before we perform slicing into n layers. This
operation can be executed quite easily, however. For example, if we want to
change the top face to the surface consisting of cross-sections, we divide the
top rectangle into two equal parts by cutting along the dotted line indicated in
Figure 7.11(b), and cut out a triangular wedge beneath one half of the rectangle
and flip this over the dotted line and glue it to the other half of the rectangle.
Figures 7.11(c) and 7.11(d) illustrate this procedure. We see that the dotted line
on the top face plays the role of a hinge in this process. If we perform the same
operation on the bottom face, we obtain a rectangular prism with both top and
bottom consisting of cross-sections of the dissection. If the triangular wedge used
in the procedure above has a right triangle on its side face, then, the rectangular
prism obtained after this operation will become a right prism. We started off
with a rectangular prism with a slant in order to achieve this goal, namely to
end up with a right rectangular prism. In this way, we get a rectangular right
prism shown in Figure 7.11(e) with top and bottom faces consisting of surfaces
of cross-section. We now dissect this right prism, for instance, into five layers as

() (b) © (@ (e)
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Figure 7.11
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in Figure 7.11(e) and spread out by unfolding dissected pieces over the lines of
dissection appearing on the lateral sides of the prism. Figure 7.11(f) illustrates
this process, and Figure 7.11(g) shows the resulting rectangular block. This
rectangular block has the width five times the width of the original rectangular
prism and the height one fifth of the prism. It is easy to check that the top and
the bottom faces of this rectangular block consist of the surfaces of cross-section
of dissection. Exterior surfaces of the original rectangular prism remain on this
rectangular block only on the four lateral faces. Therefore, a Dudeney dissection
of the original rectangular prism will be obtained if we perform a planar Dudeney
dissection of the top face of the rectangular block. In performing such a planar
dissection, we should be careful not to use the original lines of dissection into
the five layers appearing on the top face of the block. Because of this restriction,
there is a subtle distinction in choosing a correct planar Dudeney dissection
depending on the number of layers being even or odd. Figure 7.11(h) gives one
example of the planar dissection for a case of odd number of layers, and Figure
7.11(i) shows one example for an even numbered layer case. Lines of planar
dissections are indicated by dashed lines with dots in these figures.

Although we discussed only the case of a prism with rectangular top and
bottom faces above, there are number of cases of the prisms with different type
of polygons on top and bottom, to which multi-layered type Dudeney dissection
can be performed. However, when we unfold the prism after slicing it into layers,
we may have to unfold not only in one direction, as was the case in the example
above, but to two directions (from left to right, and up and down), or as in the
case of unfolding a triangle, we may have to unfold zigzaggedly.

Chapter 8. Mirror image type Dudeney dissections of solids

By mirror image type Dudeney dissections of solids, we mean Dudeney dissec-
tions of solids obtained by a clever use of the properties of reflection by mirrors.
In order to explain more concretely what this type of Dudeney dissections 1s like,
let us take an example of a cube that can be visualized clearly.

Method of mirror image type Dudeney dissections of cubes

Suppose we consider a plane passing through the center and one of the edges
of a cube. This plane contains another edge of the cube situated symmetrically
across the center from the first edge. Therefore, if we consider all the planes
containing the center and one of the twelve edges of the cube, you obtain six
different planes. If we dissect the cube by means of these six planes, we get, as
in Figure 8.1, six congruent right square pyramids.

Next, we consider an image of each of these pyramids obtained by reflecting
it by a mirror situated on its base (which is one of the faces of the cube). Then
we obtain six octahedrons formed by each combination of a pyramid and its
mirror image (sandwiching the mirror from above and below). Figure 8.2 (a)
illustrates the way two square pyramids (one being the mirror image of the
other) approach each other from above and below, and Figure 8.2(b) shows the
octahedron obtained when these two pyramids come together. As a result we
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obtain a solid having a right square pyramid attached to each of the six faces of
the cube, and this solid is a rhombic dodecahedron having as vertices the six top
vertices of the attached square pyramids. Figure 8.2(c) illustrates the rhombic
dodecahedron obtained in this way.

If we use this procedure, you obtain a mirror image type congruent Dudeney
dissection of a rhombic dodecahedron (hinged inversion of a rhombic dodecahe-
dron). Suppose we draw a development of a cube, as in Figure 8.3(a),(b), and
we attach to each of the six squares two right square pyramids of Figure 8.2
(a), one on the top side and the other on the bottom side of the square to get
six octahedrons as in Figure 8.2 (b). We then glue together, as shown in Figure
8.3(b), the adjacent octahedrons by gummed tapes along the edges (indicated
by dotted lines) of adjacent squares of the development. By folding these octahe-
drons by flipping them inwards we get a rhombic dodecahedron, and by folding
them by flipping them outwards we also get a rhombic dodecahedron of the same
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shape. This means that we have a congruent Dudeney dissection of a rhombic
dodecahedron. If we use solids different from square pyramids, we can obtain
Dudeney dissections of solids such as decahedron as well.

Figure 8.4 Figure 8.5

The characteristic feature of Dudeney dissections of solids of this type is the
fact that a basic solid, cube in the case above, is given to start with, and by
reflecting each of the six square pyramids lying inside the cube by means of a
mirror located on its bottom surface (which is one of the faces of the cube) we
get six square pyramids, which are mirror images of the interior pyramids, at-
tached to the cube from outside. The reason why the type of Dudeney dissections
obtained in this way is called “mirror image” type is clear. We may use also,
in place of cubes, tetrahedrons and triangular prisms as the basic solid to start
the operation. The reason why these solids can be used as the basic solids lies
in the fact that any of the angles formed by two abutting exterior faces of such
solids 1s always less than 90 degrees. If we go through the same procedure as
above by starting with a tetrahedron or with a triangular prism, for example, we
obtain a Dudeney dissection of a dodecahedron of Figure 8.4 or of Figure 8.5, re-
spectively. Investigating carefully the mechanism involved in mirror image type
Dudeney dissections of solids, we may also obtain exotic Dudeney dissections of
solids which involve no reflected images.

Chapter 9. Clasping Type Dudeney Dissections of Solids

By clasping type Dudeney dissections of solids, we mean those Dudeney
dissections which involve at least one application of the “clasping” operations
described below. Because of this definition, this class of Dudeney dissections is
not disjoint from the classes of Dudeney dissections of solids discussed earlier:
space filling type, two layered type, three layered type and mirror image type.
However, since there exist Dudeney dissections of solids, which belong to the
clasping type, but to none of the other types, it is useful to regard this as
constituting one class.

Let us now explain what this clasping operation is. Take a solid (polyhedron)
on which we want to perform a Dudeney dissection and pick out one of the edges.
If the two faces (which are polygons) of the polyhedron that abut this edge are
symmetric with respect to this edge, then we can clasp these two faces together
by slicing the polyhedron by means of a plane through this edge, joining the
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two faces with a hinge along the edge, and then turning over one sliced half
of the polyhedron over the edge. Let us all operation described be the clasping
operation.

Ezxamples

(a) Cubes

Let us look at a very simple example. This involves a congruent Dudeney
dissection of a cube of Figure 9.1(a). Let us designate the top face (a square)
of the cube ABCD and the bottom square EFGH, and pick out the edge AE.
Two square faces AEFB and AEHD that abut the edge AE are symmetric with
respect to the edge AE, and therefore, the clasping operation can be performed
on these square faces. We slice the cube into two parts, as indicated in Figure
9.1(b), by means of the plane going through the three points A, E and C. Then
put a hinge on the edge AE, and turn one of the triangular prisms obtained by
the slicing over the edge AE so as to clasp together the two square faces. Figure
9.1(c) illustrates the outcome of this operation: it gives a triangular prism with
right isosceles triangles on the top and bottom faces. If we apply a three layered
type dissection to the lateral face containing the edge CI, we get a rectangular
block, as in Figure 9.1(d), with the height half as that of the original cube and
the area of the top rectangle twice that of the square face of the cube. Note that
the top and bottom faces of the resulting rectangular block are made up with
the surfaces of the cross-section obtained by the slicing of the cube. Therefore,
if we apply a planar Dudeney dissection to the top rectangle of the rectangular
block, then we accomplish a congruent Dudeney dissection of the cube.

()

(b) Hexahedrons

Although the example above indicated in Figures 9.1(a)—(d) is almost trivial,
the next example gives a spectacular Dudeney dissection of a hexahedron into
another hexahedron. For this example, we start off with a special tetrahedron
ABCD as in Figure 9.2(a). On this tetrahedron, four triangular faces consist of
two pairs, triangles ABC and ABD, and triangles CDA and CDB. The triangles
ABC and ABD in the first pair are symmetric with respect to the edge AB,
while CDA and CDB in the second pair are symmetric with respect to the edge
CD. Consequently, AC = AD = BC = BD holds, and the paired triangles are
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congruent and they are isosceles triangles. If we now choose an arbitrary point E
on the edge CD of the tetrahedron, as indicated in Figure 9.2(b) and dissect the
tetrahedron by means of the plane passing through the three points A, B and E,
then we can clasp together the two triangular faces ABC and ABD by turning
one of the two sliced portions over the hinged edge AB. Figure 9.2(c) illustrates
the hexahedron obtained by this procedure. In the same manner, we can clasp
together the two triangular faces CDA and CDB by taking an arbitrary point
G on the edge AB and dissecting the tetrahedron by means of the plane going
through the three points C, D and G and turning one of the sliced portions over
the hinged edge CD. Figure 9.2(e) shows the resulting hexahedron. If we suppose
that we were given the hexahedron of Figure 9.2(c) to start with and transform
it to the hexahedron of Figure 9.2(e) via the procedures illustrated in Figures
9.2(b) and 9.2(d), then we obtain a Dudeney dissection of a hexahedron into
another one. This is a typical example of clasping type Dudeney dissection of
solids, and this does not belong to any of the types, (space filling, two layered,
three layered, or mirror image) discussed earlier.
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Abstract. Measuring cups are everyday instruments used to measure
a required amount of liquid for many common tasks such as cooking,
...etc. A measuring cup usually has gradations marked on its sides. In
this paper we study measuring devices without gradations but which
nevertheless can measure any integral amount, say liters, of liquid up
to their full capacity. These devices will be called universal measuring
devices. We determine the largest volume of a measuring device with
triangular base and obtain one with rectangular base which can measure
up to 691 liters.

1 Introduction

A common device used to measure liquid in many Japanese stores some years
ago was a measuring box with a square base of area 6 and height 1. By dipping
liquid only once from the container and then tilting the box and using its edges
and vertices as markers, it is possible to keep 6, 3, and 1 liters in the box, as
shown in Figure 1. The box would have no extra gradations to measure 2, 4, and
5 liters. A store would keep a container holding large amounts of the liquid.

If a customer wanted to buy a certain integral amount of liquid between 1
and 6, the store owner would proceed as follows:

1. The store clerk would dip his measuring box into the store’s container, filling
it only once.

2. He would then empty certain amounts of liquid alternately into the store’s
container and into the customer’s.

For example, to measure 5 liters, the clerk would first fill the measuring box
to the rim and then pour into the customer’s container until 1 liter of liquid was
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left in the measuring box. The remaining liquid would go back into the store’s
container. To measure 4 liters, he would first fill the box. Next he would pour
liquid into the customer’s container until 3 liters were left in the box. Then he
would pour two liters into the store’s container, and the remaining liter into the
customer’s container.

/\

Fig.1. Measuring 6, 3 and 1 liters

In this paper we are interested in studying measuring devices without gra-
dations which nevertheless can be used for measuring any integral amount of
liquid up to their full capacity by using the procedure described above. We call
these universal measuring devices. We determine the largest volume of univer-
sal measuring devices with triangular base. More precisely, we determine the
dimensions of a universal measuring device of maximum volume obtained by
cutting a triangular cylinder perpendicular to the z—y plane by the z—y plane,
and another plane that cuts the cylinder above its base. In the case of rectan-
gular cylinders we consider devices similar to those shown in Figure 5. We will
assume that the lengths of the edges of the device which are contained in the
edges of the original triangular or rectangular cylinder are hy < hy < hg or
hi < hg < hg < hq respectively. These will be called the heights of the device.
We show that the largest possible volume of a device with triangular base is 41.
We have also obtained a device with a rectangular base that measures up to 691
liters. The areas of the bases of these devices are 3 and 6, while their heights are

12,13, 16, and 1, 32, 83, 691 (or 2, 64, 166, 691) respectively.

2 Universal measuring devices with triangular bases

In this section and the next, we prove that the maximum volume of a universal
measuring device with triangular base of area 3 is 41. The assumption that
the area of the base is 3 can be removed easily. The assumption will, however,
simplify our analysis, as the reader will soon see. Under this restriction, the
heights of a universal measuring device with triangular base are 12,13, and 16.



Universal Measuring Devices without Gradations 33

2.1 An interesting relationship

We begin by determining the volumes that can be measured using corner points
of the device. We first prove the following theorem.

Theorem 1. Let B be a device with base area 3, and heights hi < ho < hgz.
Then the following amounts of liquid can be measured: hy, hs, hs, h1+hs, hi+
hs, ha + hs, hi + ha + hs.

Fig. 2. The volumes of the polyhedron shown here are hy + ha + hs, ho and hy + h2

respectively.

Proof: Assume that the vertices of B are labelled a1, aa, a3, @}, ab, aj as
shown in Figure 2. Assume that the distance between a; and a} is h;, i = 1,2, 3.
It is well known that the volume of a tetrahedron with base area A and height h
is %—h. Since the area of the base of the device, i.e. the area of the triangle with
vertices a1, as, asis 3, it follows immediately that the volume of the tetrahedron
with vertices a1, as, as, a}is h;, 1 =1,2,3.

We now show that the volume of the polyhedron with vertices a1, as, as,
aj, and a} is precisely h; + hj, i # j, i, j € {1,2,3}. We make the following
observation:

Let 7 be a triangular cylinder, and assume that the area of the triangle
obtained by cutting 7 along any plane perpendicular to its edges is 3. Then if
we choose two points p, ¢ on one of its edges, and any two points r and s, one
in each of the remaining edges of 7, then the volume of the tetrahedron with
vertices p, ¢, 7, s is equal to the distance between p and ¢; see Figure 3.

Suppose w.l.o.g. that ¢ = 1, j = 2. Dissect the polyhedron with vertices
ai, as, as, ay, abinto two tetrahedra with vertices a1, as, as, @} and as, as, a}, d}
respectively, see Figure 4. The volume of the first tetrahedron is hy, and by our
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Fig. 3. Once p and q are fixed, the volumes of the tetrahedra with vertices p, g, r, and
s remains constant regardless of the positions of r and s.

previous observation, the area of the second one is the distance from as to af
which 1s hs.

Using similar arguments, we can now show that the volume of the measuring
device i1s hy + hs + hg, and the result is proved. O

1
+

Fig. 4. Dissecting the polyhedron with vertices {a1, az, as, ai, a3} into two tetrahedra
with volumes h; and h2 respectively.

3 The second reduction

Using the previous result, it follows that if Ay = 12, hy = 13, and hy = 16 we
can measure the following amounts, sorted in increasing order: {; = h; = 12,
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ly=hy=13,13=hs=16,l4 = h1 +ho = 25,15 = hy + hs = 28, g = hy + h3 =
29,and l7:h1+h2+h3:41

Now consider any subsequence S = (I;, < --- < ;) of the sequence
(12,13, 16,25,28,29,41).

We can associate to this subsequence an amount in liters Vs that can be measured
with a container with heights 12,13, and 16 as follows:

Vs = (lzk — lik—l) + (lik_2 — lik—a) 4+ ...+ lil; for k£ odd

or

Vs = (lzk — lik—l) + (lik_2 — lik—a) + ...+ (122 — lil), for k even.

For exampleif S = (16, 29, 41), Vs = (41—29)+16 = 28.1f S = (12, 16, 25, 28)
then Vs = (28 — 25) 4 (16 — 12) = 7. From this, it is straightforward to develop
a method to measure Vs liters using the device. Two examples will suffice to
illustrate this:

If S = (12, 16, 25, 28), then to measure Vs = 7 liters we proceed as follows.
First fill the measuring device, and pour back 41 — 28 liters into the store’s
container. Now empty 3 = 28 — 25 liters into the customer’s container until 25
liters are left in the measuring device. Then pour 9 = (25 — 16) liters into the
store’s container. Next pour 4 = 16 — 12 liters into the customer’s container and
finally empty the remaining 12 liters into the store’s container.

If S = (16, 29, 41), to measure Vg = 28 liters, fill the device, then empty
12 = 41 — 29 liters into the customer’s container. Then pour 13 = 29 — 16
liters into the store’s container, and finally pour the remaining 16 liters into the
customer’s container. The reader may now easily verify that for any integer 1,
1 <4 < 41 there is a subset S of (12,13, 16, 25,28,29,41) such that i = Vg. In
the next section we develop an easy test to verify this fact.

Observe that since there are exactly 27 subsets of {h1,ha, ha,h1 + ho, hy +
hs, hs + hs, hi + hs + h3}, it follows that the maximum number of liters that a
universal measuring device with triangular base can measure is at most 27 —1 =
128 — 1 (the empty set corresponds to 0 liters).

In the next section we show that the largest volume a universal measuring
device with triangular base can have is 41, thus proving that 12,13, 16 are the
heights of a universal measuring device with maximal volume and triangular
base of area 3.

3.1 Proof of maximality

We now prove that the maximum volume of a universal measuring device with
triangular base is 41. Note first that there are only two possible orderings for



36 Jin Akiyama et al.

the measurable quantities of such a device. These are:

0<hy <hy<hg<hy+hy<hi+h3<hs+hs<hi+hy+ hs, (1)
and

0< hy <hy <hy+hy<hs<hy+hs<hy+hg<hi+hy+hs. (2)

Consider the second ordering and take the sequence formed by the differences
of consecutive elements for this ordering: s1 = hy — 0, s2 = hy — hq, s3 = hq,
Sq4 = h3 — (hl —|— hg), Sy = hl, S — hg — hl, and S7 = hl.

Observe that for any subsequence S of

(h1,ha, hy + ha, hg, hy + h3, ho + hg, hy + ha + h3) (3)

we can express Vg as a sum of some subset of (s1,...,s7), e.g. if
S = (h1,h1 + ha, h1 + hg, h1 + ha + h3)

then
Vs = ((h1 + ho + h3) — (h1 + h3)) + ((h1 + h2) — h1)

which equals
s7+ 8¢ + S3 + S2.

It is easy to see that to any subset of {s;; ¢ = 1,...,7} we can associate a
unique subsequence of

(h1,ha, h1 + ha, hg, hy + hz, ho + hg, hq1 + ha + h3).
Thus the number of integers Vg that can be formed with subsequences of
(h1,ha, hy + ha, hg, hq + h3, ho + hz, hy + ha + h3)

equals the number of elements that can be obtained as the sum of the elements
of subsets of {s;; 1=1,...,7}.

Denote by @ = hy, b = hy — hy and ¢ = hz — (h1 + hz). Note that any number
obtained as the sum of the elements of a subset of {s;;7 =1,...,7} must be of
the form ai+bj+ck, where i € {0,1,2,3,4},5 € {0,1,2},and k € {0,1}. This is
because hy, ho — hy and hg — (h1 + hg) repeat themselves in the set of differences
4, 2 and 1 times respectively. It follows now that the maximum capacity of a
device in this case is at most 5 x 3 x 2 —1 = 29.

Now consider the sequence

hi,hy —hy,hg —ha,hi+ hy — hs, hg — ha, ho — h, by

of differences of consecutive elements for (1).

As in the previous paragraph, let @ = hy, b = hy — hy, ¢ = hg — hy and
d = (h1 + h2) — hs. In this case, any number generated by (1) is of the form
ai+bj+ck + de¢, where i, 5,k € {0,1,2} and £ € {0, 1}. Again this is because hq,
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ha—h1, hs—hs and (h1+ha)—hs repeat themselves in the sequence of differences
2,2, 2 and 1 times respectively. Thus an upper bound for the number of distinct
numbers generated when using a sequence like (1) is 3 x 3 x 3 x 2 — 1 = 53.

We now prove that 12 of these quantities are repeated. To this end, note that
@ — ¢ = d. Thus it is true that

ai+bj+ck+dl=a(i+1)+bj+clk—1)+d¢—1)

whenever i € {0,1},k € {1,2},£=1 and j € {0,1,2}. Therefore the number of
repetitions 1s 12, and thus in this case at most 53 — 12 = 41 numbers can be
generated. Our result now follows since using the device with triangular base of
area 3 and heights 12, 13, and 16 we can measure from 1 to 41 liters.

4 Generating sequences

Let ¥ = (n1,...,nx) be a sequence of numbers such that n; < njyq, @ =
1,...,k — 1. For each subsequence S = (n;,,...,n;;) of ¥ we associate the
number Vs = (ni; — ni,_,) + (ni;_, — n4;_,) + ... + ni,, j odd, or Vs =
(ni; = ng;_ )+ (ni;_, —ni;_,) + ...+ (ni, —ny,), j even. For example if ¥ =
(4, 12, 23, 24, 69, 71, 81, 213, 225, 282 ) and S = (12, 69, 81,282) then
Vs = (282 — 81) + (69 — 12).

Call X a generating sequence if for each integer ¢, 1 < 7 < ny there is a
subsequence S of X such that i = V5. The best known generating sequences
are the ones corresponding to powers of 2, i.e. (1,2,4,. ..,2’“). In this section
we develop a linear-time test to decide if a sequence of numbers is a generating
sequence.

Let £ = (0,n1,...,n%),and if so = 0, let ¥ = (sq, 51, . . ., 5x) be the sequence
obtained by sorting the sequence (n; — nj—1,¢ = 1,..., k), taking ng = 0. For
example if X' is the sequence

(4, 12, 23, 24, 69, 71, 81, 213, 225, 282),
then
v=(0,1, 2, 4,8, 10, 11, 12, 45, 57, 132).

We now prove:

Theorem 2. The sequence X is a generating sequence if and only if s; — 1 <

80+~~--|-SZ'_1, 1= 1,...,k‘.
Using the previous result, it is easy to verify that
Y =(4, 12, 23, 24, 69, 71, 81, 213, 225, 282)

is a generating sequence since
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2—-1=1

4—-1=1+4+2

8—1=142+4

10-1<14+2+4+38
11-1<1424+44+8+10
12-1<1+24+44+8+104+11
45-1<1+24+4+84+10+11+412

7T —1<14+24+44+84+104+11412445
132-1<14+24+44+84+104+12+454 57

We now proceed to prove the result. Let ¥ = (ny,...,ng). Observe that
ni—nj = (nj—nj—1)+(ni—1—nij—2)+-- -+ (njy1 —n;). Thus for any subsequence
S = (ni,,...,n;;) of ¥, Vg can be written as a sum of elements of ¥. For instance,
in the previous example if

S = (23,24, 69,81, 282),

Ns = (282 — 81) + (69 — 24) + 23,

which equals
(282—225) 4 (225 —213) 4+ (213 —81) + (69— 24) + (23 —12) + (12— 4) + (4 = 0),

le.,

Vo =5T4+12+4+132+454+11+8+4.

This implies that ¥ is a generating sequence if any integer from 1 to ng can be
written as the sum of some elements of V.

Suppose next that s;, — 1 <s14+...4+s,_1,7=1,..., k. We prove that ¥ is
a generating sequence. Note that s; = 1. By induction, assume that any integer
between 1 and sy + ...+ s;—1 can be expressed as the sum of some subset of
{s1,...,8i—1}. Observe that any integer of the form m+s;, 0 < m < s14+- - +s;_1
can be expressed as the sum of the elements of a subset of {s1,...,s;_1,s;}. Since
by hypothesis s; — 1 < s1 + ...+ s;_1, it follows that any integer less than or
equal to s1 + ...+ s; can be expressed as the sum of the elements of some subset
of {s1,...,5}.

Conversely if for some 7 we have s; — 1 > s1 + ...+ s;_1 then clearly X7 is
not a generating sequence since s1 + ...+ s;—1 + 1 can not be generated. The
result follows.

5 Devices with rectangular base

In this section we find a universal measuring device that can measure up to 691.
It has square base of area 6 and heights 1, 32, 83, and 691. We give a brief
description of how it was obtained. Since the ideas used are very similar to those
used previously, we will only sketch the main arguments.
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As in the case of triangular base devices, we first find some of the amounts of
liquid that can be measured directly with a device of heights h1 < hy < hg < hy.
Additional problems arise since there are a number of different shapes for the
devices, resulting in different sets of measurable quantities. As in the case of a
triangular base device we assume that the vertices of these devices are labeled
a;,a; for i = 1,2,3,4, where the distance between a; and a} is h;; see Figure 5.
Consider any device of heights h1 < hy < hg < hy.

Fig. 5. Shapes of measuring devices with square base.

If we begin listing the heights of a device starting with h; in the clockwise
order, then there are at most 6 different shapes that the devices can have, namely:
(hl, h4, h3, hg), (hl, h4, hg, h3), (hl, h3, h4, hz), (hl, h3, hg, h4), (hl, h27 h4, h3), and
(h1, ha, hs, hs). Notice that first and sixth, second and fourth, and third and fifth
devices have the same set of measurable quantities. Thus up to symetry there
are only 3 types that are relevent, those are shown in Figure 5. It is easy, but
tedious work to check that the device B with heights (h1, ks, ha, ha) can measure
the following amounts: hy, 3hy, 6h1, ha, 3ha, 3(h1 + ha), hs, 3hs, 3(h1 + h3),
and hy. If in addition hy + hy > ho + hg we can also measure 3(hs + h3). For
example, hy can be measured by the points as, ag and af, 3h; by as, a4 and af,
6hy by the plane parallel to the base passing through af, and so on. For some
of the devices shown in Figure 5, there are some volumes that can be measured
that might be integral, and it could be productive to increase the capacity of a
rectangular base universal measuring device. Further work along these lines is
in progress. We can summarize all the above observations in the next theorem.

Theorem 3. There is a unwersal measuring device B of rectangular base with
area 6 such hq+ hq > ho+ hs that can measure at least the following ammounts:

hi, 3h1, 6h1, ha, 3ha, 3(h1 + ha), hs, 3hs, 3(h1 + hs3), 3(ha + h3), ha.
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Having these results at hand, we were able to find a device of of capacity
691 by brute force. We did this by writing a C program that did the following:
for any given set of heights 1 < hy < hy < hg < hy < 2! compute its set {hq,
3h1, 6h1, hg, 3]7,2, 3(h1 + h2), hg, 3]7,3, 3(h1 +h3), 3(}7,2 +h3), h4} of measurable
quantities. We then applied the criterion from theorem 2 to them, by which we
found two universal measuring devices with heights 1, 32, 83, 691 and 2, 64, 166,
691 that can measure all integer quantities from 1 to 691. For any other set of
heights, the sets of measurable amounts obtained were not generating, or had
smaller capacities.

Thus we have:

Theorem 4. There is a universal measuring device with rectangular base which
can measure up to 691 liters.

Acknowledgements: We would like to thank Prof. Y. Watanabe for his interest
in our work, and Prof. Mari-Jo Ruiz for editing our paper.

References

1. Akiyama, J., Hirano, Y., Kawamura, K., Matsunaga, K., Nakamura, G., Watan-
abe, Y.: Models and Experiments of Mathematics for Junior High School and High
School Students Vol.2. Suken Shuppan (in Japanese) (1999)

2. Nakamura, G.: Why Are Manhole Covers Round? Nihon Keizai Shimbun Pub-
lishers (in Japanese) (1984)



A Note on the Purely Recursive Dissection
for a Sequentially n-Divisible Square

Jin Akiyamal!, Gisaku Nakamura®, Akihiro Nozaki?, and Ken’ichi Ozawa>

! Research Institute of Educational Development, Tokai University
2-28-4 Tomigaya, Shibuya-ku, Tokyo 151-0063, Japan
fwjb51170mb. infoweb.ne. jp
2 School of Social Information Studies, Otsuma Women’s University
2-7-1 Karakida, Tama-shi, Tokyo 206-8540, Japan
nozaki@otsuma.ac. jp
 Higashino Highschool
112-1 Nihongi, Iruma-shi, Saitama 358-8558, Japan
ozawa314@ba2.so-net.ne. jp

Abstract. A dissection for a sequentially n-divisible square is a parti-
tion of a square into a number of polygons, not necessarily squares, which
can be rearranged to form two squares, three squares, and so on, up to n
squares successively. A dissection is called type-k iff k more pieces needed
to increase the maximum number n of composed squares by one. Ozawa
found a general dissection of type-3, while Akiyama and Nakamura found
a particular, “purely recursive” dissection of type-2. Nozaki has given a
mixed procedure for a dissection of type-1.

In this note, we shall show that there is no type-1 purely recursive
dissection for a sequentially n-divisible square. Therefore Akiyama and
Nakamura’s dissection is optimal with respect to the type, among the
purely recursive dissections.

1 Introduction

It is an interesting puzzle to decompose a square into a number of squares.
Fig.1 shows a simple way to decompose a square into two subsquares, and Fig.2
shows a dissection of a square into nine pieces, which can be rearranged into two
squares, three squares, and four squares. We call it “dissection for a sequentially
4-divisible square” . Busschop ([2]) found a dissection for a sequentially 3-divisible
square. Duijverspein([3]) found that a square can be divided into 21 pieces, all
of which are squares of different sizes.

Ozawa([5]) has found an interesting way of dissection, shown in Fig.3, which
can be applied repeatedly several times. The result is a “dissection for a sequen-
tially n-divisible square”: we can rearrange the pieces into two squares, three
squares, and so on, up to n squares successively.

The number of pieces in the first dissection is five. But, in the second dis-
section, the subsquare to be dissected contains some cutting lines already (see
Fig.4), and therefore the total number of pieces increases only by three in every

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 41-52, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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Fig.1. A square (a) is divided into five pieces, from which two squares (b) and (c) are
constructed.
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Fig.2. A square is divided into nine pieces, from which we can construct two squares

(b) and (c), three squares (c), (d) and (e), and four squares (d), (e), (f) and (g).
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\ { \
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Fig.3. The symbol 8 stands for an arbitrary angle between 0° and 90°.

Fig.4. The square (b) in Fig.3 is dissected by applying the same “dissecting pattern”
(a) in Fig.3, proportionally contracted and turned over. Dotted lines show the line
segments to be newly dissected.

J
AT ()
E

Fig.5. The symbol 6 stands for a deliberately chosen angle (6 ~ 17.48°).
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repetition of the dissection, provided that the angle # has been chosen care-
fully, depending on the desired maximum number n of subsquares. A sufficient
condition for # to obtain n (> 1) subsquares economically is as follows.

For an even integer 2p not less than n,
cos?? f 4+ tanf > 1. (1)

Table 1(Ozawa[6]) shows the values of # satisfying the equality in the above
condition for each p greater than two. By these values a and 3, the condition
(1) can be represented more explicitly as follows.

0°<f<a or pF<6<90°. (2)

Table 1. (Ozawa[6])

2p o’ B
6 2968 34.31
8 17.48 42.32

10 13.17 43.90

12 10.64 44.50

14 894 44.76

16 7.72 44.88

Akiyama and Nakamura([1]) found independently the essentially same dis-
section, shown in Fig.5, and noticed the following facts.

(i) By taking # = a or 3, the total number of pieces increases only by two for
each application of the dissection, which can be applied recursively for any
times.

(i1) When p = 3, some subsquares have the same size. But when p = 4, all
subsquares have different sizes.

Now let f(n) be the number of pieces required for constructing up to n
subsquares sequentially. We say a dissection method is type-k, iff ﬂnﬂ tends to
k for large n. Ozawa’s method is type-3, while Akiyama-Nakamura’s method is
type-2. Nozaki([4]) has given a type-1 procedure for a sequentially n-divisible
square.

Nozaki’s procedure is a mixture of the three methods: the dissection in Fig.2,
Duijverspein’s partition, and Ozawa’s dissection. It is optimal with respect to the
type, but not so simple and elegant as Ozawa’s method and Akiyama-Nakamura’s
method. In what follows, we define the notion of “purely recursive dissection”,
and prove that Akiyama-Nakamura’s method is optimal with respect to the type
among the purely recursive dissections.
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2 Basic Notions

Definition 1. A dissection for sequentially n-divisible square is a partition of
a square into several polygons which can be rearranged into two squares, three
squares, and so on, up to n squares successively.

Definition 2. Let f(m) be the number of pieces required to construct m sub-
squares. If ﬂmﬂl tends to k for large m, the dissection is said to be type-k.

Definition 3. A dissection pattern is a figure representing a way of dissecting a
square. A composition pattern is a figure showing how to rearrange some pieces
mto a square.

The pattern in Fig.1(a) is a dissection pattern, and the patterns in (b), (c) are
composition patterns.

Definition 4. A dissection for a sequentially n-divisible square is said to be
recursive iff it satisfies the following conditions.

(1) It is obtained by recursive application of a fized dissection pattern D.
(II) The pattern D is applied to squares under proportional adjustment of
the size, possibly with turning over.

In other words, a stmilar figure of D s overlayed to the square to be dissected.

(I1T1) By the first application of D, two subsquares S’ and S* can be con-
structed.

(1V) The dissection pattern is recursively applied to one of the subsquares,
say S*.

So, after applying D four times recursively, we have five subsquares as follows.
S/ S*I S**/ S***I and S****
By repeating the same process (n — 1) times, we obtain a dissection for sequen-
tially n-divisible square.
It 1s said to be purely recursive iff the following condition is also satisfied.

(V) The composition pattern of S** is similar to that of S*.

FEzrample. Akiyama-Nakamura’s dissection is purely recursive: its dissection pat-
tern is the partition in Fig.5(a).

Remark. Here we don’t require that the sizes of subsquares are different.

Now we can state our main theorem.

Theorem 1. There is no purely recursive dissection for sequentially n-divisible
square, whose type is less than two. O

Corollary 1. Akiyama-Nakamura’s dissection is optimal with respect to the
type, among the purely recursive dissections. O
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3 Proof of Theorem 1

3.1 Preparatory Consideration

Suppose that there is a purely recursive dissection for sequentially n-divisible
square, whose type is less than two. Let D be the dissection pattern, and C' the
composition pattern of S*.

Suppose that S* contains s pieces

P(), Pl, ey and Ps—l;

in the decreasing order of their sizes. By applying the dissection pattern D to
S*, we have two subsquares S*' and S**. Since the composition pattern of S**
is similar to that of S*, the number of pieces of S** is equal to that of S*, and
therefore the total number of pieces is increased by the number k of pieces in S*'.
In every further application of D, the total number of pieces is always increased
by k. Since the type of the dissection is asssumed to be less than two, k should
be equal to one: S*’ is a one-piece square, and the dissection is type-1.
Now let

Q(], Ql; ceey and Qs—l

be the pieces of S** in the decreasing order of sizes. Since its composition pattern
is similar to that of S*, the ratio of the sizes of (); and @Q); is equal to the ratio
of the sizes of P; and P;. Since k = 1, only one of original pieces P;’s is divided
into two. The piece divided should be FPy,: if P; is divided for some j > 0, then
F; = @; for all ¢ < j, and @; is smaller than P;. Therefore the ratio of the
sizes of Py and P; is not equal to the ratio of the sizes of ()o and ;. By a
similar argument, it is shown that Py is divided into a square S*’ and Q,_1, and
Q; = P41 for i < s — 1. Moreover, P;’s are similar polygons, which are shown
to be rectangles. Of course, the ratio of the length of their two sides is equal to

the golden ratio r:
—1+5

2
Taking a suitable scale, we can assume without loss of generality that the lengths
of the longer and shorter edges of Py are 1 and 7, respectively. Then the lengths
of the longer edges form a geometrical sequence {A;}, where A denotes the s-th
root of 7.

Since the pieces are rectangulars, it is obvious that s is greater than two. The
area M of the square S* is equal to

T2+T—120, T=

r(1+)\2+>\4+...+>\2(5‘1)).

On the other hand, the length of an edge AB of S* is the sum of the lengths of
edges of some P;’s. So we have the following equality:

s—1 2
r (1+A2 +)\4+...+)\2(5‘1)) = (Zm) A (3)

=0
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where a; = 1 or 7 if the longer or shorter edge of the i-th piece is contained in
the edge AB, respectively, and a; = 0 otherwise.
We shall show that this equality (3) will never hold.

3.2 Technical Part of the Proof
Lemma 1. The following polynomial in A over the field Q7] is irreducible.
PA) =X -1 a

An elementary proof will be given in the appendix.
Now, suppose that the equality (3) holds:

s—1 2
P14 A7 X 44 2%Y) = (Zami) (3)

=0
= E aia; + 7T E aia; |, (4)
k=0 \i+j=k i+j=s+k
where s > 2, and a; =0, 1, or 7.
Case 1. The number s is odd.
In this case, we have the following equality:
r(1+>\2+>\4+...+)\2(5‘1))
=1+ X+ X+ X PA L+ A+ X T

Therefore, the constant term of the lefthand side is 7. On the other hand, the
constant term of the righthand side is

ai + 27 E a;a;
itj=s,i<j
which should be, by Lemma 1, equal to the constant 7 in the lefthand side. But
actually, it can be written in the form:

2er+d), 1 +2(er+d), or (1 —7)+ 2(cr+d)

according to the value of ag, for some integers ¢ and d. But none of them can be
equal to 7. So the equality (3) can’t hold in this case.

Case 2. The number s is even.
In this case, s > 4 and

r(1+A2+A4+ ..... + )\2(5—1))
=1+ +M+ T P (LA M 4 L+ AT
=(r+) 1T+ X+ X+ L+ 277
=1+ A+ AT

So by Lemma 1, the following lemma is immediate.
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Lemma 2. Suppose that the equality (3) holds, and s is even.

(1) Z aia; + T Z aia; =1 for even k, and

i+j=k i+j=s+k
(2) Z aia; + 71 E a;a; =0 for odd k. m|
i+j=k i+j=s+k

Lemma 3. Suppose that the condition (2) in Lemma 2 is valid. Then
a;a; =0
if 1+ 1s odd.

Proof. Let us denote the numbers of particular terms, a;a;’s, in the first sigma
(l.e., 14 j < s), in the following manner.

p = the number of terms a;a;’s such that a;a; = 7

q = the number of terms a;a;’s such that a;a;

)

1.

r = the number of terms a;a;’s such that a;a;

We denote by p’, ¢/, and r’ the numbers of corresponding terms in the second
sigma (i.e., i+ j > s). Then
Zaiaj +7'Z(1iflj =pritqgr4r+r(p'ri 44471
=(—p+q+2' -+ )7+ (p+r—p'+¢) =0
Therefore
(—p+q+2p—¢+r) =0 and (p+r—p +4¢) =0,

—p+aq+20 g +r=-—ptg+20p+r+q)—q +r
=p+q+3r+q =0.

Since all these values, p, ¢, etc., are non-negative,
p=q=r= q/ = 0.

It follows immediately that p’ = ' = 0. So a;a; = 0fori+j=kori+j = s+k,
when k is odd.

Now if 7 + j is odd, then both k =i+ j and k = i 4+ j — s are odd, since s is
even, and therefore a;a; = 0. O

Corollary 2. If a; #0 for some even i, then a; = 0 for every odd j. O

Let us denote:

cEp = E a;a; + T E a;a;

i+j=k i+j=s+k
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Then we have:
Coj = ajz»—i—razg_l_j + 2 Z a;a; + T Z a;a;
i+j=k, i<j i+j=s+k,i<j
Lemma 4. Suppose that co; = 1.
(1) Ifa; =0, thenasy; = 7.
(2) Ifasy; =0, thenaj = 1.

Proof. The expression
2 2
CL]’ + T4 %+] — 1

2 (Z a;a; + TZaiaj) ,

which can be represented in the form 2(s7 + ¢) for some integers s and ¢.

(1) If a; = 0, then the value of the above expression is equal to —1, 7— 1, or
27 — 2, according to the case: az4; = 0, 1, or 7, respectively. So only the case
when asy; = 7 is possible.

The property (2) is verified by a similar argument. O

is equal to

Case 2.1. a; # 0 for some even 1.

In this case, a; = 0 for every odd j. Therefore by (1) in Lemma 4, as4j =T
for odd j. This means that § is odd (otherwise as1; = 0), az4; = 0 for an even
integer j, and a; = 1 for an even integer j less than 3.

After all, a; = 1 for an even integer j less than £, and a; = 7 for other even
j- Therefore

_ ‘ _ ‘ 31 _ S 2

o=140+2r Y aa;=1+2rx Io—x (1><T)_1—|—(§—1)T £1,

i+j=s,i<j
since s > 2. This contradicts the property (1) in Lemma 2.

Case 2.2. a; = 0 for every even integer i.
By the property (1) in Lemma 4, § + i = 7 for every even ¢, and  is odd
(otherwise agi; = 0 in this case). This means as4; = 0 for odd j, and a; = 1

for every odd j less than 5. But if so, we have

V)

2 2 p
62:a1—|—7a%+1+2 agty + T E a;a;
iti=s+1,i<j
B

s
:1+27-><22 x (Ix7)# 1

Once more, the property (1) in Lemma 2 is violated.
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Thus we can conclude that the equality (3) can’t hold in any case.
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Appendix
The following polynomial P(z) over the field Q[r] is irreducible.

P(z)=2°—r,
where s> 1 and 724+ 17—1=0.

First, we shall show the following fact.

Fact 1. Let m be an integer greater than 1. Then, the m-th root A of T is not
Proof. Suppose that A € Q[r], that is,
A=p(r+¢)
for some p and ¢ in Q. For an arbitrary integer n, we put:
(t+¢)" = AT+ By,

Obviously, both A, and B, are polynomials in ¢ with integer coefficients. For
instance:
Ai=1 and B =c.

Since

(T+C)2:T2+26T+C2:(1—T)+26T+62:(26—1_)T-|-(62+1_),
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we have
As =2 —1 and By =c?+1.

In general,
Apt1T+ Bny1 = (An7+ Bp) (7 +¢) = (—An + cAp + Bu)7 + (An + ¢Bp)
and therefore
Apy1=—An+cApn+ B, and B,y = A, 4+ ¢cB,.

Now since B, is a monic polynomial with integer coefficients, any rational
solution c of the equation By, (¢) = 0 should be an integer. So, we shall show that
By (c) # 0 for any integer ¢ and any n > 1.

Case 1. c> 1.
Let H,, = g—”. In this case, H; = % > 1. Besides, if H, > 1, then

Ap +cBy
—Ap +cAn + By
1+cH,
—1+C+Hn
14 (c—1)(Hn—1)

Hn+1 -

=1+ >1

So, Hp, > 1 for any n > 1 in this case.

Case 2. ¢<0.
In this case, H1 = § < 0. If H, <0, then

1+ cH,
Hyp1= — ¢ g
e B

since the numerator is positive and the denominator is negative. Thus H, < 0
for any n > 1 in this case.
Remark. 1f ¢ = 0, then H; = By =0, but H, < 0 and B,, # 0 for any n > 1.

After all, H, # 0 and therefore B, # 0 for any n > 1. So A = p™ (AmT +
Bp,) # 7, although A was defined to be the m-th root of 7. Contradiction. O

Fact 2. Let s be an wnteger greater than 1, and X the s-th root of 7. Let t be a
positive integer less than s (0 <t < s). Then X' is not in Q[].

Proof. Let d be the greatest common divisor of ¢ and s. If X! is in Q[7], then so
is A% since A* = 7 € Q[r]. But this is impossible, since A? is the Z-th root of
T. O
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Now the polynomial P(z) is factorized in C as follows:

1:[ a:—)\C]

where ¢ is a primitive s-th root of 1. If P(z) is reducible in Q[r], then it is
divisible by a monic polynomial R(z) over the field Q[r], which can be written

as follows. '
R(z) =[] (z = &)
JjED

Its constant term ¢ € Q is the product of (—)\Cj) ’s, and is written in the following

form:
D (I1¢)
where 1 is the degree of R (i.e., the number of elements in D). Since the absolute
value of { 1s 1 and ¢ is supposed to be in Q, the product (H CJ) is equal to 1 or
—1. Consequently, At is in Q[r], against the property stated in Fact 2.
Thus the polynomial P(z) is irreducible in Q[r].
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Abstract. A k-dissection D of a polygon P, is a partition of P into a
set of subpolygons {Q1, ..., Qm} with disjoint interiors such that these
can be reassembled to form & polygons Pi, ..., Py all similar to P. If for
every 7, 1 < 3 < k, the pieces of D can be assembled into 7 polygons,
all similar to P, then D is called a sequentially k-divisible dissection.
In this paper we show that any convex n-gon, n < 5, has a sequen-
tially k-divisible dissection with (k—1)n+1 pieces. We give sequentially
k-divisible dissections for some regular polygons with n > 6 vertices.
Furthermore, we show that any simple polygon P with n vertices has a
(3k + 4)-dissection with (2n — 2) + k(2n + | %] — 4) pieces, k > 0, that
can be reassembled to form 4, 7, ..., or 3k + 4 polygons similar to P.
We give similar results for star shaped polygons.

1 Introduction

Dissections of polygons is a truly classical field of study in the mathematical
sciences. A classical result of the 19-th century by Lowry, Wallace, Bolyai, and
Gerwien, asserts that given two simple polygons P and Q of the same area, we
can dissect P into a finite number of polygons which can be reassembled to form
Q.

Books mentioning dissections of polygons appear from time to time in the
literature, each bringing new advances and interesting puzzles to the topic we
study here, e.g. Fourrey [6](1907), Kraitchik [9](1942), Gardner [8](1961), ....
Books by Lindgren [10](1964) and Frederickson [7](1997) devoted solely to the
study of dissections.

Let P be a polygon on the plane. A dissection D of P is a partitioning of P
into m subpolygons P1,..., Py, such that intP; NintP; = ¢, 1 <i < j < m,
where intP denotes the interior of P. Each P; is called a piece of D. If none of
the pieces of D is similar to P, D will be called a non-trivial dissection of P.

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 53-66, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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A k-dissection D of P is a partitioning of P into subpolygons {P1,..., P}
with disjoint interiors such that they can be reassembled to form k polygons all
similar to P. A dissection of P is called sequentially k-divisible if for every j,
1 < j <k, its pieces can be assembled so as to form j polygons similar to P. In
Fig.1(a), we show a 2-dissection of a triangle. Fig.1(b) and (c) show a non-trivial
2-dissection and a sequentially 4-divisible dissection of the same triangle.

l:)1.1
F

(2)

(b)
AN

(c)

Fig. 1. A 2-dissection, a nontrivial 2-dissection and a sequentially 4-divisible dissection
of a triangle.

Collison([5], see also page 97 of [7]) gave 2-dissections of regular n-gons with
n + 1 or n pieces for n odd or even, respectively. These dissections allows us
to construct sequentially k-divisible dissections with (k— 1)n+ 1 or (k— 1)n —
k + 2 pieces, respectively (Theorem 4 in this paper). Sequentially k-divisible
dissections of squares have been studied in [1—4,11,12]. In this paper we present
sequentially k-divisible dissections of triangles, convex quadrilaterals, and convex
pentagons with 3k — 2, 4k — 3, and bk — 4 pieces respectively. For triangles we
present non-trivial sequentially k-divisible dissections with 3k — 1 pieces. For
regular polygons with n = 4m vertices, we present 2-dissections with n pieces
which allow us to construct sequentially k-divisible dissections with (k—1)n—k+2
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pieces. For simple polygons, not necessarily convex, with n vertices we present a
4-dissection with 2n — 2 pieces. This allows us to construct (3k + 4)-dissections
with at most (2n —2) + k(2n + | 5| — 4) pieces. Finally for star shaped polygons,
we show similar results.

The following notation will be useful throughout the paper: Given two points
P and @ on the plane, P@Q will denote the line segment joining them. The point
(I = A)P + MA@ will be denoted as A(PQ). Note that A(PQ) is different from
A(QP). For example when A = 0, we obtain P, when A = 1 we get @, and when
A= % we obtain the mid point of the segment P@. Similarly, let Q be a polygonal
(resp. a polygon) with vertices @1, ..., @n, then A(P,Q) will denote the polygonal
(resp. the polygon) with vertices A(PQ1), ..., A(PQy). If line segments PQ and
RS are parallel, we will write PQ || RS. If a polygon has vertices V1,...,V,
we will often refer to it as the polygon with vertices {V4,...,V},,}, or simply the
polygon {V4, ..., V,}.

Two polygons P and @ are called congruent if there is a translation T, a
rotation R, and perhaps a reflection that maps P onto @. P and Q are called
similar if there is mapping f : R? — R? such that f(z) = po + Az, where pg
is a point in R?, and such that f(P) and Q are congruent. Observe that if two
polygons P and Q are similar, any dissection D= {P1,..., P} of P induces, in
a natural way, a dissection D’ of Q such that the pieces of D’ are the sets f(P;),
i=1,...,m. Dissection D’ will be referred to as the dissection induced in Q by

D.

2 Sequentially divisible dissections of triangles

As for triangles, we show the following theorem:

Theorem 1. Any triangle has a sequentially k-divisible dissection (resp. non-
trivial sequentially k-divisible dissection) with 3k — 2 pieces (resp. 3k — 1).

Proof. Let P11 be a triangle with vertices {4, B, C'}. Let Dy be the dissection of
'P1,1 obtained as follows: Let /2 and E be the points on AB such that D = %(AB)
and E = 2(AB), and let F € AC, G € BC and H € DF be the points such
that DF || BC, EG || AC and GH || AB (Fig.1(a)). Then triangle P with
vertices {A, D, F'} is similar to P11 and their ratio of similitude is % Note that
triangle P 5 with vertices {B, E, G} and trapezoids P, 3 and P 4 with vertices
{D,E,G,H}, and {C,F, H,G}, respectively, can be assembled into a triangle
similar to Py ; with ratio of similitude equal to %, see Fig.1(a).

In a recursive way, let D; be the dissection induced in P; 1 by D1, where
P;1 is the triangle of D;_; containing vertex A, j > 2. For any fixed integer
k>3, (Dl — {7?271}) U (Dg — {7?371}) U...u ('Dk_g - {Pk—l,l}) U Dy_1 defines
a dissection Sy of Py ; with exactly 3(k — 2) + 4 = 3k — 2 pieces. See Fig.1(c).
Clearly S is a sequentially k-divisible dissection of Py 1.

Finding non-trivial sequentially k-divisible dissections of triangles is more
challenging. First we start by modifying S to obtain a sequentially k-divisible
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AN

Fig. 2. Finding a non-trivial sequentially 5-dissection of a triangle.

AN A\

N

N

Fig. 3. Reassembling the dissection in Fig 2(b) into five triangles.

dissection D of triangle {A, B,C'} as shown in Fig.2(a). The main objective of
our modification, is to make sure that every second triangle of S from top to
bottom touches AB, and the others touch AC' (with the exception the triangle
containing A, which touches AB, and AC'). The details of this modification are
straightforward, and are left to the reader. We now proceed to show how we can
modify this construct to obtain a non-trivial sequentially k-divisible dissection
of our triangle.

Suppose that we relabel the triangles of D from top to bottom by 71, ..., 7.
Split 75 into two triangles £2 and R» by drawing a segment through its top ver-
tex such that resulting triangles are not similar to triangle ABC'. Join triangle
Lo, the left piece of T, to the element of D below it (throughout this para-
graph, a left (resp. right) piece means a piece having (resp. not having) an edge
contained within AB). Next split 77 into two pieces, one of which, the right
piece, is similar to R, and join the right piece to the element of D below it, as
shown in Fig.2(b). In a recursive way, we now split 7; into a right piece R; and
a left piece £; such that if 7 is odd, then £; is congruent with £;_q, and if 7 is
even then R; is congruent to R;_1, ¢ = 2,..., k. Next if 7 1s odd, join R; to the
piece of D below it, else if 7 is even join L; to the piece of D below it, 7 < k,
see Fig.2(b). Tt is now easy to see that the pieces of the dissection thus obtained
form a sequentially k-divisible dissection. In Fig.3 we show how to assemble the
pieces of the dissection in Fig.2(b) into five triangles. O



Sequentially Divisible Dissections of Simple Polygons 57

Remark. We can modify a 2-dissection of triangles due to Collison (see Figure 9.8
in [7]) and shown in Fig.4(a) (solid lines) to obtain different k-divisible dissections
also with 3k — 1 pieces, see Fig.4(b).

ya
7

(a) (b)

Fig. 4. Finding a sequentially 3-divisible dissection of a triangle.

3 Quadrilaterals

We now show:

Theorem 2. Any conver quadrilateral has a sequentially k-divisible dissection
with 4k — 3 pieces.

Proof. Let P= {A, B,C, D} be the convex quadrilateral to be dissected. We may
assume that LA+ /B <mand {B+ /40 < 7.

We first give a sequentially 2-divisible dissection D of P consisting of five
pieces. Let B € AB, F € AD be the points such that F = %(AB), F = %(AD)
and let G be the point on the diagonal AC such that EG || BC (so FG || DC).
Let H € BC, I € DC be the points such that H = %(BC’), I= %(DC), let
J € EG, K € FG be the points such that JH || AB and KT || AD and let
I. be the mid-point of JH. Let M be the intersection point of the line passing
through E and parallel to DC' and the line passing through L and parallel to
AD. Since LA+ (B <mand LB+ /ZC < m, M is a point in the parallelogram
{B,E,J,H}. This produces the dissection of P with pieces {P11,...,P15} as
shown in Fig.5(a). It is easy to see that this is a sequentially 2-divisible dissection
of P (Fig.5(b)).

We will now take the dissection induced by D in P; ; to obtain a 3-dissection
of P. By iterating this process, we get a sequence of sequentially k-divisible
dissections of P with 4k — 3 pieces. O

4 Pentagons

In this section we prove the following result:
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50

(b)

Fig.5. A 2-dissection of a convex quadrilateral.

Theorem 3. Any convex pentagon has a sequentially k-divisible dissection with
5k — 4 pueces. ]

We note that using Collison’s 2-dissection of a regular polygon with six pieces
(see Figure 9.17 in [7]) we can obtain our result for regular pentagons. We now
present two 2-dissections for non-regular convex pentagons that will prove our
result for general convex pentagons. Some extra results will be now proved.

Let P be a convex pentagon. We use the following lemma without proof:

Lemma 1. Let P be a pentagon. Then we can label its vertices A, B, C, D,
and F in the clockwise or counter-clockwise direction such that:

1. LA+ /B>m, LB+ /(BCE>m,
2. at least one of LACD + (D > 7 or LD+ LE > m holds.

Let P be a pentagon with its vertices labelled A, B, C', D, E asin Lemma 1.
Let Al = A, Bl = §(AB), ceey E1 = %(AE), A2 = %(DA), ceey CZ = %(DC),
D2 = D, and Ez = g(DE) Let Fl = %(BC), and Gl = %(BlCl)

Since LB+ £C > m by the first condition 1 in Lemma 1, pentagons {41, By,
C1, D1, Ev1} and {Ag, Bs, Cy, Dy, E5} have no common interior point. Note that
BB; and By A have the same length. Since ZA+ /B > wand £B+ £C > w the
translation that maps BBy to By As maps the parallelogram {B, Fy,G1, B1} to
a subset of the pentagon {As, By, Cy, Dy, Es}.

Consider next the pentagon with vertices C3 = Cy, Az = %(CQAQ), Bs =
%(CQBQ), D3 = %(CQDQ), Eg = %(CQEQ) Rotate pentagon {Ag, B3, 03, D3, Eg}
180 degrees around Asz as shown in Fig.6(a) to obtain the pentagon P4 with
vertices { A4, By, C4, D4, E4}. Two cases arise: E4 belongs to the interior of pen-
tagon {A, B,C, D, E} as in Fig.6(a), or F4 does not lie in the interior of the
same pentagon.

In the first case, the reader can verify that the dissection shown in Fig.7(a) is
realizable. In the case when FE4 lies outside the original pentagon (this situation
can arise if we move point F in Fig.6(a) far enough to the right, for aesthetic
reasons we don’t show a picture for this case), we will show that the pentagon
Pi = {A4s,..., E5}, obtained by translating {A4,..., F4} in such a way that
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(b)

Fig. 6. Finding a dissection of a convex pentagon.

E4 lies on Dy, is contained in the parallelogram { Dy, Eq, E, E1} (Fig.6(b)). The
dissection shown in Fig.7(b) will now be realizable.

(D (¢

Fig.7. Showing the regrouping of the pieces of the dissection from Fig.6. P; is not
shown here, but it is a part of each 2-dissection illustrated here.

Given two points P and @, m will denote the vector Q—P. Let a = ﬁ, b=
AE and consider the unique real numbers o« and 3 such that AD = aa + 3b.
Clearly a > 0,8 >0 and a4+ 3 > 1. We also have § < 1 or a < 1, depending
on whether LZACD+ (D > mor LD+ LE > m. Two cases arise:

Case 1. 8 > max{%, o —1}:
In this case, we show that E4 belongs to the interior of {Fy, C, C5, Bs, Ba,
Cy4, C1, G1} to prove that the dissection shown in Fig.6(a) is realizable. Since
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and since 0 < # < land 0 < %%_1 < 1, E4 is an interior point of the
parallelogram {C, Cy, Ci, Ci}. Since £B4A4F4 < 7, the desired conclusion

now follows.

Case 2. f < max{1, a — 1}:
We will show that in this case the dissection shown in Fig.6(b) is realizable.
To see this we show that Bs and C5 are interior points in the parallelogram

{E1, Es, E3, E}. Note that & > £ and # <1 in this case.
Let 4 and ¢ be unique real numbers such that EB = 'ym—i—ém (=~(=b)+
d(a—1b)). Since LA+ /(B >mand LB+ /BCE>n,0<d<land 0 <y <1.
On the other hand, we have

E5Bs = —%[’y(—b) + 5(04 — b)] = %ESE& + L%E%Ez and
= =, at(f-1) =
E5C5 = —%(a - b) = %E{»’,El + %ESEQ.

Thensince0<%<§<%,0<%<land0<M<%,the

2o —
desired conclusion follows.

In a recursive way, we get a sequence of sequentially k-divisible dissections
of P with 5k — 4 pieces.

5 Hexagons

J. Schmerl found a 2-dissection of the regular hexagon with five pieces, see
Fig.8(a) (see also Figure 9.18 in [7]). By recursively using Schmerl’s dissection it
follows that there are sequentially k-divisible dissections with 4k —3 pieces. Using
the 2-dissection shown in Fig.8(b) we can also obtain sequentially k-divisible
dissections with 6k — 5 pieces.

(a) (b)

Fig. 8. 2-dissections of regular hexagons. We show how to construct one of two regular
hexagons.
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6 Sequentially divisible dissections of regular 4k-gons

Using the iteration process used in Sections 2-5, the following result now follows
from Collison’s result mentioned in Section 1:

Theorem 4. Let P be a reqular polygon with n vertices. Then if n is odd there
is a sequentially k-divisible dissection of P with (k— 1)n 4+ 1 pieces. If n is even
a sequentially k-divisible dissection with (k — 1)n — k + 2 pieces exists. a

For regular polygons with n = 4m vertices, we now give a new 2-dissection
with n pieces, which allows us to cinstruct sequentially k-divisible dissections
with (k—1)n—k+ 2 pieces. Let P be a regular polygon with 4m vertices labeled
Ag, ..., Aam—1 in the counterclockwise direction, with Ay being the topmost
vertex of P.

(d) (e)

Fig. 9. Dissecting regular 4rn polygons. Notice that pieces Pg, P1g and P12 in (d) have
been rotated and flipped.

Consider a second regular 4m polygon B with vertices {By,..., Bam—1} of
size % that of P. We present first a dissection of B with 2m pieces obtained as
follows:

For each 7, 1 < i < m, let Q; be the polygonal with vertices {By, ..., Ba;},
and let @} be the polygonal %(Bgi, Q;). Let Q; 1 be the polygonal obtained by
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joining a copy of Q} with the polygonal obtained by rotating Q} 180 degrees
around the point }(Bs;Bg) as shown in Fig.9(a) for the case m = 3. Finally
let Q; » be the polygonal obtained from Q; ; by rotating it 180 degrees around
the center of B. The set of Q; 1, Q; 2,7 =1,...,m induces a partitioning of B
into 2m pieces. Let us label the regions of this partitioning Ps;, 2 = 1,. .., 2m,
as shown in Fig.9(b). With this labeling Po;, i = 1,...,m, will contain vertex
Bgi_l of B.

We now show a dissection of P that will contain pieces similar to Pa;, 7 =
1,...,2m. Let P; be the polygon 2(Aq,P). Let us label the vertices of P; by
Ci,1=0,...,4m — 1, where Cy = Ay.

For each 1 < ¢ < m let us translate a copy of Pa; so that vertex Ba;_1 is
mapped to vertex Ay;_1 of P. Since the length of segment Ag;_1C5;_1 is % the
length of Ag;_1Ag the point By of Pa; maps to vertex Ca;—1 of Py. See Fig.9(c).
We now flip our current construction along the line passing through Ay and
Aam, to obtain a dissection of P with 4m pieces as shown in Fig.9(d). Label the
images of Py; under our flipping along the line determined by Ay and As,, by
Pam—2it2, t = 1,...,m, as shown in the same figure. Clearly when we reflect
Pam—2iya, t = 1,...,m, the resulting pieces together with Py;, ¢ = 1,...,m,
can be reassembled to form B. It is now easy to verify that the remaining pieces
Ps3,...,Pam—1 can be assembled to form a polygon similar to P of size % the
size of P minus a polygon congruent to B. It now follows that the resulting
partitioning of P is a 2-dissection of P. See Fig.9(e).

7 Dissecting simple polygons

Consider a simple polygon P with n vertices. We now present a 4-dissection of
P that uses exactly 2n — 2 pieces. A triangulation 7 of P is a partition of P
into n — 2 triangles {t¢1,...,¢,—2} with disjoint interiors obtained by cutting P
along n — 3 diagonals joining pairs of vertices of P, see Fig.10(a). We observe
now that if we dissect each ¢; € 7 into 4 similar triangles {t; 1,%; 2,%; 3,%; 4} by
cutting it along the line segments joining the mid points of its edges we obtain a
dissection D’ of P with 4(n — 2) triangles, see Fig.10(b). Clearly for each j, the
set of triangles {tl,j’ o ,tn_gd} can be reassembled to obtain a polygon similar
toP,j=1,...,4.

We now show how to modify D’ to obtain a 4-dissection D of P with 2n — 2
pieces. First we color the vertices of P with 3 colors 1, 2, and 3 in such a way
that if two vertices of P are adjacent in T, (i.e. that are connected by a diagonal
of T or an edge of P) they receive different colors [13]. See Fig.11(a). Our new
dissection D is now obtained from D’ by eliminating the cuts made in P along
the diagonals used to obtain 7, see Fig.11(b). The pieces of D are n polygons
each of which contains exactly one vertex of P, plus a set of triangles, one for
each t; € T. Since T contains n — 2 triangles, it now follows that the number of
pieces of D is exactly 2n — 2.

We now show how to assemble the pieces of D into four polygons similar to P.
Consider the triangulation T together with the 3-vertex coloring defined before.
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(a) (b)

Fig. 10. Triangulating and dissecting P.

Fig.11. Coloring and obtaining our final dissection D.

Notice that each triangle in 7 has exactly one vertex of each color. For each
such vertex v; of P let P; be polygon obtained by joining the set of triangles
in 7 having v; as one of its vertices. We observe now that each of the sets
S; ={Pi :v; has color j}, j =1, 2, 3, induces a dissection of P. Furthermore,
observe that for each v; the polygon of D containing it, denoted by P} is similar
to P;. It now follows that the sets of polygons 8 = {P} : v; has color j} can
be reassembled to form polygons similar to P, 7 = 1, 2, 3. Observe now that
the remaining triangles of D can also be reassembled to form a fourth polygon
similar to P. Summarizing we have:

Theorem 5. FEvery simple polygon with n vertices, has a J-dissection with 2n—2
pieces, n > 3. |

We now show how to obtain (3k + 4)-dissections of P with at most (2n —
2) + k(2n + [ 5] — 6) pieces such that the pieces can be reassembled to form
4,7, ..., or 3k + 4 polygons similar to P. Since the coloring of the vertices of
T induces a partition on its vertices, there is a chromatic class with at most
| 5] vertices. Suppose then that the chromatic class containing the vertices with
color 1 has at most | %] elements. Let D" be the dissection of P obtained from

D by adding cuts along the diagonals of 7 joining pairs of vertices colored with
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colors 2 and 3, see Fig.12(a) and (b). Observe that the number of diagonals of
T with endpoints colored 2 and 3 is exactly the number of vertices of color 1
minus 1, and that when we cut the pieces of D along each of these diagonals, the
number of pieces increases by 2, see Fig.12. Since there are at most | 5 | vertices
with color 1, we have that the number of pieces of D’ is at most:

2n—2+2(§J—1).

Observe now that the pieces of 8§ = {P} : v; has color 1} when assembled
properly form a polygon @ similar to P, dissected along its diagonals corre-
sponding to those of P joining pairs of vertices colored 2 and 3. Let D; be the
dissection induced in @ by D”. Combining D" with D; we obtain a 7-dissection
of P with at most

(2n—2) - [gJ +2n—2+2<[§J ~1)=(@n-2)+2n+ {%J 4
pieces. Clearly we can now iterate our previous procedure on the pieces of our
last dissection of P containing the vertices of P with color 1 to obtain (3k + 4)-
dissections of P with (2n — 2) + k(2n + | 5| — 4) pieces.

Fig. 12. Obtaining D”.

Thus we have proved:

Theorem 6. Every simple polygon P with n vertices has a dissection with (2n—
2) + k(2n + [ 5] — 4) pieces such that its pieces can be reassembled to form 4, 7,
.., or 3k + 4 polygons sitmilar to P. a

8 Star shaped polygons

A polygon P is called star shaped if there is a point p in P such that the line
segment connecting it to any other point in P is contained in P. We show how to
obtain dissections of star shaped polygons with n vertices having 2kn + 1 pieces
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such that the pieces of these dissections can be reassembled to form 4,7, ..., or
3k + 1 polygons similar to P. We start by proving:

Theorem 7. Any star shaped polygon P has a 4-dissection D using 2n+1 pieces,
one of which is a star shaped polygon similar to P. a

Fig. 13. A 4-dissection of a star shaped polygon with n vertices, n even, using 2n + 1
pieces.

Let P be a star shaped polygon, and let p be a point in the interior of P such
that the line segment connecting p to any point ¢ in P is totally contained in P.
Suppose first that P has an even number of vertices. Color the vertices of P with
colors 1 and 2 in such a way that adjacent colors receive different colors. Connect
p to all the vertices of P to obtain a set of n triangles as shown in Fig.13(a).
Subdivide the triangles obtained into 4 subtriangles using the mid-points of their
edges as shown in the same figure. Next delete the edges connecting p to the
vertices of P, as in Fig.13(b) to obtain a dissection D of P with 2n+1 pieces, one
of which is similar to P. Observe that all the pieces containing a vertex of color
1 (resp. 2) can be regrouped to form a star shaped polygon similar to P. The
remaining n triangles can also be regrouped to form a fourth polygon similar
to P. The case when P has an odd number of vertices can be done in a similar
way, except that we color exactly one vertex of P with both colors 1 and 2. The
details are left to the reader. An example for this case is shown in Fig.14.

By using the piece of D similar to P, we can obtain (3k + 1)-dissections of
P with 2kn + 1 pieces. Thus we have proved:

Theorem 8. Any star shaped polygon with n vertices has a dissection with 2kn+
1 pieces such that its pieces can be reassembled to form 4,7,. .., or 3k+1 polygons
stmilar to P. O

Acknowledgments: The authors would like to thank an anonymous referee for
his helpful comments and valuable suggestions.
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Fig. 14. A 4-dissection of a star shaped polygon with n vertices, n odd, using 2n + 1
pieces.
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Abstract We consider the problem of packing several convex polygons
into minimum size rectangles. For this purpose the polygons may be
moved either by translations only, or by combinations of translations
and rotations. We investigate both cases, that the polygons may overlap
when being packed or that they must be disjoint. The size of a rectangle
to be minimized can either be its area or its perimeter. In the case of over-
lapping packing very efficient algorithms whose runtime is close to linear
or O(nlogn) can be found even for an arbitrary number of polygons.
Disjoint optimal packing is known to be NP-hard for arbitrary numbers
of polygons. Here, efficient algorithms are given for disjoint packing of
two polygons with a runtime close to linear for translations and O(n®)
for general isometries.

1 Introduction

An important geometric optimization problem is to find for a given object a
smallest enclosing object from a certain class, like a rectangle, a triangle, a
3d-box, etc. (see [4,7,6]).

Here, we will consider the problem of enclosing not only one but several
objects into a minimum size container. More precisely, we will consider packing
convex polygons into rectangles. For this purpose the polygons may be moved
either by translations only, or by combinations of translations and rotations. We
also consider two cases: either the polygons may overlap when being packed or
they must be disjoint. The size of a rectangle to be minimized can either be its
area or its perimeter.

For disjoint packing under translations considerable work has been done pre-
viously by Milenkovic (see e.g. [5]) motivated by industrial applications, for
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example cutting parts of a certain shape out of rectangle shaped stock material
like cloth or sheet metal and trying to minimize waste. For packing k& convex
m-gons into a minimum area isothetic rectangle he gives an O(m*~1logm) al-
gorithm using linear programming techniques. The most general problem for
disjoint packing under translations was solved by Avnaim and Boissonnat [2]
who found an O(m? + mn)?*logn) algorithm for packing k arbitrary simple
n-gons into a simple m-gon.

Here, we will, for a start, in the disjoint case only consider two convex poly-
gons to be packed. In fact, if we allow an arbitrary non-constant number of
polygons, the problem is known to be NP-hard even if the polygons are rectan-
gles ([3]) and only translations are allowed. We will give a linear-time algorithm
for packing two convex polygons into a minimum size isothetic rectangle and
for arbitrary rectangles we obtain an O(nlogn) algorithm where n is the total
number of vertices. We also give an O(n3) algorithm for the case of allowing
arbitrary isometries to pack the polygons.

In addition, we also consider packing with overlap (which could be motivated
by, for example, finding the smallest rectangular area where a set of given flat
objects can be stacked). We will develop efficient algorithms even for the general
case of k convex polygons under arbitrary isometries.

All our results hold for both, minimum area and minimum perimeter rectan-
gles.

The different variants of the problem are distinguished by symbols for the
different criteria

— O for overlapping and D for disjoint packing.

— T for translation and G for general isometries. Each polygon can be packed
by one of these operations independent of the others. By isometry we mean
a combination of translations, rotations, and reflections. We will only con-
sider translations and rotations in the text. The result follows for additional
reflections since for overlapping packing a rectangle contains a polygon P
exactly if it contains its reflected copy P’. For disjoint packing, we deal with
2 polygons and can solve the problem by just additionally considering the
reflected versions of the polygons involved.

— In the case of translations we add a third symbol, namely: I if we allow only
isothetic (= axis-parallel) rectangles and A for arbitrary rectangles. Observe
that under general isometries this distinction does not make sense.

Any combination of these letters stands for a variant of the problem. We
add the number “k—" of polygons to be packed in front of the combination,
50 e.g. 2 — DTI means finding the smallest size isothetic rectangle containing
disjoint translates of two given polygons.

Throughout this paper we will assume that the input polygons are given by
a list of their edges sorted in, say, clockwise order.

Due to space limitations some proofs are omitted in this proceedings version
of the paper. For a complete version see [1].
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2 Packing with Overlap

In this section we will assume that convex polygons Ay, ..., A with a total of n
edges should be packed allowing overlap into a minimum size (area or perimeter)
rectangle R.

We will consider axes-prallel and arbitrary rectangles, translations and gen-
eral isometries for packing the polygons, i.e., the versions k — OTI, k — OT A,
and k — OG of the problem. We will first consider general isometries and then
see how the problem can be simplified if we only allow translations.

2.1 Preliminary Considerations for General Rigid Motions

Let us identify the rectangle with width = and height y with the point (z,y) in
two dimensional space. In this way we can assume that our “space of rectangles”
F' is the open first quadrant of the Cartesian plane. Rectangles with area k
(perimeter 7) correspond to the points in the positive branch of the hyperbola
xy = k (the line segment 2(x + y) = r).

Consider some polygon @ and some angle 6 € [0, 7]. Then there is a unique
rectangle with the property that two of its edges form the angle 8 with the z-
axis and the four edges extend to lines supporting Q). Let us call this rectangle
0-optimal and let z(0) and y(#) be its width (in direction §) and its height,
respectively. When 6§ varies from 0 to 7 we obtain all the directionally optimal
rectangles, giving a geometric locus of points (z(6),y(6)) in F, parameterized by
6, which we describe precisely in the next lemmas.(In fact it might be more intu-
itive to keep the orientation of the optimal rectangle isothetic and its lower left
corner fixed at the origin, rotate () instead, and trace the orbit of the rectangle’s
upper right corner.)

Lemma 1. Consider the family of 8-optimal rectangles of Q, for 6, < 6 < 0y,
which touch @ in the same vertices a,b,c,d. The locus of corresponding points
in F is an arc of ellipse with center at the origin.

Proof. As we see in Figure 1, we have
z(0) = dy cos(a; — 0),
y(0) = da cos(az — 0),
for some constants dy, dz,a; and as. This can be rewritten as
z(0) = dy cos(ay) cos(8) + dy sin(ay) sin(6),
y(0) = da cos(az) cos(#) + da sin(az) sin(6).

Therefore, the set of points {(x(8),y(6))|0 € [01,02]} is the image of the set of
points {(cos(8),sin())|6 € [61,02]}, i-e., an arc of the unit circle, under a linear
mapping. Consequently, it is an arc of an ellipse centered at the origin. n

C
C

Let us consider the optimal rectangle for 8 = 0, then allow the variation of 8
from 0 to 7. In a “rotating calipers” fashion [9] the enclosing rectangle rotates
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Figure 1. Local variation of an enclosing rectangle touching four vertices of the polygon

around (), and all the f-optimal rectangles are traced. In fact each optimal
rectangle is found twice, once for some value 6y and again for 6y + /2, reversing
the roles of z and y. As proved in Lemma 1, for each set of contact vertices we
obtain an arc of ellipse. Since the set of contact vertices changes each time one
of the sides of the rectangle becomes parallel to one of the sides of @), there are
4n such sets. Therefore we have proved the following lemma:

Lemma 2. The locus of points corresponding to the directionally optimal rect-
angles that contain a given polygon @, is a continuous closed curve C(Q), within
the first quadrant of F', consisting of the concatenation of at most 2n arcs of el-
lipse, where each ellipse is centered at the origin. The curve C(Q) is symmetric
with respect to the line y = x, and can be computed in O(n) time.

A polygon @) and its corresponding curve C(()) are shown in Figure 2.

A

Figure 2. Q and C(Q)

For each arc of ellipse £ in C(Q) the smallest area (perimeter) rectangle
is the point minimizing the product z(#)y() (the sum z(6) + y(#)). But the
hyperbolas zy = k and the straight lines z 4+ y = k are convex as seen from the
origin, while £ is concave, therefore the minimum value is necessarily attained in
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an endpoint of £. Since such an endpoint corresponds to an edge of the enclosing
rectangle being collinear with an edge of @), this implies that the minimum area
(perimeter) rectangle enclosing a convex polygon has a side collinear with an
edge of the polygon, a crucial result differently proved in [4].

Our next lemma is concerned with the theory of Davenport-Schinzel-sequences;
see [8]. As usual let A\;(k) denote the maximal complexity of the upper or lower
envelope of a set of k curves which pairwise may intersect s times.

Lemma 3. Let f1,..., fr be curves which are x-monotone within some interval
1. Furthermore, f1,...,fr are piecewise composed of arcs which pairwise intersect
at most s times for some constant s. Let n be the total number of pieces. Then
the complezity of the upper or the lower envelope of fi,...,fr is O(n/k Asy2(k))
and the envelopes can be determined in time O(n/k As11(k)logk).

Proof. Let xg,x1, ..., 2, be the “breakpoints” between the different pieces of
fiy-, fr in ascending order. Let r = |n/k] + 1 and decompose I into the
r subintervals [zo, Zk], [Zr+1, Z2k]s - [Trk+1, Tn]- Within each of these intervals
we have at most 2k pieces of the functions fi, ..., fr. Therefore, as we know
from the theory of Davenport-Schinzel-sequences [8] the envelopes within each
subinterval have complexity A;12(2k) = O(As42(k)) and can be computed in
time O(As41(k)logk) with an algorithm due to Hershberger. Since there are
r = O(n/k) subintervals, the lemma follows. 0

2.2 The Solution for General Rigid Motions

We say that a point (or a vector) (a1, b1) dominates another one (az,bs) if a; > as
and b; > be . The dominance relation gives a partial order D in the plane. A
point (x,y) € F corresponds to a rectangle able to contain polygon A if and only
if it dominates some point in C(A); therefore the locus of such points is a region
R(A) as the one shaded in Figure 3, where the zig-zag curve B(A) bounding it is
the lower envelope of C(A) with respect to the order D. B(A) can be obtained by
first computing the z-lower envelope L, of C(A), from which we compute next
its y-lower envelope.

Two of our arcs of ellipse intersect in at most two points. Therefore, the
complexity of L, is Ay(n), which is O(n - 22(")), and L, can be computed in
time O(A3(n)logn) which is O(na(n)log(n)). Since L, is an z-monotone closed
curve its y-lower envelope B(A) can be computed easily by sweeping L, from
left to right in time proportional to its complexity, i.e., O(A4(n)).

For problem k& — OG we have k polygons Ay, ..., Ay, having ny, ..., n, vertices,
respectively, with n; +na +...+ni = n. We obtain k curves C(A;), ...,C(A4) and
determine the regions R(A;), ..., R(Ay) as described. This computation takes
time Ef’:l Asz(n;) logn; which is O(A3(n) logn) which is O(na(n)logn).

Each region R(A;) is bounded by an z-monotone chain B(A4;) of O(As4(n;))
elliptic or straight segments. In total we have O(Ef:1 A4(n;)), which is O(Ag(n))
segments, which pairwise may intersect twice. By Lemma 3 their upper envelope
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Figure 3. Region of points which correspond to rectangles containing a given polygon

B, which is the boundary of the intersection R = R(A1) N...N R(Ag) can be
computed in time O(\y(n)/k A3(k)logk), which is O(n2*™a(k) log k).

Finally we have to compute the point (z,y) € R minimizing the product
zy (the sum z + y). The hyperbolas zy = k (straight lines z + y = k) are
convex as seen from the origin, while the region R is bounded by concave pieces;
therefore the minimum is attained in a vertex of B, which can be obtained by
traversing B in time proportional to its complexity. By Lemma 3 this complexity
is O(As(n)/k Ay(k)), which is dominated by the runtimes of the previous steps.
We have proved the following result:

Theorem 1. The variant k — OG of packing k convex polygons with a total
number of n vertices into a rectangle can be solved in

0n(2*™ log k a(k) + log(n) a(n)))
time by the algorithm described above.

There are interesting special cases of Theorem 1: A constant number of convex
polygons with a total of n vertices can be packed into a minimum size rectangle
in time O(nlog(n) a(n)). On the other hand, a set of n triangles (or other m-
gons with constant m) can be packed into a minimum size rectangle in time

O(nlog(n) 2™ a(n)).

2.3 Translations

In the case where only translations are allowed to pack the polygons, the ideas
from the previous section can be simplified and slightly faster algorithms can be
obtained.

For a convex polygon A let 4 and y4 be the width and height of the min-
imum isothetic rectangle enclosing A. The minimum isothetic rectangle that
will contain translated copies of &k polygons Ay, ..., A will obviously have width
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max{za,,...,z4, } and height max{y4,,...,y4, }. This simple observation shows
that the problem & — OTI can be solved in linear time. Furthermore, it is fun-
damental for solving the problem k — OT A.

For a convex n-gon A let R4(#) be the #-optimal rectangle enclosing A and
let z4(0) and y4(0) be its width and height.

We consider now the continuous variation of 8 from 0 to 7/2. The direc-
tionally optimal rectangle R4(f) will rotate around A in a “rotating calipers”
fashion. In each interval of angles § where the same four vertices of A touch the
sides of R(6) the width z4(#) and the height y4(8) will be functions of the form

z4(0) = di cos(ar —0),
y4(6) = dy coslay — 6). @

for some constants di,ds,a; and as. The representation (1) of either x4 or
ya changes whenever one of the sides of R (f) becomes parallel to one of the
edges of A, so both functions consist of O(n) pieces of the form (1) and can be
determined in O(n) time.

Now suppose that Ay, ..., A are convex polygons with a total of n vertices for
which we would like to solve k — OT A. For a given orientation 8 the width and
height of the smallest enclosing rectangle are given by max(z 4, (6),...,z4,(0))
and max(y 4, (6), ...,y 4, (9)), i.e., by the upper envelope of the functions z 4, , ..., T 4,
and y4,,...,y4,, respectively. Since any two functions of the form (1) inter-
sect at most twice by Lemma 3 these envelopes can be determined in time
O(n/k A3(k)log k) which is O(na(k) log k) and their complexity is O(n/k A4 (k)).
Finally, in time proportional to their complexity we can scan and merge both
envelopes and determine the orientation § where their product (their sum) is
minimized in order to obtain the enclosing rectangle of minimum area (perime-
ter).

Summarizing, we have proved the following theorem:

Theorem 2. The problem k — OT A can be solved in time O(nlogk a(k)) by
the algorithm above.

If k is a constant, we have a linear time algorithm for packing & polygons into a
minimum size arbitrary rectangle.

3 Disjoint Packing

In this section we will assume that two convex polygons A and B with a total
of n edges should be packed without overlap into a minimum size rectangle R .

Our algorithms are based on the following property of optimal packings that
will significantly simplify the problem. It can be shown for both the area and the
perimeter by elementary geometric arguments; see the full version of this paper

[1].

Lemma 4. For all variants of the problem there exists an optimal packing where
at least one of the sides of the rectangle R touches both bodies A and B.
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Proof. We will show this property for the simplest version 2 — DT P, it then
easily follows for the other versions.

Clearly, in an optimal placement, each side of the rectangle R touches at

least one of the objects.Assume that we have an optimal placement where each
side of R is touched by exactly one of the polygons. We will show that this either
leads to a contradiction or that another optimal placement satisfying the claim
can be constructed easily.

Because of the convexity of A and B, there is a straight line [ separating

them. Then, the following situations or symmetric variants are possible.

a)

b)

One body, say A, touches all four sides of R, which means that B does not
touch any side.(see Figure 4 a) ) Then, clearly, B can be moved within R
without crossing [ so that it touches a side of R.

A touches three and B one side of R (see Figure 4 b) ) If  is vertical we can

Figure4. a) A touches four sides of R b) A touches three and B one side of R

translate B in vertical direction until it hits a horizontal side of R without
changing R. Otherwise it is easy to see that B can be slid along ! so that
the area of R decreases.

A and B both touch two sides of R (see Figure 5). Observe that because
of convexity the sides touched by A (or B) must be incident. Observe that
in situation a) of Figure 5, where the slope of I is nonnegative, R cannot
be optimal, since by moving B downward we can decrease the height of R
without increasing its width. In situation b) sliding B along [ will increase the
height y and decrease the width x of R, or vice versa. Assume, that the lower
left corner of R is the origin, so the upper right corner C has coordinates
(z,y), the area is A(z,y) = x -y and the perimeter p(z,y) = 2(z + y). Any
translation of B by some (sufficiently short) vector ¢ will translate the upper
right corner of R from C to C + t, as well.

Let I' be the line through C parallel to . So I’ can be represented in the
form y=ax+b with a < 0.
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/

<) RN
R v R
) b)

Figure 5. A and B touch two sides of R

If we slide B along [, the area of R as a function of C's z-coordinate z will
be
A(z,ax +b) = ax® + bz (2)

Since a < 0, this function has no local minimum contradicting the optimality
of R. The same argument holds for the perimeter, as well, because p(z,ax +
b) = 2(a + 1)z + b is a linear function in x and has no local minima.

O

3.1 2-DTI

For the problem 2 — DT'I Lemma 4 reduces the number of candidates of optimal
placements of two given convex bodies A and B to 8. In fact, all four sides of
R can be candidates for touching both bodies and in each case there are two
possible orders for the two tangent points.

These 8 candidates can be determined in linear time. In fact, in order to
determine the placements where A and B share the right tangent we consider
the orbit of the rightmost point L of B when B is slid along the boundary of
A (see Figure 6). This orbit is again the boundary of a convex polygon P. The
edges of P are obtained in linear time by merging the edges of A and B and
translating them accordingly. In fact, P is a translate of the Minkowski-sum of
A and —B.

The placement candidates are determined by intersecting P with the right
vertical tangent of A . The other six candidates can be found analogously. For
each of the eight candidates we determine the area or perimeter of the enclosing
rectangle and select the minimal one. So we have:

Theorem 3. The variant 2-DTI of the packing problem can be solved in O(n)
time by the algorithm described above.

Observe that a bound of O(n logn) for problem 2-DTTI follows from Milenkovic’s
O(n*~'logn) bound [5] for packing k objects.
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Figure 6. The orbit P of L

3.2 2-DTA

Let us now look for a minimal size rectangle under translation that is not nec-
essarily isothetic.

Our algorithm works as follows: We consider object A as fixed and B may
slide around A. Fix a certain angle ¢ € [0,2n] and consider the oriented line
[ that forms this angle with the z-axis, is tangent to A, and has A in its left
halfplane; see Figure 7. Then there is a unique placement of B touching both [
and A and lying above A with respect to the orientation of /.

Let Ry be the smallest enclosing rectangle of A and B one of whose sides lies
on [. Then, assuming that we rotate 9 from 0 to 27 we have a rotating callipers
situation where the polygon B is pushed forward by one caliper jaw. One of the
rectangles Ry will be a candidate for the optimal solution. The second candidate
is obtained in the same manner, only B is placed below A in the halfplane left of
l. In the following, let us number the sides of Ry counterclockwise from 0 to 3
starting with the side that lies on l. Also let I; i =0,1,2,3 be the line on which
side 4 lies. During the rotation process we will maintain all relevant information
to carry out the rotation, in particular for ¢ = 0,1,2,3 (see Figure 7):

a;, the vertex of A touching side ¢ of Ry. If side i does not touch A, a; is the
vertex of A closest to side .

b;, likewise the points of B closest to the sides of Ry

e, the side of A or B on which B is sliding

v, the vertex of B or A on which B is sliding

Each angle ¥ € [0,27) where this information changes is an event point of
the rotation process. We distinguish three types of event points:

Type a: Some q; or b; changes. This occurs whenever the direction of one of
the sides of Ry, i.e., ¥ or ¥ + m/2 becomes parallel to one of the sides of A or B.
Type b: e and v change. This happens whenever v hits the next vertex of A or
B.

Type c: Some vertex a; or b; starts or stops touching Ry.
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\J

Figure 7. Information maintained during the rotation process

The list of type-a events is precomputed and kept in sorted order in a data

structure called event point schedule (EPS).
At each event point the events of types b and c¢ for v,e, and each a;,b; are
updated and replace the old ones in the EPS. Notice, that many of these events
never occur because they are replaced by new values. (For example, by starts
touching side 2 of Ry in Figure 7, because v will reach the end of e earlier.)

A detailed consideration (see [1]) shows that computing the new events can
be done in constant time and that the number of event points is linear in n. The
algorithm spends O(logn) time per event point in order to update the EPS. So
we have:

Theorem 4. The variant 2-DTA of packing two convex polygons with a total
number of n vertices into a rectangle can be solved in O(nlogn) time by the
algorithm described above.

3.3 2-DG

Let us now consider the most general version 2-DG of disjoint packing allowing
arbitrary isometries to pack the two polygons. By Lemma 4 we may assume that
in the optimal solution the left hand side of the enclosing rectangle R is part of
the y-axis, the bottom side is part of the z-axis, and both, A and B touch the
z-axis. We will, furthermore assume that A lies left of B; we just will have to
run our algorithm twice, once for this and once for the opposite situation. Let
us number the sides of R from 1 to 4, starting with the bottom side.

Like before, by a; (b;) i =1,...,4 we will denote the vertex of A (B) that is
closest to (or touches) side 7 of R (see Figure 8).

Furthermore, we may assume that in an optimal placement A and B are
touching each other; the corresponding feature (edge or vertex) of A and B we
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will call a; and b, respectively. We will call a 10-tuple

2 Y

\J

Figure 8. A possible placement of A and B

(a1, az,as3, a4, b1, ba,bs, by, as,by) that is possible under a certain placement of A
and B, a combinatorial position of A and B.

Different combinatorial positions can occur through different orientations of
A and B. We identify an orientation of A with the angle ¥4 of some fixed edge
ea of A with the z-axis (see Figure 8). Likewise, we define the orientation ¥5 of
B.

Clearly, with a given pair (94,9g) of orientations and our assumptions be-
fore, the placement of A and B and, thus, its combinatorial position, are uniquely
identified. We therefore can identify the space of all possible placements, within
which we are looking for the optimal solution, with the two-dimensional box
IT = [0,2n] x [0,2x]. IT is partitioned into finitely many connected cells corre-
sponding to the combinatorial positions of A and B. In fact, it holds:

Lemma 5. There are O(n?) different combinatorial positions of A and B.

Proof. Clearly, there are only O(n) 4-tuples (a1, az,as,as). For increasing 9 4
such a 4-tuple changes whenever the orientation ¥4 causes one of the edges of
A to become vertical or horizontal. These events partition the space II by O(n)
vertical lines. Likewise, IT is partitioned by O(n) horizontal lines corresponding
to the orientations ¥p where the 4-tuple (by,bs,bs,bs) changes. Within each
of the O(n?) cells obtained from the horizontal and vertical lines the 8-tuple
(a1,as2,a3,a4,b1,ba,b3,bs) is invariant. It remains to subdivide IT further by
the lines separating different pairs (ay, b;). First observe that there can be two
types of configurations from which the touching pair can change in at least two
different ways (see Figure 9).

a) a vertex of A touches a vertex of B.
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b) an edge of A touches an edge of B.

(%

a) b)
Figure 9. Configurations at the boundary between touching pairs (v, e) and (u, f)

Clearly, there are O(n?) type-b configurations which are characterized by equa-
tions of the form

Y4 =09+« (3)

for some constant a.

Consequently, IT is further partitioned by O(n?) parallel straight line seg-
ments of slope 1.

A detailed analysis shows that type-a configurations are characterized by
equations of the form

¥p = B — arcsin(rsin(¥4 + a)) (4)

for some constants «, 3, and r.

So by (4) we have O(n?) additional curve segments which further partition
the space II.

In order to analyze the complexity of the final partition of IT, let us count
the number of intersection points between the various curve segments. The O(n)
vertical and horizontal straight segments intersect the O(n?) type-a and type-
b segments in O(n®) points. A detailed consideration shows that intersection
between two type-a or type-b segments is only possible in very special situations
and that, therefore, there are only O(n?) such intersection points.

So the total arrangement of curves partitioning IT has O(n®) vertices. Since
it is a planar graph it has O(n?) faces as well, by Euler’s formula. The faces
correspond to the different combinatorial positions. 0

Now our algorithm to find the optimal placement proceeds as follows:

We systematically traverse all cells in the partition of I7. Within each cell
C all a;, b;,a; and b; are uniquely defined. We compute the optimal placements
of the two k-gons (k < 5) with vertices a1, as,as,as,a; and by, ba,bs, by, b in
constant time. For each of these placements we check whether it lies in cell
C and, if so, keep track of the size (area of perimeter) of the corresponding
rectangle. The minimum size rectangle found this way by checking all O(n?)
cells is the optimal solution. So we have:
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Theorem 5. The variant 2-DG of packing two convex polygons with a total
number of n vertices into a rectangle can be solved in O(n?) time by the algorithm
described above.

4 Summary

The following table summarizes our results. As can be seen all packing problems
where overlapping is allowed can be solved in time close to linear. The same
holds for disjoint packing of two polygons under translations.

problem asymptotic runtime

k-OTI n

k-OTA nlog ka(k)

k-OG n (2% log ka(k) + log na(n))
2-DTI n

2-DTA nlogn

2-DG n?
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Abstract. It is known that a scene consisting of k& convex polyhedra of
total complexity n has at most O(n4k2) distinct orthographic views,
and that the number of such views is Q((nk2 + n2)2) in the worst
case. The corresponding bounds for perspective views are O(neks) and
2((nk*>4n?)?), respectively. In this paper, we close these gaps by improv-
ing the lower bounds. We construct an example of a scene with @(n*k?)
orthographic views, and another with Q(nGkS) perspective views. Our
construction can also be used to improve the known lower bounds for
the number of silhouette views and for the number of distinct views
from a viewpoint moving along a straight line.

1 Introduction

Aspect graphs have been studied in image analysis as a way to encode all topo-
logically distinct views of a scene [2]. In this paper, we concentrate on simply
bounding the number of such views, in the case where the scene consists of &
disjoint convex polyhedra with total complexity (i.e., number of vertices, edges,
and faces) n.

We distinguish between two different types of views: orthographic views cor-
respond to locating the viewpoint on the plane at infinity and having all lines
of sight parallel to the fixed viewing direction. Perspective views place the view-
point anywhere in space, outside the objects of the scene. The wviewpoint space
is the space of all allowed placements of the viewpoint. It is (isomorphic to) the
unit sphere of directions S? in the orthographic model, and all of R? (outside
the polyhedra) in the perspective model.

In the dynamic viewpoint model, we consider a subset of the perspective
model in which the viewpoint is restricted to move along a line (linear motion)
or an algebraic curve (algebraic motion). In this model, the viewpoint space is
a line in R3 for the linear motion model, and a curve in R3 for the algebraic
motion model.

Topologically different views in the viewpoint space are separated by critical
events: these occur at viewpoints where a visible vertex apparently lies on a
visible edge (EV event) or when three visible edges appear to become concurrent
(EEE event) [2]. Each event gives rise to a well-behaved curve on S§? (for the
orthographic views) or surface in R? (for the perspective views). If the total
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number of vertices and edges of the scene is n, there can be at most O(n?)
such events, and these critical events partition the viewpoint space into O(n®)
regions in the orthographic model, and O(n®) regions in the perspective model.
Matching lower bounds show that these bounds are worst-case tight for a general
scene consisting of n triangles whether or not occlusions are considered [5,2].
For axis-parallel objects in the orthographic model, the bound remains £2(n°)
as demonstrated by Snoeyink [6].

The situation changes somewhat when we consider a scene consisting of & dis-
joint convex polyhedra having a total complexity of n, since occlusions no longer
remain insignificant in the worst case: the fact that the n edges and vertices
form the boundaries of only k convex objects limits the number of non-occluded
EV or EEE events that can occur. No more than O(n?k) of them correspond to
unoccluded events, and thus appear in the viewpoint space partition [3]. Hence
the upper bounds on the number of distinct orthographic and perspective views
become O(n*k?) and O(n°k?), respectively [3]. The best lower bounds are cur-
rently £2((nk? 4+ n?)?) and £2((nk? 4+ n?%)?) [3].

An algebraic curve of constant degree may intersect each critical surface in at
most a constant number of points, which implies an upper bound of O(n?k) on
the number of distinct views in both the linear and algebraic motion models. The
best lower bounds are currently §2(nk + k3) and £2(nk? + n?), respectively [4].

Some authors have proposed a restricted notion of topologically different
views, one that only takes into account silhouette critical events: these occur at
viewpoints where a visible silhouette vertex apparently lies on a visible silhouette
edge (silhouette EV event) or when three visible silhouette edges appear to
become concurrent (silhouette EEE event) [2]. (Silhouette edges of a polyhedron
are those that are incident to both a visible and an occluded facet from a given
viewpoint, and a silhouette vertex is incident to a silhouette edge.) The number
of distinct silhouette views in the linear motion model has been bounded by
O(nk?), and by O(n?k) in the algebraic motion model. The best lower bounds
are 2(nk + k?) and 2(nk? + n?), respectively [4].

Our results. The main tool used by de Berg et al. [3] to argue their improved
bounds is the assertion that no more than O(n?k) critical events can be met
by a straight line, i.e., no more than O(n?k) distinct views can be observed
by a viewpoint moving in a straight line. We argue that this bound is worst-
case tight and construct a scene in which a particular straight-line motion of
a viewpoint meets @(n’?k) EEE events at distinct points (and thus there are
as many different views). This improves the lower bounds to a worst-case tight
©(n?k) for the number of views of k polyhedra having a total complexity of n,
in both the linear and algebraic motion models.

Using this result, we show how to use two copies of our construction to force
the existence of 2(n*k?) distinct orthographic views. A similar technique using
three copies shows a £2(n®k?) lower bound on the number of distinct perspective
views. Both bounds match the upper bounds of [3].

In the proceedings version, we had claimed that similar techniques can also
be used to yield worst-case tight lower bounds of £2(n”) on the number of dis-
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tinct perspective views of n axis-parallel objects. Unfortunately, this cannot be
inferred by a direct application of our techniques, and the (conjectured) lower
bound of £2(n°) remains open.

Finally, we can modify our construction slightly to prove the following lower
bounds on the number of distinct silhouette views: 2(nk?) in the linear mo-
tion model, £2(n?k*) in the orthographic model, and £2(n®k®) in the perspective
model. Unfortunately, we are unable to improve the existing lower bounds in the
algebraic motion model.

Our paper is structured as follows. In the next section, we present the main
construction. In Section 3, we show how this construction can be used to yield
all the lower bounds on the number of views in the various models mentioned
above. Finally, in Section 4, we argue by a perturbation argument that although
our constructions exhibit degeneracies, our lower bounds are valid as well for
non-degenerate constructions.

2 The main construction

We present a construction of a scene C with k polyhedra of total complexity n,
that has at least 2(n%k) distinct views in the linear motion model (see figure 1).
In addition to n and k, the scene that we construct depends on a scaling param-
eter 1, 0 <t < 1, and on € > 0 that can be fixed as a function of n; ¢ is required
to produce scenes with many orthographic or perspective views and can be set
to 1 for now.

More precisely, we prove the following.

Theorem 1. As the viewpoint moves along the y-azxis in the plane z = +oo, it
meets 2(n?k) critical surfaces of C at distinct points, and therefore observes at
least as many distinct views of the scene.

This bound is asymptotically the best possible [3].

Lines and directions not orthogonal to the z-direction and oriented downward
can be parameterized by (a, b, —1) [6]. The particular line at infinity used in the
theorem corresponds to orthographic views in a direction (0,6, —1), for b € R.
Such directions are orthogonal to the z-direction. By making the viewpoint move
along a line in R? sufficiently far from C, we can obtain a result similar to
Theorem 1 about perspective views.

2.1 Description

Our construction consists of three distinct elements, the drum, the needles and
the fan. The drum is a section of a nearly-flat horizontal prism; it has @(n) edges;
we consider it completely flat in calculations and then choose its “curvature”
small enough so that its slight non-flatness does not affect the construction. The
fan is a convex polygon with ©(n) edges that can be thickened to a proper
convex polyhedron. The needles are a set of @ (k) horizontal parallel lines that
are eventually replaced by very thin and long tetrahedra.
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Fig.1. The scene when t = 1: (a) a generic orthographic view of the scene, the drum
is on the bottom, the fan in the middle, and the needles on the top; (b) another
orthographic view from z = oo; (c) the paraboloid and its parabolic section. When
t < 1 the entire picture is compressed in the y-direction.

The intuition behind the construction is to place the elements so that each
combination of a drum edge, a needle, and a fan edge yields an unoccluded EEE
event. This can be done by placing them in an e-neighborhood of the hyperbolic
paraboloid 11y : y = ztz. We place the drum in the plane z = —1. The edges
of the drum are parallel to the line L_1 : y = —tz, and at most € away from
L_1. The needles are in the plane z = 1, parallel to and at most £ away from
the line Ly : y = to. Both lines L_; and L, belong to Iy (see figure 1c). The
plane ¢ = z cuts Il along the parabola y = ta? = tz?; the fan is a polygon in
this plane that “grazes” the paraboloid, its vertices are chosen on the parabola.

The exact coordinates of our construction are given in the table below.

| ||Neighb0rh00d| |Equati0n |
Drum L, e; ={rve[-11],y=—t(z — e),z=—1},fori=1,...,n
Needles L, fi={ee[-L1,y=tz+ Le), 2 =1, fory=1,...,n
Fan Iy N {x = z} ||[pr, pr41] with p; = (%,t(%)2,%), for il =—[%],...,%]

Table 1. The elements of the construction. We fix e = ﬁ.

2.2 Analysis

We now proceed to prove Theorem 1. We show that each triple of edges e;, f;,

[pi, piy1] gives rise to an unoccluded EEE event, for i = 1,...,n,7=1,... k&,
and I = —[%],...,|5]. We also show that the corresponding critical lines of

sight include lines orthogonal to the z-direction.

In order to prove the latter statement, we introduce the surface II; ; ruled by
a family of lines orthogonal to the z-direction and passing through the drum edge
e; and the needle f;. It is known that II; ; is a hyperbolic paraboloid (e.g., [1,
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Cor. 14.4.6]). The equation of II; ;, is of the form

;@ omj(z,y,2)=0,

m,j(x,y,z):y_zt<x+§<%-%))_tg (%Jr%) (1)

Indeed, this equation is of the form y = a(z)z + § (implying that II; ; contains
a family of lines orthogonal to the z-direction); setting z = —1, we find that
II; ; N {z = —1} contains e;, and similarly for z = 1, II; ; N {z = 1} contains f;.

Given a point ¢ = (z,y, z) € R? not on the lines supporting e; or f;, there is
a unique line passing through ¢ and the lines supporting e; and f;; this line is the
intersection of the planes aff(qUe;) and aff(qU f;) (see Figure 2). Let the direction
of this line be (a; ;(¢), b ;(¢g), —1). We will use the following property of II; ;.
Since II;; contains all the lines that simultaneously touch the lines containing
e;, fi and are orthogonal to the x-direction, a; ;(¢) = 0 if and only if q lies on
II;;. In fact, the reader will verify easily (for example, by continuity of a; ;) that
if Hﬁj stands for {(z,y,2) € R® : m ;(z,y,2) > 0} and 1T for {(z,y,2) €
R3 : m (2, y,2) < 0}, then

where

a; j(q) > 0iff g € H;fj,

a; j(q) <0iff g € IT;, (2)

am-(q) =0iffq € Hi,j~

In view of (2), our goal can now be stated as follows: it suffices to prove that
each segment [p;, piy1] intersects each hyperbolic paraboloid II; ;. Indeed, if ¢ is
in the intersection [p;, pi41] N I1; ;, considering the line of sight passing through
q, €;, and f;, proves both that the triple ¢;, f;, and [p;, pi41] induces an EEE
event, and (2) implies that the corresponding line of sight is orthogonal to the
z-direction. Note that there can be at most two such intersections, because II; ;
is a hyperbolic paraboloid. Below, we prove the following: if ¢; is the midpoint
of p; and py41, then

P, pryr € 155, .
» 3
{ql et (3)

If (3) is true, [p;, ;] must intersect I7; ; exactly once, and so must [q;, pi41]. Tt
should be clear also, that the corresponding lines of sight are ordered by slope
in the yz-direction, as [ takes on increasing values in —[%],...,[%], and thus
that the corresponding viewpoints on the y-axis in the plane z = 400 are all

distinct.

Proof of (3). Let us begin by rewriting the equation of I7; ; as m; ;(z,y,2) =
y—zt(z+6; ;) —td] ; =0, with |§; ;| < d] ; <, and let us introduce the notation

z; = L. Note that p; = (z;,tx;%, ;). We compute

L
n
mij(p) = tw® —ta (g + 8 j) — 4]

= —t(2idi ; + i ;) <0,
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Fig. 2. There is a unique line passing through point ¢ and tangent to e; and f;, and it
is obtained as the intersection of the planes aff(q, €;) and aff(q, f;).

1,5
For q;, we have z(q;) = z(q) = 5(1‘1+1 + ), and y(q) = %(:L‘H_l —}—:(:l)
therefore

since |2;] < 1and 0 < |§; ;| <4 ;. Thus py € I, for L = —[5],...,[5].
x

2 2 2
mig(a) = 5 (@ +20) = 7 (T + )’ - g (T +21) 6y — 157
t t
= Z (xH_l — :L‘l)z — E (l’l+1 =+ :El) (5 — tél’-yj
t ot )
= gr g (@ @) o — 10
since 141 — 2; = L. Because y(g;) > 0 and |6; ;| < d; ; < &, we have for our
choice of € = 1().1?

t
ﬂ'iyj((]l) > yrCi 2te > 0.

Therefore, we have ¢; € Hﬁj. This completes the proof of (3), and by extension,
of Theorem 1.

3 The lower bounds

We finish by indicating our various lower bound constructions. See Figure 4 for
a pictorial explanation of our constructions. First we need a result about the
critical curves and surfaces.

3.1 The critical curves and surfaces

Each orthographic viewpoint can be represented by a (oriented homogeneous)
vector (a, b, ¢). Note that we are only concerned about the directions such that
¢ < 0 here. As in [6], we treat these numbers as homogeneous coordinates, and
the set of vectors such that ¢ < 0 can be represented by the vector (a,b,—1), or
bijectively by a point (a,b) in the ab-plane at infinity. In that plane, the b-axis
has equation a = 0.
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The directions of the lines passing through e;, f;, and [p;, piy1] form a curve
¥,5,0 in that plane. Each point of this curve corresponds to the point of contact
q(s) = (1 — s)pi + spiy1 on [pi,pi+1] (see Figure 2), with the endpoints of
¥,5,1 corresponding to p; and pyyi. Thus the curve is naturally parameterized
by (a(s),b(s)) with s € [0, 1]. Property (3) shows in fact that each such curve

1

crosses the b-axis twice (see Figure 3a), once for some s € [0, 5] and another for

some s € [3,1]." Let us consider only the portion s € [0, ] from now on.

In order to argue for complicated patterns of interaction later on (in Sections
3.2 and 3.3), we wish to find a rectangle A x B such that the critical curves
completely traverse A in the a-direction, and remain constrained in an interval
tB in the b-direction. We can compute an interval A’ = A’(n, k) such that
a(s) spans the entire interval A’ as s € [0, 3], for every choice of (i,7,1) in
IF'={1...n} x{1.. .k} x{=[5]+1,...,|5]}. Similarly, we can compute an
interval B = B(n, k) such that b(s) remains always in B. Simply take:

Al - = max a(0) <0,

G.jDel
Al = min a(l) >0
SUP el 2 ’
Binr = min  min b(s),

(i,4,0)€T s€[0,1]

Bgup = max max b(s),
(i,4,0)€T s€[0,3]

and let A" = [Af ¢, Aj,,] and B = [Bint, Bsup]. The sign conditions for A" follow
from (2) and (3). Finally, we know that the intersections of the +; ;; with the
b-axis are all distinct. We can therefore take a subinterval A of A’ containing 0

such that the v; ;; do not pairwise intersect in the rectangle A x B.

In summary, the critical curves completely traverse A(n, k) in the a-direction,
remain constrained in an interval ¢ B(n, k) in the b-direction, and do not pairwise
intersect in the rectangle A(n,k) x tB(n, k). Thus, taking ¢ small enough, the
critical curves v look as in Figure 3b, with the A-side much longer than the
B-side.

Note also that seen from far away in the z-direction in the perspective model,
the critical surfaces look like Figure 3c. Indeed, we can similarly select intervals
X(n,k), Y(n,k) and Z(n, k) of the same length such that the critical surfaces
do not pairwise intersect in X (n, k) xtY (n, k) x Z(n, k) and do not cross the top
and bottom facets of the box. (The construction is straigthforward and omitted;
it 1s possible to express X and Y as functions of A and B, and Z a subset of
some interval [z,400) for some large enough z.) The situation is depicted on
Figure 3b for the orthographic model, and 3c for the perspective model.

! In fact, these curves are the intersection of a hyperbolic paraboloid with a plane at
infinity, and it can be shown that they are hyperbolas in that plane [6]. We will not
need that characterization here.
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- B8 /Z

A A X 3
(a) (b) (c)

Fig.3. (a) A critical curve and how to choose the interval A. (b) The critical curves
in the orthographic model. (c) The critical surfaces when the viewpoint is sufficiently
far away in the perspective model.

3.2 The number of views in the orthographic model

For the orthographic model, place two copies of the scene of Figure 1, one being
the image of the other after a rotation of angle of m/2 about the z-axis and a
suitable translation to avoid collisions (as in Figure 4a). By the results of the
discussion in the previous section, in the viewpoint space, the critical curves
overlap in a grid-like fashion. This method, which we call the skew duplication
method, is already used in [3]. This proves that our scene yields £2((n%k)?) =
2(n*k?) critical events.

3.3 The number of views in the perspective model

For the perspective model, place the view point at any vertex of a cube with
sufficiently large side, and place three copies of the scene of Figure 1 at the three
adjacent vertices, as in Figure 4b, with the orientation permuted in such a way
that the critical surfaces will overlap in a grid-like fashion, yielding 2((n?k)3) =
2(n®k3) critical events. This method, which we call the skew triplication method,
is also already used in [3].

3.4 The number of silhouette views

For silhouette views, we modify the main construction by replacing the n edges
of the drum by k needles €} in the neighborhood of L_y, i =1,... k. It should
be clear that all the EEE events corresponding to €}, f;, and [p;, pi+1] are silhou-
ette events, and the same argument as above shows that indeed those £2(nk?)
silhouette events are unoccluded, and can be observed as the viewpoint moves
along the y-axis in the plane z = +o0 (or a line in R? sufficiently far from the
scene, for perspective views). Thus the bound 2(nk?) for the maximum number
of silhouette views in the linear motion model.

The bound extends naturally to £2(n?k*) for the maximum number of sil-
houette views in the orthographic model, and to §2(n3k®) for the maximum
number of silhouette views in the perspective model, by using the same skew
multiplication methods as in the previous two sections.
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2L
(a)

Fig.4. How to arrange the scenes to obtain high complexity viewpoint space partitions
in (a) the orthographic model, (b) the perspective model.

4 About degeneracies

There are three kinds of degeneracies arising in our construction: the facets of
the drum are coplanar, the needles are segments and not polyhedra, and the fan
is a polygon and not a polyhedron. We argue now that none of them affects our
results.

To compensate for the fact that the facets of the drum are coplanar, we can
introduce a perturbation to put these edges in a convex position, depending on
a small positive parameter 1;, by putting edge e; in the plane z = —1 — 542,

The needles are segments, but we can replace the z-smaller endpoint of each
needle by a small triangle containing the endpoint, whose sides are smaller than a
parameter n2n. A needle is thus a very long and thin tetrahedron. By choosing an
appropriate orientation of these tetrahedra, we can make f; visible on the contour
when viewed from all the (near-vertical) directions of interest in this paper; take
the vertices of the triangle at the basis of f; to be f;(—1), fj(—1) + n2jey, and
Fi(=1) + majey + n22j%e..

As presented, the fan is a polygon rather than a polyhedron. We can make
the fan into a convex polyhedron with non-empty interior by taking the convex
hull of the p;’s with an edge of length 53, whose endpoints are (0,1, —n3) and
(0: 1a 773)'

We argue that the introduction of the 5’s does not affect the veracity of the
proof. This can be formally checked by the following approach: check that neither
71 nor 773 nor 73 appear in the asymptotically dominant term of any quantity on
which we assert the sign (positive or negative; we do not rely on any quantity to
be exactly 0), such as in the grazing property (2), or in the existence of A(n, k),
(n, k) and B(n, k) above. Therefore the bounds remain valid for sufficiently small
values of 71, 17, and 73.



90 Boris Aronov et al.
References

1. M. Berger. Geometry (vols. 1-2). Springer-Verlag, 1987.

2. K. W. Bowyer and C. R. Dyer. Aspect graphs: An introduction and survey of recent
results. Int. J. of Imaging Systems and Technology, 2:315-328, 1990.

3. M. de Berg, D. Halperin, M. Overmars, and M. van Kreveld. Sparse arrangements
and the number of views of polyhedral scenes. Internat. J. Comput. Geom. Appl.,
7:175-195, 1997.

4. A. Efrat, L. J. Guibas, O. A. Hall-Holt, and L. Zhang. On incremental rendering of
silhouette maps of a polyhedral scene. In Proc. 13th ACM-SIAM Sympos. Discrete
Algorithms, 2000.

5. H. Plantinga and C. R. Dyer. Visibility, occlusion, and the aspect graph. Internat.
J. Comput. Vision, 5(2):137-160, 1990.

6. J. Snoeyink. The number of views of axis-parallel objects. Algorithms Rev., 2:27-32,
1991.



Problems and Results around the

Erdos—Szekeres Convex Polygon Theorem*

Imre Béarany'? and Gyula Kéarolyi3

! Maths, University College London
2 Rényi Institute, Budapest
barany@renyi.hu
3 Eo6tvos University, Budapest
karolyi@cs.elte.hu

1 Introduction

Eszter Klein’s theorem claims that among any 5 points in the plane, no three
collinear, there is the vertex set of a convex quadrilateral. An application of
Ramsey’s theorem then yields the classical Erdés—Szekeres theorem [19]: For
every integer n > 3 there is an Ny such that, among any set of N > Ny points
in general position in the plane, there is the verter set of a convex n-gon. Let
f(n) denote the smallest such number.

Theorem 1 ([20/44]).

2n —5
n—2 < < .
2 +1f(n)(n_2>+2

A very old conjecture of Erdés and Szekeres is that the lower bound is tight:
Open Problem 1. For everyn >3, f(n) =2""2 4+ 1.

Similarly, let fq(n) denote the smallest number such that, in any set of at
least fq(n) points in general position in Euclidean d-space, there is the vertex set
of a convex polytope with n vertices, that is, n points in convex position. A simple
projective argument [47] shows that fy(n) < f(n). It is conjectured by Fiiredi [22]
that f4(n) is essentially smaller if d > 2, namely that log f4(n) = O(n!/(4=1)).
A lower bound that matches this conjectured upper bound was given recently in
[33]. On the other hand, Morris and Soltan [34] contemplate about an exponential
lower bound on fy4(n).

In this paper we survey recent results and state some open questions that are
related to Theorem 1. In particular, we consider “homogeneous”, “partitional”,
and “modular” versions of the Erd6s—Szekeres theorem. We will discuss the
question whether empty convex polygons (and then how many of them) can
be found among N points in the plane. We will also describe how the convex
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position condition can be strengthened or relaxed in order to arrive at well-posed
questions, and present the results obtained so far.

For further aspects of the Erdés—Szekeres theorem we refer to the very recent
and comprehensive survey article [34].

2 Homogeneous Versions

From now on we assume that X C IR? is a finite set of points in general position.
We assume further that X has N elements. By the Erd6és—Szekeres theorem, any
subset of X of size f(n) contains the vertices of a convex n-gon. As a fixed n-set
is contained in ( f(n]\)ln) subsets of size f(n), a positive fraction of all the n-tuples
from X are in convex position. This is a well-known principle in combinatorics.
Maybe one can say more in the given geometric situation, for instance, the many
convex position n-tuples come with some structure. The following theorem, due
to Barany and Valtr [7], shows that these n-tuples can be chosen homogeneously:

Theorem 2 ([7]). Given n > 4, there is a constant C(n) such that for every
X C R? of N points in general position the following holds. There are subsets
Yi,..., Y, of X, each of size at least C(n)N such that for every transversal
y1 € Y1,...,yn € Yy, the points yi1,...,y, are in convexr position.

We call this result the “homogeneous” Erdés—Szekeres theorem. The proof in
[7] is based on another homogeneous statement, the so called same type lemma.
We state it in dimension d, but first a definition: Two n-tuples z1,...,z, and
Y1,-..,Yn are said to be of the same type if the orientations of the simplices
Tiyye ooy Tigyy and Yi, ..., ¥5,,, are the same for every 1 < dp < iz < ... <
1441 < M.

Theorem 3 ([7]). Given d > 2 and k > d+ 1, there is a constant C(k,d) such
that for all finite sets X1,..., X, C R? of points such that Uk X; is in general
position the following holds. For every i = 1,...k, the set X; contains a subset
Y; of size at least C(k,d)| X;| such that all transversals y1 € Y1,...,yx € Yy are
of the same type.

The proof is based on the center-point theorem of Rado [7], or on Borsuk’s
theorem [37]. It uses a reformulation of the definition of same type: all transver-
sals of Y7, ..., Yy are of the same type if no hyperplane meets the convex hulls of
any d+ 1 of these sets. The same type lemma implies the homogeneous version of
the Erdés—Szekeres theorem in the following way. Choose k = f(n) and partition
X C IR? by vertical lines, say, into sets X7, . .., X, of almost equal size. Apply the
same type lemma to them. All transversals of the resulting subsets Y7,...,Y} are
of the same type. Fix a transversal y1,...,yx. As k = f(n), the Erdés—Szekeres
theorem implies that some n points of this transversal, y;,,...,y;,, say, are in
convex position. Then by the same type lemma, all transversals of Yj,,...,Y;,
are in convex position.
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This proof gives a doubly exponential lower bound for C(n). An alternative
proof, with a better bound for C(n) was found by Solymosi [39]. A sketch of
Solymosi’s neat argument goes as follows. As we have seen above, a positive
fraction of the 2n element subsets of X are in convex position. Write such a 2n

element subset as x1,y1, T2, Y2, - - - , Tn, Yn With the points coming in this order on
the boundary of their convex hull. Choose a1 = x1,as = 22, ..., a, = T, so that
the number of possible convex extensions ai,¥y1,a2,%2,. .., 0y, Y, iS maximal.

Averaging shows that the number of such extensions is at least const (17\{ ) where
|X| = N. A simple geometric argument explains that the possible y;s all lie in the
triangle T; formed by the lines through the pairs of points (a;—1,a;), (a;, ai+1)
and (a;41,ai+2). It is not hard to check then that Y; = X NT; (i = 1,...,n)
satisfies the requirements.

This proof gives C'(n) ~ 2-16n" while the lower bound for f(n) shows that
C(n) is at least 2"~2. Better bounds are available for n = 4,5 [7]: C(4) > 1/22
and C(5) > 1/352. The reader is invited to prove or improve these bounds.

Pach [B7] uses the same type lemma to prove a homogeneous version of
Caratheodory’s theorem that was conjectured in [6]: Given X; ¢ R? (i =
1,...,d + 1), there is a point z € IR? and there are subsets Z;, each of size
cq|Xi| at least (i = 1,...,d + 1), such that the convex hull of each transversal
21 € Z1,...,2d+1 € Zq+1 contains the point z. (Here ¢4 is a constant depending
only on d.) Pach’s nice argument uses, besides the same type lemma, a quanti-
tative version of Szemerédi’s regularity theorem.

We expect that the same type lemma will have many more applications.
Also, several theorems from combinatorial convexity extend to positive fraction
or homogeneous versions. For instance, a positive fraction Tverberg theorem is
proved in [7]. One question of this type concerns Kirchberger’s theorem [14]. The
latter says that finite sets A, B C IR? can be separated by a hyperplane if and
only if for every S C AU B of size d + 2 there is a hyperplane separating AN S
and B N S. This suggests the following question:

Open Problem 2. Let A, B C IR? be finite sets, each of size N, with AU B
in general position. Assume that for (1 —€) fraction of the (;J]rvz) (d + 2)-tuples
S C AUB there is a hyperplane separating ANS from BNS. Does it follow then
that there are subsets A C A and B’ C B that are separated by a hyperplane

and |A'|,|B'| > (1 — g(e))N with g(e) tending to zero as e — 0%

Partial results in this direction are due to Attila Pér [40]. One word of caution
is in place here: the condition g(¢) — 0 is important since by the ham-sandwich
theorem (or Borsuk’s theorem, if you like) any two finite sets A, B in IR? can be
simultaneously halved by a hyperplane H. Then half of A is on one side of H
while half of B is on the other side.

3 Partitional Variants

Let P be any set of points in general position in the plane. Let C7, C5 be subsets
of P, each in convex position. We say that the convex polygons Cy and Cy are
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vertex disjoint if C1 N Co = (. If, moreover, their convex hulls are also disjoint,
we simply say that the two polygons are disjoint. A polygon is called empty if
its convex hull does not contain any point of P in its interior.

Eszter Klein’s theorem implies that P can be partitioned into vertex disjoint
convex quadrilaterals plus a remainder set of size at most 4. The following result
answers a question posed by Mitchell.

Theorem 4 ([30]). Let P be any set of 4N points in general position in the
plane, N sufficiently large. Then there is a partition of P into N vertezx disjoint
convex quadrilaterals if and only if there is no subset A of P such that the size
of A is odd but the the size of AN C is even for every convezr quadrilateral C'.

There is also an N log N-time algorithm [30] which decides if such a partition
exists. The following problem seems to be more difficult.

Open Problem 3. Is there a fast algorithm which decides if a given set of 4N
points in general position in the plane admits a partition into disjoint convex
quadrilaterals?

For k > 3 the Ramsey-remainder rr(k) was defined by Erd6s et al. [21] as the
smallest integer such that any sufficiently large set of points in general position
in the plane can be partitioned into vertex disjoint polygons, each of size > k,
and a remaining set of size < rr(k). Thus, rr(k) < f(k) for every k. In particular,
rr(3) =0 and rr(4) = 1. Partial results on rr(k) in general were proved in [21].
It is known, for example, that (k) > 2*=2 — k+1. The solution of the following
problem could make an essential step to settle Problem [, see [2T].

Open Problem 4. Is it true that rr(k) =22 —k 4+ 17

There is no Ramsey-remainder in higher dimensions. The following result is
due to Kérolyi [30].

Theorem 5. Let k > d > 3. If N is sufficiently large, then every set of N points
in general position in IR? can be partitioned into subsets of size at least k each
of which is in convex position.

The main observation here is that, for large enough N, every point of P
belongs to some k-element subset which is in convex position.

A problem in close relation to Problem [ is the following. Given natural
numbers k and n, let Fj(n) denote the maximum number of pairwise disjoint
empty convex k-gons that can be found in every n-element point set in general
position in the plane. The study of this function was initiated in [27]. Horton’s
result mentioned in Section 5 implies F7(n) = 0 for every n. Thus, the interesting
functions are Fy, F5 and Fg. Nothing is known about Fg, in fact Problem [0l is
equivalent to asking whether Fg(n) > 0 for some n. Since every 5-point set
determines an empty convex quadrilateral, obviously Fy(n) > |n/5]. Similarly,
it follows from a result of Harborth [23] that F5(n) > |n/10] for every n.
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The non-trivial lower bound Fy(n) > |5n/22] is presented in [27], based
on the following observation. Suppose P is any set of 2m + 4 points in general
position in the plane. Then there is a partition of the plane into 3 convex regions
such that one region contains 4 points of P in convex position, and the other
regions contain m points of P each. There is no counterpart of this lemma for
pentagons, and in fact no lower bound is known about F5 beyond what is said
above. As for Fy, an even stronger lower bound Fy(n) > (3n — 1)/13 has been
proved for an infinite sequence of integers n.

Concerning upper bounds, a construction in [27] shows that F5(n) < 1 if
n < 15. It is not too difficult to prove that F5(n) < n/6, but no nontrivial upper
bound is known for Fy(n) in general.

For any positive integer n let F'(n) denote the smallest integer such that
every set of n points in general position in the plane can be partitioned into
F(n) empty convex polygons, with the convention that point sets consisting of
at most two points are always considered as empty convex polygons. Urabe [45]
proved [(n — 1)/4] < F(n) < [2n/7]. The upper bound follows from the fact
that every 7-point set can be partitioned into an empty triangle and an empty
convex quadrilateral.

An improved upper bound F(n) < [5n/18] is presented in [27] along with
an infinite sequence of integers n for which also F'(n) < (3n+1)/11.

An other function H(n) was also introduced in [45] as the smallest number
of vertex disjoint convex polygons into which any n-element point set can be
partitioned in the plane. An application of Theorem 1 gives that the order of
magnitude of this function is n/logn.

Finally we mention that the functions F and H can be naturally defined in
any dimension; denote the corresponding functions in d-space by Fy and Hy.
Urabe [46] proves that 2(n/logn) < F3(n) < [2n/9] and that Hz(n) = o(n).
The proof technics of [45] coupled with the bounds given in Section 1 on f; in
fact yield 2(n/(log? ' n) < Fy(n) < O(n/logn).

4 Matrix Partitions

Assume X1,...,X, in IR%, are pairwise disjoint sets, each of size N, with UX;
in general position. A matrix partition, or p-partition for short, of the X;s with
m columns is the partition X; = UL, My, for i = 1,...,n if | M| = | M| for
every i,j5 = 1,...,n and every k = 1,...,m. In other words, a p-partition of
X1,..., X, with m columns is an n x m matrix M whose (i, k) entry is a subset
M, of X; such that row 7 forms a partition of X; and the sets in column k are
of the same size. Gil Kalai asked [28] whether the homogeneous Erd3s—Szekeres
theorem admits a partitioned extension:

Open Problem 5. Show that for every m > 4 there is an integer m = g(n)
such that for every finite set X C R? of N points in general position there is a
subset Xo C X, of size less than f(n), (this is the Erdés—Szekeres function from
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Section 1), and there exists a partition of X \ X¢ into sets X1,...,X, of equal
size such that the following holds. The sets X1,..., X, admit a p-partition M
with m columns so that every transversal x1 € M1y, xs € Mok, ..., xn € My is
in convex position, for all k=1,...,m.

By the homogeneous version one can choose the sets for the first column of a
u-partition, each of size C(n)N/n, then for the second, third, etc columns from
the remaining part of X, but this would result in a suitable u-partition with too
many, namely log N, columns. The remainder set X is needed for two simple
reasons: when N is smaller than f(n) there may not be a convex n-gon at all,
and when N is not divisible by n.

Partial solution to Problem 2 is due to Attila Pér [41]. He first proved a
partitioned extension of the same type lemma. To state this result we define the
sets Y1,...,Y, c R? with n > d + 1 separated if every hyperplane intersects at
most d sets of the convex hulls of Y7,...,Y,,. As we mentioned in Section 2, the
sets Y1,...,Y, are separated if and only if every transversal y; € Y1,...,y, € Y,
is of the same type.

Theorem 6 ([41]). For all natural numbers n,d with n > d + 1 there is a
natural number m = m(n,d) such that if finite sets X1,..., X, C R have the
same size and UT X, is in general position, then there exists a p-partition with
m columns such that the sets My, ..., My in every column are separated.

This is exactly the partitioned version of the same type lemma. The proof
is based on a clever induction argument and a third characterization for sets
Y1,...,Y, being separated. The result is used by A. Pér [41] to solve the first
interesting case, n = 4 of Problem 2.

Theorem 7 ([41]). Assume X C IR? is a finite set of N points in general
position. Then there is an Xo C X of size at most 4, and a partition of X\ Xo into
sets X1, Xo, X3, X4 of equal size such that they admit a p-partition M with 30
columns so that every transversal x1 € My, ..., x4 € Myy is in convex position.

The proof starts by cutting up X into four sets of almost equal size by vertical
lines, say. Then the same type lemma (matrix partition version) is applied to
these four sets giving a matrix partition with few columns. The columns are of
two types: either every transversal is a convex quadrangle and there is nothing
to do, or every transversal is a triangle with the fourth point inside it. In the
latter case one has to partition the column further. This can be done with a
topological argument: the interested reader should consult the paper [41]. The
method does not seem to work for n > 5, apparently new ideas are needed.

5 Empty Convex Polygons

For a long time it had been conjectured that every sufficiently large point set,
in general position in the plane contains the vertex set of an empty convex n-
gon, that is, n points which form the vertex set of a convex polygon with no
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other point of the set in its interior. Harborth [23] showed that every 10-element
point set determines an empty convex pentagon, and that here 10 cannot be
replaced by any smaller number. Finally, in 1983 a simple recursive construction
of arbitrarily large finite point sets determining no empty convex heptagons was
found by Horton [24]. The corresponding problem for hezagons is still open:

Open Problem 6. Is it true that every sufficiently large set of points in general
position in the plane contains the vertex set of an empty convex hexagon?

We strongly believe that the answer is yes, but there is no proof in sight.

Several algorithms had been designed [4[I5136] to determine if a given set
of points contains an empty 6-gon, and to construct large point sets without
any empty hexagon. The current world record, a set of 26 points that does not
contain an empty convex 6-gon was discovered by Overmars et al. [36] in 1989.

A surprising number of questions can be related to this seemingly particular
problem. The first one, due to Solymosi [43], relates it to a Ramsey type problem
for geometric graphs. A geometric graph is a graph drawn in the plane such that
the vertices are represented by points in general position while the edges are
straight line segments that connect the corresponding vertices.

Open Problem 7. Let G be a complete geometric graph on n vertices whose
edges are colored with two different colors. Assume that n is sufficiently large.
Does it follow then that G contains an empty monochromatic triangle?

Were the answer to this question negative, it would imply that there are
arbitrarily large point sets without an empty convex 6-gon. For assume, on the
contrary, that every sufficiently large point set contains such an empty polygon.
Color the edges of the corresponding complete geometric graph with two colors,
it induces a coloring of the edges that connect the vertices of the empty 6-gon. It
follows from Ramsey’s theorem that this two-colored graph on 6 vertices contains
a monochromatic triangle (which is also empty), a contradiction.

An other related problem has been studied recently by Hosono et al. [26]. Let
P denote a simple closed polygon together with its interior. A convez subdivision
of P is a 2-dimensional cell complex in the plane whose vertex set coincides with
the vertex set of P, whose body is P, and whose faces are all convex polygons.
Denote by F’(n) the smallest integer for which any set of n points in general
position in the plane can be connected with a closed simple polygon that admits
a convex subdivision with at most F’(n) faces. Since each face in a convex
subdivision is an empty convex polygon, it follows from Horton’s construction
that F'(n) > n/4 for an infinite sequence of n. It is proved for every n in [26]
where an upper bound F’(n) < [3n/5] is also presented.

Open Problem 8. Is it true that F'(n) > (n —2)/3%

A negative answer would give an affirmative solution to the empty hexagon
problem.
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Essential combinatorial properties of Horton’s construction were studied and
extended into higher dimensions by Valtr [47], resulting in constructions that
yield the following general result. Denote by h(d) the largest integer h with
the following property: every sufficiently large point set in general position in
IR? contains an h-hole, that is, h points which are vertices of an empty convex
d-polytope. Thus, 5 < h(2) < 6.

Theorem 8 ([47]). The integer h(d) exist for any d > 2 and satisfies
2d+1 < h(d) <2971 (P +1)
where P; denotes the product of the first i positive prime numbers.

It is also known that h(3) < 22.

We close this section by turning back to the plane: there are certain nontriv-
ial classes of point sets where large empty convex polygons can be found. For
example, if every triple in the point set determines a triangle with at most one
point in its interior, then it is said to be almost convex.

Theorem 9 ([32]). For any n > 3, there exists an integer K(n) such that
every almost convex set of at least K(n) points in general position in the plane
determines an empty convex n-gon. Moreover, we have K(n) = 2(2"/?).

This result has been extended recently by Valtr [50] to point sets where every
triple determines a triangle with at most a fixed number of points in its interior.
It also must be noted that Bisztriczky and Fejes Téth [10] proved the following
related result.

Theorem 10. Let I,n denote natural numbers such that n > 3. Any set of at
least (n — 3)(1+ 1) 4+ 3 points in general position in the plane, with the property
that every triple determines a triangle with at most [ of the points in its interior,
contains n points in convex position. Namely, its conver hull has at least n
vertices, and in this respect this bound cannot be improved upon.

6 The Number of Empty Polygons

Let X C IR? be a set of N points in general position, and write g, (X) for the
number of empty convex n-gons with vertices from X. Of course, n > 3. Define
gn(N) as the minimum of g,,(X) over all planar sets X with N points in general
position. Horton’s example shows that g,,(N) = 0 when n > 7. Problem [l is, in
fact, to decide whether g¢(/N) = 0 or not.

The first result on g,(N) is due to Katchalski and Meir [29] who showed
g3(N) < 200N2. In Bérdny and Fiiredi [5] lower and upper bounds for g, (N)
are given. The lower bounds are:
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Theorem 11 ([5]).

g5(N) = N2 = O(Nlog N) ,

ga(N) > %Nz —O(NlogN) ,
g5(N) > L%J .

The last estimate can be easily improved to gs(N) > | £=2].

Of these inequalities, the most interesting is the one about gs. Its proof gives
actually more than just gz(IN) > N2(1 + o(1)). Namely, take any line ¢ and
project the points of X onto £. Let z1,...,zyx be the projected points on £ in
this order, and assume z; is the projection of x; € X. We say that pair z;, z;
supports the empty triangle z;, xx,; if this triangle is empty and ¢ < £ < j.
Now the proof of the lower bound on g3(N) follows from the observation that all
but at most O(N log N) pairs z;, z; support at least two empty triangles. (This
fact implies, further, the lower bound on g4 as well.) It is very likely that a small
but positive fraction of the pairs supports three or more empty triangles but
there is no proof in sight. If true, this would solve the next open problem in the
affirmative:

Open Problem 9. Assume X is a finite set of N points in general position in
IR2. Show that g3(N) > (14 €)N? for some positive constant e.

The upper bounds from [5] have been improved upon several times, [48], [16],
and [R]. The constructions use Horton sets with small random shifts. We only
give the best upper bounds known to date []].

Theorem 12.

g3(N) < (1 +0(1))1.6195...N?
g1(N) < (1 +0(1))1.9396...N?
g5(N) < (1 +0(1))1.0205...N? |
g6(N) < (1 +0(1))0.2005...N? .

It is worth mentioning here that the function g, (X) satisfies two linear equa-
tions. This is a recent discovery of Ahrens et al. [I] and Edelman-Reiner [I7].
Since the example giving the upper bounds in the last theorem is the same point
set X and g7(X) = 0, only two of the numbers g,(X) (n = 3,4,5,6) have to be
determined.

There is a further open problem due to the first author, that appeared in a
paper by Erdés [18]. Call the degree of a pair e = {z,y} (both z and y coming
from X) the number of triples z,y,z with z € X that are the vertices of an
empty triangle, and denote it by deg(e).

Open Problem 10. Show that the maximal degree of the pairs from X goes to
infinity as the size of X, N — o0.
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The lower bound on g3 implies that the average degree is at least 6 + o(1) in
the following way. Write T for the set of triples from X that are the vertices of
an empty triangle. We count the number, M, of pairs (e,t) wheret € T, e C T
and e consists of two elements of X in two ways. First M = 5 deg(e) the sum
taken over all two-element subsets of X. Secondly, as every triangle has three
sides, M = 3|T| = 3g3(X) > (3 + 0o(1))N? from the lower bound on g3(N),
showing indeed that the average degree is at least 6 + o(1).

We show next that the maximal degree is at least 10 when N is large enough,
a small improvement that is still very far from the target. Choose first a vertical
line ¢; having half of the points of X on its left, the other half on its right.
(Throw away the leftmost or rightmost point if N is odd.) Then choose a line
{5, by the ham-sandwich theorem, halving the points on the left and right of
¢1 simultaneously (throwing away, again, one or two points if necessary). We
have now four sectors, S1, 52, S3,.54 each containing m points from X with m =
|N/4]. (S1,S4 are on the left of ¢; and S1, Sz are below ¢s, say.) Let e = {z, y}
with z,y € X and define deg(e; S;) as the number of points z € X N .S; such
that {z,y, 2} € T. The observation following the lower bounds for g,, gives that,
when e = {x,y} with x € X N'S; and y € X N Sy, then for all but at most
O(mlogm) of the possible pairs deg(e; S1 U S2) > 2, so

> > deg({a,y}i S1USy) = (24 o(1))m’.

reS1 YyeS2

On the other hand,

Z Z deg({x,y};S1USs) = Z deg({z, 2}; S2) + Z deg({y, z}; S1)-

r€S1 yESs x,2€851 Y,2E€S52

The analogous identities and inequalities for pairs in S5 X S3, S3x Sy, and Sy x Sy
together yield that

Z Z deg({x,y}; Si—1 USit1) > (8 + o(1))m?,

i=1 xz,yeSs;

where ¢+ 1 and i — 1 are to be taken modulo 4. This means that, in at least one
of the sectors, the average degree of a pair is at least 4 + o(1) in the neighboring
two sectors. As we have seen, the average degree of a pair is at least 6 + o(1)
within each sector. This proves the claim.

7 The Modular Version

Bialostocki, Dierker, and Voxman [9] proposed the following elegant “modular”
version of the original problem.

Open Problem 11. For any n > 3 and p > 2, there exists an integer B(n,p)
such that every set of B(n,p) points in general position in the plane determines
a convex n-gon such that the number of points in its interior is 0 mod p.
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Bialostocki et al. proved this conjecture for every n > p + 2. Their proof
goes as follows. Assume, for technical simplicity, that n = p + 2. Choose an
integer m that is very large compared to n. Consider a set P of f(m) points
in general position in the plane, by Theorem 1 it contains an m-element set
S in convex position. Associate with every triple {a,b,c} C S one of the p
colors 0,1,2,...,p — 1; namely color ¢ if triangle abc contains 4 points of P in
its interior modulo p. As a consequence of Ramsey’s theorem we can select an
n-element subset S’ of S all of whose triples are of the same color, given that
m is sufficiently large. Consider any triangulation of the convex hull of S’, it
consists of p triangles. Consequently, the number of points inside this convex
n-gon is divisible by p.

This proof implies a triple exponential upper bound on B(n,p), a bound
which was later improved essentially by Caro [12], but his proof also relied heavily

on the assumption n > p+2. Recently the conjecture was proved in [32] for every
n > 5p/6+ O(1). A key factor in this improvement is Theorem [9

The situation changes remarkably in higher dimensions. For example, a 3-
polytope with 5 vertices admits two essentially different triangulations: one into
two simplices and an other into three simplices. Based on this observation Valtr
[49] proved the following result.

Theorem 13. For any n > 4 and p > 2, there exists an integer C(n,p) such
that every set of C(n,p) points in general position in 3-space determines a convex
polytope with n vertices such that the number of points in its interior is 0 mod p.

Indeed, let P be any sufficiently large set of points in general position in
3-space. As in the planar case, we can use the Erdds—Szekeres theorem and
then Ramsey’s theorem to find at least n and not less than 5 points in convex
position such that every tetrahedron determined by these points contains the
same number of points, say 4, in its interior modulo p. Consider any 5 of these
points and triangulate their convex hull in two different ways: first into two
tetrahedra, then into three tetrahedra. It follows that 2¢ = 3i, and thus i = 0
(mod p).

The same argument can be used to extend Theorem 0] and also its general-
ization by Valtr, to 3-space:

Theorem 14. Given any natural numbers k and n > 3, there exists an integer
Ks(k,n) such that the following holds. Every set of at least K3(k,n) points in
general position in 3-space, with the property that any tetrahedron determined by
these points contains at most k points in its interior, contains an n-hole.

Similar results are proved also in every odd dimension. First we recall the fol-
lowing strengthening of the Erdés—Szekeres theorem, which seems to be folklore.
See [13] or [11, Proposition 9.4.7] for a proof.

Theorem 15. Let d > 2. For every n > d + 1 there is an integer Ng(n) such
that, among any set of N > Ny(n) points in general position in RY there is the
vertex set of a cyclic d-polytope with n vertices.
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Note that in the above theorem we cannot replace the cyclic polytopes with
any class of polytopes of different combinatorial kind: one may select any number
of points on the moment curve yet every n-element subset will determine a cyclic
polytope.

Next, suppose that d is odd. In general, any cyclic polytope with d + 2
vertices admits a triangulation into (d 4+ 1)/2 simplices, and also a different one
into (d + 3)/2 simplices. Thus, Theorems [[3 and [[4 have counterparts in every
odd dimension [50].

These arguments however cannot be extended to even dimensions: it is known
[42] that every triangulation of a cyclic d-polytope, d even, consists of the same
number of simplices.

8 Further Problems

Let h(n, k) denote the smallest number such that among at least h(n, k) points
in general position in the plane there is always the vertex set of a convex n-gon
such that the number of points in its interior is at most k. Horton’s result says
that h(n,0) does not exist for n > 7. In general, Nyklové [35], based on Horton’s
construction, established that h(n, k) does not exist for k < ¢ - 2"/4. She also
determined that h(6,5) = 19, yet another step towards the solution of Problem
ol

The following problem was motivated in [30]. For integers n > k > 3, let
g(k,n) be the smallest number with the property that among any g(k,n) points
in general position in the plane, there exist n points whose convex hull has at
least k vertices. Clearly g(k,n) exists and satisfies f(k) < g(k,n) < f(n). Based
on the results of Section 2 one can easily conclude that g(k,n) < ¢1n+ ca, where
the constants ¢1, co (dependent only on k) are exponentially large in k. The true
order of magnitude of g(k,n) was found by Kérolyi and Té6th [31]. It is not
difficult to see that g(4,n) = [3n/2] — 1. In general the following bounds are
known.

Theorem 16 (|31]). For arbitrary integers n >k > 3,

k—1)(n—1
(10 1) | ghrot < g m) < 2+ 25

To obtain the upper bound, peel off convex layers from a set P of at least
2kn + 2% points as follows. Let P, = P and Q; the vertex set of its convex
hull. Having P;, Q; already defined, set P11 = P;\ Q; and let ;41 be the set of
vertices of the convex hull of P, ;4. If there is an integer ¢ < 2n such that |Q;| > k,
then we are ready. Otherwise we have 2n convex layers 1, Q2, . .., Q2,, and at
least 4%F further points inside @Qs,. Thus, by Theorem 1, Ps,,; contains the
vertex set of a convex 4k-gon C', and the desired configuration of n points whose
convex hull has at least k vertices can be selected from the nested arrangement
of the convex sets Q1,Q2,...,Q2y, C.
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Open Problem 12. Is it true that g(5,n) =2n— 1%

Open Problem 13. Is it true for any fized value of k that

lim g(k,n) _ k—1 ?
n—oo n 2

An interior point of a finite point set is any point of the set that is not on
the boundary of the convex hull of the set. For any integer k > 1, let g(k) be
the smallest number such that every set of points P in general position in the
plane, which contains at least g(k) interior points has a subset whose convex
hull contains exactly &k points of P in its interior. Avis, Hosono, and Urabe [2]
determined that g(1) = 1, g(2) = 4 and ¢(3) > 8. It is not known if g(k) exists
for k > 3. It was pointed out by Pach (see [2]) that if P contains at least k
interior points, then it has a subset such that the number of interior points of P
inside its convex hull is between k and |3k/2|. A similar problem was studied
also in [3].

Open Problem 14. Prove or disprove that every point set in general position
in the plane with sufficiently many interior points contains a subset in convex
position with exactly 3 interior points.

A first step towards the solution may be the following result of Hosono,
Kérolyi, and Urabe [25]. Let ga(k) be the smallest number such that every set
of points P in general position in the plane whose convex hull is a triangle which
contains at least g(k) interior points also has a subset whose convex hull contains
exactly k points of P in its interior.

Theorem 17. If ga(k) is finite then so is g(k).

The proof is based on a result of Valtr [50] which extends Theorem 9.

Note Added in Proof. The answer to Open Problem 2 is yes and the proof
is quite simple. Open Problem 5 was solved very recently by Pér and Valtr: the
answer is again yes, but the proof is not that simple.
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Abstract. In this paper I study the complexity of the problem of find-
ing a symmetric subset of maximum cardinality among n point in the
plane, or in three-dimensional space, and some related problems like the
largest repeated or k-fold repeated subsets. For the maximum-cardinality
symmetric subset problem in the plane I show a connection to the max-
imum number of isosceles triangles among n points in the plane; if
this number is denoted by I(n) this gives an algorithm of complexity

(0] ((n2 + I(n)) log n) = O(n*!3%% log n).

1 Results

Finding the symmetries of a set of n points, or more general testing two sets for
congruence and finding all congruence mappings between them, is an old and
well-studied problem [3,2,4,7-9,11], which is solved satisfactorily in dimensions
two and three (O(nlogn)) and remains an interesting problem in higher dimen-
sions. There are at least two ways to make the problem more realistic: allowing
for errors in the points (Hausdorff-approximate symmetry) and for errors in the
sets (large symmetric subsets). The Hausdorff-approximate symmetry recogni-
tion, however, is NP-complete [12], whereas the identification of large symmetric
parts in the exact model leads to interesting problems, which are related to
combinatorial geometry in a way already apparent in several other exact point
pattern matching problems [1, 6].

There are several ways to formalize the notion of ‘large symmetric parts’
contained in a point set. The most obvious is to determine the largest-cardinality
subset with a nontrivial symmetry (Figure 1 shows a set, the largest-cardinality
symmetric subset, and another symmetric subset). For this problem Eades [8]
gave an O(n* logn)-algorithm.

Let I(n) denote the maximum number of isosceles triangles that can occur among
n points in the plane. Then holds

Theorem 1. The largest-cardinality symmetric subset of a set of n points in
the plane can be determined in O((n2 +1I(n))log n) time.

A classical and very simple bound is I(n) = O(n?*%), obtained by counting
incidences of points and mid-perpendiculars [15], with a lower bound I(n) =

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 106-112, 2001.
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2(n%logn) given by the integer lattice. The upper bound was recently improved
to I(n) = O(n*135+¢) for every positive ¢ [16]. This implies

Corollary 1. The largest-cardinality symmetric subset of a set of n points in

the plane can be determined in O(n>'36%¢) time, for every positive €.
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Our algorithm lists as an intermediate result all regular polygons contained
in that set. It is remarkable that this can indeed be done in that time, since for
each fixed k there are sets of n points containing cxn? regular k-gons [10,14].

A different formalization is to ask for the largest subset Y of the given set X
that is repeated: there is a nontrivial motion ¢ with Y C X and ¢(Y) C X; or
that is r-fold repeated: Y C X, p(Y) C X,...,¢o""}(Y) C X. (Figure 2 shows a
set, a 8-fold repeated subset, and a once repeated subset.) This notion captures
parts of some bigger symmetric structure, e.g. some finite part of an infinite
frieze group symmetry. The special case of equidistant collinear rows of points
(¢ a translation, Y only one point) was also studied previously [5,13,17].

Theorem 2. The largest r-fold repeated subset of a set of n points in the plane
1 1
can be determined in O(n®*t5logn) for r = 1 and O(n?*3logn) for r > 2.

8 8
. ‘S o < 05; Q% 0§>
. 2. %O o9 o %0 09 o
.~ . o So o So
. D o ﬁo o o o@o o
3 . 8 o 8 o
o o soce 2 o 0000 o o 0000
%eedced o Seeees %05°0 2 o° Bpooaf %05%0 3 o° 80008
0 1% o% % o P 0, 0 0 o0 SP.0. o o 0, 08 O O o o, O
® 00000000 o0 000 e ® . ® e 0000000 o0 o0o000 © o 00 00 O0O0O0O0 O o0 o0o0O0O0 @ °
0 %% %% %% %% Te® % % ‘e o o® %% %% %° %° %% %° %° %o o 0% %% %% %% %° %o %% %° %o o
e o o o o o o o we o e ¢ o 0o 0o o o o o © 6 0o 6 o o o o o a o
e o o o o o o s e o e o o o o o o & o0 o 6 6 o o o 6 o o oo o
e o o o o o o o e o e o o o o o o o 00 o o o o o o o o o oo o
e o o o o o o o e o e ¢ o 0o 0o o o o 00 o 6 0o o o o o o o oo o
o o o o o o o o e o e o o o 0o o o o 00 o o o o o o o o o oo o
e o o o o o o o we o e ¢ o 0o 0o o o o o O o 0o o o o o o o a o
e o o o o o o o e o e ¢ o o 0o o o o o0 o 6 0 6 o o o o o o e

Essentially the same algorithm works for both problems also in three-dimensional
space (but not in higher dimensions) where we get a time bound O(n?® logn).

2 The basic algorithm

In all the above cases symmetries by reflections are simple, and can be enumer-
ated trivially in O(n?logn) time, since we have to look only at the (%) possible
pairs of points that can be exchanged by a reflection, and see which reflection
line occurs most frequently. So in the following we will only look for rotation
symmetries. Also, the algorithms for the different problems are almost the same
(with an important difference only in the case of finding one time repeated sets),

so we will give only the first, and state the necessary modifications later.
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Given a set X of n points in the plane, the algorithm maintains two search
tree data structures, one (7) for isosceles triangles in X (point triples (a,b,c)
with d(a,b) = d(b,c)) and the other (S) for possible symmetry operations (pairs
(p, k) of a centerpoint and a rotation order, with the current number of points
#(p, k) in that symmetric subset and their list appended. The algorithm does
the following;:

1. Determine for each pair z1,22 € X the distance d(z1,z2), and collect the
point pairs having the same distance d to get a partition of (3 ) into distance
graphs G4 (d a distance occuring in X).

2. For each distance d and each point € X, take each pair of neighbours y;, y2
of z in Gy, and insert the triple (y1,,%2) in a search tree 7.

3. Aslong as T is not empty, repeat
3.1 Choose any triple (a,b,c¢) from T, delete it from 7.

3.2 Determine the rotation 3 that maps a — b, b — c.
This rotation determines a polygonal arc popips ... with pg = a, p1 =
P(a) = b, p» = ¥?(a) = ¢, and generally p; = 1%(a). This may be a
regular polygon, an orbit under .
3.3 Construct the sequence of isosceles triangles (p;, pit1, Pit+2), checking for
each of these triangles whether it is contained in 7, and deleting it from
T, until we either find a triangle that is not contained in T, or arrive at
the starting triangle (pg, pr+1, Pr+2) = (a,b, ).
3.3.1 In the first case (the polygonal arc remained incomplete), discard
(a,b,c) and the polygonal arc and return to step 3.
3.3.2 In the second case (the polygonal arc closed to a regular k-gon in
X), determine the center p of this regular polygon.
3.3.2.1 Insert (p, k) in S, if it does not already exist, increase #(p, k)
by k, and append the regular polygon to the list.
3.3.2.2 For each j € {2,...,k} that is coprime to k and each i =
1,...,k delete (p;, pitj, pit2;) (all indices mod k) from 7.

4. Traverse S and determine the element (p,4) for which #(p,4) is maximal.

Output the list of all regular i-gons with center p.

3 Correctness

To determine the maximum cardinality of a subset that has a nontrivial rotation
symmetry, we use that each set with a k-fold rotation symmetry is the union
of concentric regular k-gons, the orbits of the points under the symmetry. Thus
we have only to find all regular polygons, collect those polygons which have
the same center and the same order, and determine the point which occurs as
common center of the largest group.

To find all regular polygons 71 ...7, contained in the set, we use that any
three vertices 7i, Tita,Ti+2. (€.g. three consecutive vertices r;,7iy1,Ti+2) form
an isosceles triangle, and for each isosceles triangle in our set there is at most
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one minimal regular polygon containing them in this way. And this polygon can
be found by just following the polygonal arc defined by the rotation around the
intersection point of the midperpendiculars of that triangle that maps the first
leg of the isosceles triangle on the second. In each path-following step we remove
the isosceles triangle we just used from the set of all isosceles triangles, so in the
end we either find a regular polygon, or we have removed some partial polygonal
arc which does not extend to any regular polygon in our set, and which therefore
can be removed.

It remains to avoid that we find the same polygon several times, since each
isosceles triangle completes to at most one minimal regular polygon containing
that triangle, but the same polygon will be obtained with different numberings
of vertices from different isosceles triangles. E.g. a regular pentagon p; ...ps
will be found by following pip2ps and completing that arc, but will again be
found by following pi1psps and completing that arc (pipspspeps). So after we
found the regular polygon p; ... p, we have to remove all other isosceles triangles
PiPi+aPit+2a Which generate the same polygon, which is done in step 3.3.2.2. The
same polygon is found exactly for those a which are coprime to the vertex number
k of the regular polygon; if k has a nontrivial divisor k, then the regular k-gon
can also be interpreted as union of % regular k-gons, and will be found and
stored in S as set with k-fold rotational symmetry again. Thus in the structure
S the same set is stored for each symmetry order exactly once, and a simple
traversal of S gives the largest subset with a nontrivial rotational symmetry.

4 Analysis

The construction of the distance graphs in step 1. can be trivially done in
O(n?logn) time. If the distance graphs are given, the construction of all isosce-
les triangles (step 2) can be done in time O(n? + I'logn) where I denotes the
number of isosceles triangles that are constructed (trivially I < n®). In each of
the following steps 3.* one of the isosceles triangles is removed from 7, which
takes O(logn), and some further operation of complexity at most O(logn) is
done. Thus the total complexity of step 3 is O(Ilogn). Step 4 finally also
takes at most O(Ilogn) time, since we touch each regular polygon at most
once, and there are at most O([I) regular polygons. Thus the total complexity is

O((n? + Ilogn) < O((n2 + I(n))log n), as claimed in Theorem 1.

A further speedup (perhaps to O(n?*¢)) would be possible if one could avoid
inserting all isosceles triangles into 7. Only those triangles are really needed that
can occur in a regular polygon; so one really needs only those isosceles triangles
with an angle of form (1— 2)m at the apex, all others can never lead to a regular
polygon. For a fixed vertex z, having a given list of y1,...,y,, neighbours at a

fixed distance, it seems probable that there are much less than (7)) pairs y;, y;

which determine an angle of that form (|Zy;zy;| € {37, 3m, 3m, ..., B2m, . ).
I have a construction of points yi, ..., ¥, with cmlogm such pairs, and believe
this to be near the correct order. If those pairs could be determined in O(m!*¢),

it would allow a speedup of the whole algorithm to O(n?*¢).



110 Peter Brass

The same algorithm works also in three-dimensional space, since the possi-
ble symmetries there are also reflections (determined by one point pair, so can
be checked in O(n?logn) time) and rotations around a line; so the nontrivial
orbits are regular polygons in space. Unfortunately, the bound for the number
of isosceles triangles in three-dimensional space is only O(n?), and that order
can be reached (take half of the points on a circle and the other half on the
mid-perpendicular of that circle, than any triangle of two points on the circle
and one point on the mid-perpendicular is isosceles).

5 Variants for repeated sets

If we are looking for repeated sets it does make a big difference whether we are
also interested in sets Y which are once repeated (Y C X and ¢(Y) C X for a
nontrivial motion ¢), or accept only those Y that occur at least r further times,
r>2 Y CX,pY)CX,?Y)CX,... 0"(Y) C X, then for each y € Y
the triangle y,¢(y), ©?(y) is isosceles, and we can again just follow the paths
determined by the motion ¢, where we determine the motion from the isosceles
triangle. There are, however, two important differences:

— Two motions are possible
If we are looking for complete orbits of isometries, then the only possibe
isometries are rotations (and reflections, which have only two-point orbits).
If we are also interested in pieces of infinite orbits, then additionally trans-
lations and glide-reflections become possible. By this the continuation of an
isosceles triangle as an orbit is not anymore unique, but can be a regular
polygon (by a rotation) or a zig-zag path (by a glide-reflection).
To overcome this, we have to insert two copies of each isosceles triangle in T,
marked as ‘rotation’ and ’glide-reflection’, and remove the right copy when
extending a path.

— The paths do not close
As long as we were looking only for complete regular polygons, we found the
whole polygon by just going around. If we also take polygonal arcs, we have
to make sure that we remove maximal polygonal arcs from 7. So we have to
follow the path generated by ¢ from the starting triangle in both directions,
forward () as well as backward (¢ ~1).

In this way we obtain all subsets which are partial orbits of at least three points
of some isometry. Each regular polygon found this way should be inserted in
S under the appropriate isometry, and with its full number of points, and all
copies of that regular polygon should be deleted as in step 3.3.2.2. If the partial
orbit is only a path of length k, and we are looking for an r-fold repeated subset,
then it should be discarded if k¥ < r, otherwise the first ¥ — r points of the
path should be inserted in S under the appropriate isometry. Then in the end
again a simple traversal of S is sufficient to find the maximum-cardinality r-fold
repeated subset.
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If we are looking for sets Y C X which are only once repeated (Y C X,
p(Y) C X), then the partial orbit of a point consists only of two points, and
does not anymore determine the motion. Instead we have to look at the pos-
sible images of pairs of points, and count how often which motion ¢ is deter-
mined by them, obtaining essentially the same algorithm as Akutsu, Tamaki and
Tokuyama [1] for the ‘maximum congruent subsets’ problem.

For a pair y1,y2 € X the possible image pairs 21 = ¢(y1), 22 = ¢(y=2) are the
pairs that have the same distance, so we construct the distance graphs of X, take
each pair of edges (y1,y2), (21, 22) of the same length, determine the motion that
maps the first pair on the second, and increase the count of this motion and its
reflected counterpart in a search structure S for isometries. Then the nontrivial
isometry with the largest count gives the maximum-cardinality subset ¥ C X
that is once repeated.

The analysis of that algorithm is the same as in [1], giving an O(n3? logn)
complexity.
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1 Introduction

Folding and unfolding problems have been implicit since Albrecht Diirer in the
early 1500’s [Diir77], but have not been studied extensively until recently. Over
the past few years, there has been a surge of interest in these problems in discrete
and computational geometry. This paper gives a brief survey of some of the recent
work in this area, subdivided into three sections based on the type of object being
folded: linkages, paper, or polyhedra. See also [O’R98] for a related survey from
this conference two years ago.

In general, we are interested in how objects (such as linkages, paper, and
polyhedra) can be moved or reconfigured (folded) subject to certain constraints
depending on the type of object and the problem of interest. Typically the pro-
cess of unfolding approaches a more basic shape, whereas folding complicates
the shape. We can also generally define the configuration space as the set of all
configurations or states of the object, with paths in the space corresponding to
motions (foldings) of the object.

2 Linkages

A linkage or framework consists of a collection of rigid line segments (bars)
joined at their endpoints (vertices) to form a particular graph. A linkage can
be folded by moving the vertices around in R? in any way that preserves the
length of each bar. Such linkages have been studied extensively in the case that
bars are allowed to cross; see, for example, [KM95,LW95,3al73,Whi92]. Recently
there has been much work on the case that the linkage must remain simple, never
crossing any two bars.! This additional constraint is the type of linkage folding
considered in this section. Such linkage folding has applications in hydraulic tube
bending [0’R98] and motion planning of robot arms. There are also connections
to protein folding in molecular biology. See [CDR00,0°R98,Tou99a] for other
surveys on this area.

Perhaps the most fundamental question we can ask about folding linkages
is whether it is possible to fold between any two simple configurations of the

! Typically, bars are allowed to touch, provided they do not properly intersect. How-

ever, requiring bars to touch only at common endpoints does not change the results.
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same linkage (with matching graphs, combinatorial embeddings, and bar lengths)
while preserving the bar lengths and not crossing any bars during the folding.
Because folding motions can be reversed and concatenated, this fundamental
question is equivalent to whether every simple configuration can be folded into
some canonical configuration.

In this context, three general types of linkages are commonly studied, char-
acterized by the structure of their associated graphs: a polygonal arc or open
polygonal chain (a single path); a polygonal cycle, polygon, or closed polygonal
chain (a single cycle); and a polygonal tree (a single tree). The canonical config-
uration of an arc is the straight configuration, all vertex angles equal to 180°. A
canonical configuration of a cycle is a convex configuration, planar and having all
interior vertex angles less than or equal to 180°. It is relatively easy to show that
convex configurations are indeed “canonical” in the sense that any one can be
folded into any other; this result was first proved in the literature in [ADE*01].
Finally, a canonical configuration of a tree is a flat configuration: all vertices lie
on a horizontal line, and all bars point “rightward” from a common root. Again
it is easy to fold any flat configuration into any other.

The fundamental questions thus become whether every arc can be straight-
ened, every cycle can be convexified, and every tree can be flattened. The answers
to these questions depend on the dimension of the space. Over the past few years,
this collection of questions has been completely resolved. A summary is shown
in Table 1. In the remainder of this section, we describe the historical progress
of these results, and describe other results on linkage folding not captured by
this categorization.

Can all arcs Can all cycles Can all trees
Dimension | be straightened? be convexified? be flattened?
2 Yes [CDRO0] | Yes [CDRO0] | No [BDDT01]
3 No [CJ98,BDD'99] | No [CJ98,BDDT99] | No
4 & above | Yes [CO99] | Yes [CO99] | Yes

Table 1. Answers to main linkage-folding problems.

The questions of whether every polygonal arc can be straightened in the
plane and whether every polygon can be convexified in the plane have arisen
in many contexts over the last quarter-century. In particular, they were posed
independently by Stephen Schanuel and George Bergman in the early 1970’s, Ulf
Grenander in 1987, William Lenhart and Sue Whitesides in 1991, and Joseph
Mitchell in 1992. In the discrete and computational geometry community, the
arc-straightening problem has become known as the carpenter’s rule problem
because a carpenter’s rule folds like a polygonal arc.

Many people devoted time to these two problems over the past 10 years. It
was widely conjectured, particularly by those unfamiliar with the problem, that
the answers were yes. On the other hand, several people proposed examples of
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Fig. 1. Two views of convexifying a “doubled tree.” The top snapshots are all scaled
the same, and the bottom snapshots are scaled differently to improve visibility. See
http://daisy.uwaterloo.ca/“eddemain/linkage/ for more animations.

polygonal arcs and cycles that might be “locked” (unstraightenable and uncon-
vexifiable), but eventually every proposed example was unlocked by hand. It was
not until early in the year 2000 that the problems were solved in the positive by
Connelly, Demaine, and Rote [CDR00]. See [CDRO00] for a more detailed history.

More generally, the result in [CDR00] shows that a collection of nonintersect-
ing polygonal arcs and cycles in the plane may be simultaneously folded so that
the outermost arcs are straightened and the outermost cycles are convexified.
The “outermost” proviso is necessary because arcs and cycles cannot always be
straightened and convexified when they are contained in other cycles. The key
idea for the solution, introduced by Giinter Rote, is to look for expansive motions
in which no vertex-to-vertex distance decreases. Expansive motions automati-
cally preserve simplicity, so the difficult noncrossing aspect of the problem can
be ignored by guaranteeing expansiveness. This idea allowed applying theorems
in rigidity theory and tensegrity theory to show that, infinitesimally, arcs and
cycles can be folded expansively. These infinitesimal motions are combined by
flowing along a vector field implicitly defined by an optimization problem. As
a result, the motion is piecewise-differentiable, and the configuration space of
arcs and cycles is contractible. In addition, any symmetries present in the initial
configuration of the linkage are preserved throughout the motion. Similar tech-
niques show that the area of each cycle increases by this motion and furthermore
by any expansive motion [CDRO0].

Tleana Streinu [Str00] has demonstrated another motion for straightening
arcs and convexifying polygons that is piecewise-algebraic, made up of O(n?)
mechanisms each with one degree of freedom. As a result, the motion is possible
to compute in principle. On the other hand, an approximation to the motion
in [CDRAOO] is easy to implement, and has resulted in animations such as the one
in Fig. 1.
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The pursuit of the arc-and-cycle problems in 2D inspired research on several
related problems. For example, it was shown that starshaped polygons [ELR 98]
and monotone polygons [BDL*99] can be convexified by particularly simple
motions. Biedl et al. [BDD*01] showed that a positive answer to the arc-and-
cycle problem could not be generalized to flattening trees. Recently, Connelly,
Demaine, and Rote have shown that even a tree with one degree-3 vertex and the
remaining vertices degree-2 can be locked (manuscript in preparation, October
2000), so the result in [CDRO0] is tight.

Linkage folding in 3D was initiated earlier, by Paul Erdés in 1935 [Erd35].
He asked whether a particular “flipping” algorithm for folding a planar poly-
gon through three dimensions (preserving edge lengths and simplicity) would
convexify the polygon in a finite number of steps. With a slight modification,
this question was answered positively by Nagy [Nag39]. This problem and re-
sult have been rediscovered several times; see [Tou99b,Grii95] for the history.
Unfortunately, Erdds’s algorithm (or more precisely, Nagy’s modification) can
require arbitrarily many moves, even for a quadrangle [Grii95, Tou99b,BDD*99)].
Recently, algorithms that convexify planar polygons through 3D in a linear num-
ber of “simple moves” have been developed [BDDT99,AGP99]. More generally,
if a polygonal arc or cycle in 3D has a simple orthogonal projection, then it
can be straightened or convexified [CKM™01]; interestingly, this result is based
on the 2D result [CDRO0]. But if we start with a general polygonal arc or an
unknotted polygon in 3D, it is not always possible to straighten or convexify
it [CJ98,Tou01,BDD*99]; see Fig. 2 for an example of a locked arc in 3D. Other
problems related to Erd6s flips include flipturns, described elsewhere in this
proceedings [ACD*00,ABC*00,Grii95], and deflations [FHM*01,Grii95].

< X

I

Fig. 2. A locked polygonal arc in 3D with 5 bars [CJ98,BDDT99).

Finally, analogous to the nonexistence of knots in dimensions higher than 3,
polygonal arcs can be straightened and polygonal cycles can be convexified in 4D
and higher dimensions [CO99]. Intuitively, this result holds because the number
of degrees of freedom of any vertex is much higher than the dimensionality of
the obstacles imposed by any bar. It would be interesting to explore scaling the
dimension of the object to be folded together with the dimension of the space in
which it is folded. For example, how can solid polygons connected at their edges
be folded in dimensions higher than 27
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3 Paper

Paper folding (origami) has lead to several interesting mathematical and com-
putational questions over the past fifteen years or so. A piece of paper, normally
a (solid) polygon such as a square or rectangle, can be folded by any continu-
ous motion that preserves the distances on the surface and does not properly
self-intersect. Informally, paper cannot tear, stretch, or cross itself, but may oth-
erwise bend freely. Formally, a folding is a continuum of isometric embeddings
of the piece of paper in R?. However, the use of the term “embedding” is weak:
paper is permitted to touch itself provided it does not properly cross itself. In
particular, a flat folding folds the piece of paper back into the plane, and so
the paper must necessarily touch itself. We frequently identify the continuous
motion of a folding with the final folded state of the paper; in the case of a flat
folding, the flat folded state is called a flat origami.

Some of the pioneering work in origami mathematics [Hul94,Jus94,Kaw89)
studies the crease pattern that results from unfolding a flat origami, that is, the
graph of edges on the paper that fold to edges of a flat origami. Stated in reverse,
what crease patterns have flat foldings? Necessary and sufficient conditions are
known [Hul94,Jus94,Kaw89], but there is little hope for a polynomial charac-
terization: Bern and Hayes [BH96] have shown that this decision problem is
NP-hard. The key difficulty is the non-self-intersection property, more precisely,
in finding an overlap order of faces that avoids self-intersection in the folded
state. If such nonlocal interactions are ignored, the existence of a flat origami
can be tested in linear time [BH96].

A more recent trend, as in [BH96], is to explore computational origami, the
algorithmic aspects of paper folding. This aspect was pioneered by Lang [Lan96],
who has shown how to design a wide class of origami “bases” from which real
origami models are folded. In the past two years, computational geometry tech-
niques have been applied to computational origami; we briefly survey these re-
sults in the remainder of this section. See also [DDO01].

One result involves the fold-and-cut problem: given a sheet of paper, fold it
flat, make one complete straight cut, and unfold the pieces. What shapes can be
achieved? Surprisingly, we can arrange the folds and the cut in order to make any
desired plane graph (planar graph embedded with straight edges). See Fig. 3 for
some examples. Two solutions to this problem have been developed. Demaine,
Demaine, and Lubiw [DDL98] presented a solution based on the straight skeleton
at this conference two years ago. Bern, Demaine, Eppstein, and Hayes [BDEH9S]
developed a different solution based on disk packing.

Another surprising “universality” result in paper folding is about folding sil-
houettes and wrapping polyhedra. Given a polygon in the plane, possibly with
holes, can we fold a sufficiently large piece of paper into that silhouette? This
question is implicit throughout origami design, and was first formally stated
in [BH96]. If the paper has a different color on each side, and the polygon is
partitioned into differently colored regions (as in Fig. 4), can we fold the paper
into that shape with the appropriate colors showing at the appropriate regions?
More generally, if the desired shape is not a flat silhouette but a general con-
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Fig. 3. Crease patterns for folding a rectangle of paper flat so that one complete straight
cut makes a butterfly (left) or a swan (right). Valley creases are drawn with dotted
lines, and mountain creases are drawn dash-dotted.

nected union of polygons in 3-space (a “polyhedron”), can such a package always
be tightly wrapped by a sufficiently large piece of paper, possibly matching a
2-color pattern? Demaine, Demaine, and Mitchell [DDMO00] have shown that the
answers to all of these questions are yes, and describe three algorithms for solv-
ing these problems. Several problems concerning the efficiency of the foldings
remain open.

Fig. 4. A flat folding of a square of paper, black on one side and white on the other
side, designed by John Montroll [Mon91, pp. 94-103].

Returning to the problem of recognizing flat-foldable crease patterns, an in-
teresting special case is map folding. More precisely, a map is a rectangle with
horizontal and vertical creases, each marked either mountain or valley. While
map folding is normally only studied from the combinatorial perspective [Gar83,
LunT71], Jack Edmonds (personal communication, August 1997) posed two at-
tractive decision questions: (1) does a given map have a flat folded state, and (2)
can a given map be folded flat by a sequence of simple folds (each folding along
one line)? The complexity of the first problem remains open; an NP-hardness
result would be an interesting strengthening of [BH96]. Recently, Arkin, Bender,
Demaine, Demaine, Mitchell, Sethia, and Skiena [ABD*00] resolved the com-
plexity of the second problem. The exact results depend on the model of simple
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folds: if the paper can be folded one layer at a time, then foldability can be
decided in linear time; if all layers must be folded at once (a more restrictive
model), then foldability can be decided in near-linear time, e.g., O(nlogn). Sur-
prisingly, however, map folding is on the border of computational intractability:
the same question with folds allowed at 45 degrees, or with a nonrectangular
piece of paper, is (weakly) NP-complete [ABD00].

4 Polyhedra

Unlike the other problems, there are several different models of folding that arise
in the context of polyhedra.

A classic open problem is whether (the surface of) every convex polyhe-
dron can be cut along some of its edges and unfolded into the plane without
overlap [She75,0’R98]. Such unfoldings go back to Diirer [Diir77], and have im-
portant practical applications in manufacturing, such as sheet-metal bending. It
is widely conjectured that the answer to this question is yes, but all attempts
at a solution have so far failed. Experiments by Schevon [Sch89,0°R98] suggest
that a random unfolding of a random polytope overlaps with probability 1, but
this does not preclude the existence of at least one nonoverlapping unfolding for
all polyhedra.

Instead of answering this difficult question directly, we can examine to what
extent it can be generalized. In particular, define a polyhedron to be topologi-
cally convex if its 1-skeleton (graph) is the 1-skeleton of a convex polyhedron.
Does every topologically convex polyhedron have such an edge unfolding? Bern,
Demaine, Eppstein, Kuo, Mantler, and Snoeyink [BDET01] have shown that
the answer is no: there is a polyhedron homeomorphic to a sphere and with
every face a triangle that has no (one-piece, nonoverlapping) edge unfolding. It
is shown in Fig. 5. The complexity of deciding whether a given topologically
convex polyhedron can be edge-unfolded remains open.

Another intriguing open problem in this area is whether every polyhedron
homeomorphic to a sphere has some one-piece unfolding, not necessarily using
cuts along edges. It is known that every convex polyhedron has an unfolding
in this model, allowing cuts across the faces of the polytope [AO92,MMP8T7].
But many nonconvex polyhedra also have such unfoldings. For example, Fig. 5
illustrates one for the polyhedron described above. Biedl, Demaine, Demaine,
Lubiw, Overmars, O’'Rourke, Robbins, and Whitesides [BDD*98] have shown
how to unfold many orthogonal polyhedra, even with holes and knotted topol-
ogy, although it remains open whether all orthogonal polyhedra can be unfolded.
The only known scenario that prevents unfolding altogether [BDE*01] is a poly-
hedron with a single vertex of negative curvature (more than 360° of material),
but this requires the polyhedron to have boundary, edges incident to only one
face.

In addition to unfolding polyhedra into simple planar polygons, we can
consider the reverse problem of folding polygons into polyhedra. Lubiw and
O’Rourke [LO96] have shown how to test in polynomial time whether a polygon
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Fig. 5. (Left) Simplicial polyhedron with no edge unfolding. (Right) An unfolding when
cuts are allowed across faces.

has an edge-to-edge gluing that can be folded into a convex polyhedron, and
how to list all such edge-to-edge gluings in exponential time. The exponential
time is necessary because some examples have that many gluings, as described
elsewhere in this proceedings [DDLO00a,DDLOO00b]. This work shows several
other enumerative and structural results about foldings and unfoldings. We are
also working on efficient algorithms for detecting the existence of and enumerat-
ing non-edge-to-edge gluings, generalizing [LO96]. An intriguing open problem
remains relatively unexplored: a theorem of Aleksandrov implies that any gluing
found can be folded into a unique convex polyhedron, but how efficiently can
this polyhedron be constructed?

A different kind of polyhedron folding comes from extending the fold-and-cut
problem from the previous section to one higher dimension. Given any polyhedral
complex, can R® be folded (through R*) “flat” into R® so that the surface of the
polyhedral complex maps to a common plane, and nothing else maps to that
plane? While the applicability of four dimensions is difficult to imagine, the
problem’s restriction to the surface of the complex is quite practical, e.g. in
packing: flatten the surface of a polyhedron into a flat folded state, without
cutting or stretching the paper. Demaine, Demaine, and Lubiw [DDLOQ0] have
shown that convex polyhedra and orthogonal polyhedra can be flattened, among
other classes. An example is shown in Fig. 6. We conjecture further that every
polyhedral complex can be flattened.

5 Conclusion

The area of folding and unfolding offers many beautiful mathematical and com-
putational problems. Much progress has been made recently in the many prob-
lems outlined above, and many more important problems remain open. For ex-
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Fig. 6. Flattening a tetrahedron, from left to right. Note that the faces are not flat in
the middle picture.

ample, most aspects of unfolding polyhedra remain unsolved, including the orig-
inal problem in the area, edge-unfolding convex polyhedra. A variety of results
suggest that paper folding possesses a vast power, but what is known is certainly
not the whole story of what is possible. And while the described class of linkage
problems has been resolved, there are several other aspects that remain unstud-
ied. For example, protein folding is a domain of great practical importance in
biology that should be the source of many interesting geometric problems, with
connections to linkages. But even more exciting are the avenues of folding and
unfolding that have not yet been explored or even conceived.
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Abstract. We consider convex polyhedra with applications to well-
known combinatorial optimization problems: the metric polytope m,
and its relatives. For n < 6 the description of the metric polytope is
easy as My has at most 544 vertices partitioned into 3 orbits; mr - the
largest previously known instance - has 275 840 vertices but only 13 or-
bits. Using its large symmetry group, we enumerate orbitwise 1 550 825
600 vertices of the 28-dimensional metric polytope mg. The description
consists of 533 orbits and is conjectured to be complete. The orbitwise in-
cidence and adjacency relations are also given. The skeleton of mg could
be large enough to reveal some general features of the metric polytope
on n nodes. While the extreme connectivity of the cuts appears to be
one of the main features of the skeleton of m,, we conjecture that the
cut vertices do not form a cut-set. The combinatorial and computational
applications of this conjecture are studied. In particular, a heuristic skip-
ping the highest degeneracy is presented.

1 Introduction

Combinatorial polytopes, i.e. polytopes arising from combinatorial optimization
problems, are often trivial for the very first cases and then suddenly the so-called
combinatorial explosion occurs even for small instances. While these polytopes
turn out to be quickly intractable for enumeration algorithm designed for general
polytopes, tailor-made algorithms using their rich combinatorial features can ex-
hibit surprisingly strong performances. For example, CHRISTOF AND REINELT [2]
computed large instances of the traveling salesman polytope, the linear ordering
polytope and the cut polytope exploiting their symmetry groups. In a similar
vein, in addition to its symmetry group, we used its combinatorial structure to
orbitwise enumerate the vertices of another combinatorial polytope: the met-
ric polytope. Let first recall basic definitions and present some applications to
well-known combinatorial optimization problems.
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The (g)—dimensional cut polytope ¢, is usually introduced as the convex hull
of the incidence vectors of all the cuts of K,,. More precisely, given a subset S of
V. ={1,2,...,n}, the cut determined by S consists of the pairs (¢, j) of elements
of V,, such that exactly one of i, j is in S. By 6(S) we denote both the cut and
its incidence vector in IR(Z); that is, 0(S5);; = 1 if exactly one of ¢, j isin S and 0
otherwise for 1 < i < j < n. By abuse of notation, we use the term cut for both
the cut itself and its incidence vector, so 6(.S);; are considered as coordinates of

a point in IR(;L) The cut polytope ¢, is the convex hull of all 2"~ ! cuts, and
the cut cone C,, is the conic hull of all 2! — 1 nonzero cuts. The cut polytope
and one of its relaxation - the metric polytope - can also be defined in terms of
a finite metric space in the following way. For all 3-sets {4, j, k} C {1,...,n}, we
consider the following inequalities:

l’ij — Tk — Cl?jk S 0, (1)
Tij + Tik +xjp < 2. (2)

(1) induce the 3(%) facets which define the metric cone M,. Then, bounding
the latter by (2) we obtain the metric polytope my,,. The 3(%) (resp. (3)) facets
defined by (1) (resp. by (2)) can be seen as triangle (resp. perimeter) inequalities
for distance x;; on {1,2,...,n}. While the cut cone is the conic hull of all, up to a
constant multiple, {0, 1}-valued extreme rays of the metric cone, the cut polytope
¢n is the convex hull of all {0, 1}-valued vertices of the metric polytope. The link
with finite metric spaces is the following: there is a natural 1 — 1 correspondence
between the elements of the metric cone and all the semi-metrics on n points,
and the elements of the cut cone correspond precisely to the semi-metrics on n
points that are isometrically embeddable into some [7*. It is easy to check that
such minimal m is smaller or equal to (;)

One of the motivations for the study of these polyhedra comes from their ap-
plications in combinatorial optimization, the most important being the max-cut
and multicommodity flow problems. Given a graph G = (V,,, E') and nonnegative
weights we, e € E, assigned to its edges, the maz-cut problem consists in finding
a cut 6(S) whose weight > s5g) we is as large as possible. It is a well-known
N P-complete problem. By setting w. = 0 if e is not an edge of G, we can con-
sider without loss of generality K, the complete graph on V;,. Then the max-cut
problem can be stated as a linear programming problem over the cut polytope
Cn, as follows: max w’x subject to x € ¢,. Since the metric polytope is a re-
laxation of the cut polytope, optimizing wT z over ¢, instead of m,, provides an
upper bound for the max-cut problem. Consider now the complete graph K,;
an instance of the multicommodity flow problem is given by two nonnegative
vectors indexed by F: a capacity ¢(e) and a requirement r(e) for each e € F.
Let U = {e € E: r(e) > 0}. If T denotes the subset of V,, spanned by the edges
in U, then we say that the graph G = (T, U) denotes the support of r. For each
edge e = (s,t) in the support of r, we seek a flow of 7(e) units between s and ¢ in
the complete graph. The sum of all flows along any edge ¢/ € E must not exceed
c(e’). If such a set of flows exists, we call ¢, r feasible. A necessary and sufficient
condition for feasibility is: a pair c, r is feasible if and only if (¢—r)Tx > 0 is valid



On the Skeleton of the Metric Polytope 127

over the metric cone, see [7]. For example, the triangle facet induced by (1) can
be seen as an elementary solvable flow problem with ¢(ij) = r(ik) = r(jk) =1
and c(e) = r(e) = 0 otherwise, so (1) corresponds to (¢ —r)T2 > 0 for z in the
metric cone. Therefore, the metric cone is the dual cone to the cone of feasible
multicommodity flow problems. For a detailed study of those polytopes and their
applications in combinatorial optimization we refer to DEZA AND LAURENT [4]
and PoLJAk AND TuzaA [9].

2 Vertices of the Metric Polytope

2.1 Combinatorial and Geometric Properties

The polytope ¢, is a (72”) dimensional 0—1 polyhedron with 2”1 vertices and
my, is a polytope of the same dimension with 4(%) facets inscribed in the cube

[0, 1](3) We have ¢,, € m,, with equality only for n < 4. It is easy to see that the
point w, = (3, 1,..., 1) is the center of gravity of both ¢,, and m,, and is also the
center of the sphere of radius r = %\/n(n — 1) where all the cuts lie. Any facet
of the metric polytope contains a face of the cut polytope and the vertices of the
cut polytope are vertices of the metric polytope. In fact, the cuts are precisely
the integral vertices of the metric polytope. The metric polytope m,, wraps the
cut polytope ¢, very tightly. Indeed, in addition to the vertices, all edges and
2-faces of ¢, are also faces of m,,, for 3-faces it is false for n > 4. Any two cuts
are adjacent both on ¢, and on m,,; in other words m,, is quasi-integral; that is,
the skeleton of the convex hull of its integral vertices, i.e. the skeleton of ¢, is
an induced subgraph of the skeleton of the metric polytope itself. We recall that
the skeleton of a polytope is the graph formed by its vertices and edges. While
the diameters of the cut polytope and the dual metric polytope satisfy 6(c,) = 1
and §(m}) = 2, the diameters of their dual are conjectured to be d(c) = 4 and
d(my) = 3.

One important feature of the metric and cut polytopes is their very large
symmetry group. We recall that the symmetry group 1s(P) of a polytope P is the
group of isometries preserving P. More precisely, for n > 5, Is(m,,) = Is(c¢,) and
both are induced by permutations on V,, = {1, ..., n} and switching reflections by
a cut and, for n > 5, we have |[Is(m,,)| = 2"~ !n!. Given a cut 6(S), the switching
reflection 755y is defined by y = r5g)(x) where y;; = 1 — x5 if (4,5) € 6(5)
and y;; = x;; otherwise. As these symimetries preserve the adjacency relations
and the linear independency, all faces of m,, are partitioned into orbits of faces
equivalent under permutations and switchings.

2.2 Vertices of the Metric Polytope

We recall some results on the vertices of the metric polytope and the LAURENT-
POLJAK dominant clique conjecture. The cuts are the only integral vertices of
my,. All other vertices with are not fully fractional are so-called trivial extensions
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of a vertex of m,_1. Consider the following two mappings

Rr(":YD — RrE) R — RrEG)

v — o (v) v — ¢1(v)

G0(v)ij = vij b1(v)ij = vij forl<i<j<mn-—1
Go(v)in =v1, P1(V)im =1—v1; for2<i<n-—1
¢o(v)1,n =0 do(v)1,n = 1.

The vertices ¢o(v) and ¢ (v) are called trivial extensions of v. Note that ¢;(v) =
7s5({n})(¢0(v)). In other words, the new vertices are the fully fractional ones. The
(3, 2)-valued fully fractional vertices are well studied and include the anticut
orbit formed by the 2”71 anticuts 6(S) = 2(1,...,1)-30(5). If G = (V,,,E)
is a connected graph, we denote by d¢ its path metric, where dg(i,5) is the
length of a shortest path from i to j in G for i # j € V,,. Then 7(dg) =
maz(da(i,5) + da(i, k) + da(j, k) : 4,5,k € G) is called the triameter of G and
we set zg = %dg. Any vertex of m,, of the form x¢ for some graph is called

a graphic vertex, see Fig. 1 for the graphs of 2 graphic (%, %)—valued vertices of

mg. Note that for any connected graph G = (V,,, E), we have 7(dg) < 2(n —1)
and that any (1, 2)-valued vertex of my, is (up to switching) graphic. Let the
incidence Icd, denotes the number of facets containing the vertex v and the
adjacency Icd, denotes the number of vertices adjacent to v (i.e. forming an

edge with v). The following is straigtforward to prove.

Proposition 1. The vertices of the metric polytope m,, are partitioned into or-
bits of its symmetry group. Let v be a vertex of m,, led, its incidence, Adj,
its adjacency, O, the orbit generated by the action of Is(my) on v, and ¥ the
canonical representative of O,. Then Icd, = Icdy, Adj, = Adj; and O, = Oj.

Since m3 = c3 and my = ¢4, the vertices of m3 and my4 are made of 4 and 8
cuts forming 1 orbit. The 32 vertices of ms are 16 cuts and 16 anticuts, i.e.,
form 2 orbits. The metric polytope mg has 544 vertices, see [8], partitioned
into 3 orbits: cuts, anticuts and 1 orbit of trivial extensions; and m7 has 275
840 vertices, see [3], partitioned into 13 orbits: cuts, anticuts, 3 orbits of trivial
extensions, 3 (%, %)—valued orbits and 5 other fully fractional orbits. See Table 1,
where the 13 canonical representative vertices of the metric polytope on 7 nodes
are given with their incidence and adjacency.

Property 1. Let v be a vertex of m, and §(S) any cut. Then one has: Ied, <
Iedssy = 3(;) with equality only for v = §(S). Moreover, if v is a trivial exten-
sion, led, < 2(2) and, if v is fully fractional, led, < Icds(g) = (g) with equality
only for v = §(S).

Property 1 is illustrated in Table 1 where the orbits Oj, are ordered by decreasing
values of the incidence Iedy,. The first orbit Og, is the cut orbit and all fully
fractional orbits are after the anticut orbit Og,. The trivial extension orbits are
Oj, for i = 2,3 and 4.
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Table 1. The 13 orbits of vertices of mr

| Orbit Oz, Canonical representative vertex o; |03, ‘
Oz, (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0) | 105 |55 226| 64
Os, |2(1,1,1,1,0,0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0)| 49 | 496 | 2 240
Os,  |2(1,1,1,1,0,1,1,1,1,1,0,1,1,1,1,1, 1, 1,1, 1,1)| 45 | 594 | 6 720
Os,  |2(1,1,1,1,1,0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)| 40 | 763 | 1 344
Os,  |2(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)| 35 | 896 | 64
Oy |2(1,2,3,1,2,1,1,2,2,1,2,1,1,2,3,2,3,2,1,2,1)] 30 | 96 |20 160
O3, %(2.1,1,1.1.2 2,1,1,1,1,2,1,1,1,2,1,1,2,1,2)| 28 57 |23 040
Oxg %(1.1.1,1.1.1 2,2,1,1,1,2,1,1,1,1,1,1,2,2,2)| 26 76 4 480
Oz, ;(1.2,3,2.1.2 1,2,1,2,1,1,2,1,1,1,2,2,1,1,1)| 25 30 |40 320
Ony  |(3,2,3,3,1,1,1,2,2,2,2,3,3,3,3,4,4,2,2,4,2)| 25 | 27 |16 128
O, |3(1,1,1,1,1,1,2,2,1,1,1,2,1,1,1,2,1,1,2,2,2)] 23 | 39 |40 320
Osp  |2(1,2,4,2,2,2,1,3,3,3,3,2,2,2,4,2,2,2,4,4,4)| 23 | 24 |80 640
O35 %(2 2,1,1,1,2,2,1,1,1,1,2,1,1,1,2,1,1,2,1,2)| 22 46 |40 320

| Total ‘ ‘ ‘ ‘275 840‘

Congjecture 1. [8] Any vertex of the metric polytope is adjacent to a cut.

Conjecture 1 underlines the extreme connectivity of the cuts. Recall that the cuts
form a clique in both the cut and metric polytopes. Therefore, if Conjecture 1
holds, the cuts would be a dominant clique in the skeleton of m,, implying that
its diameter would satisfy 6(m,,) < 3.

3 Orbitwise Enumeration Algorithm

As stated in Proposition 1, the neighborhood, that is, the set of vertices adjacent
to a given vertex, is equivalent up to permutations and switchings for all ver-
tices belonging to the same orbit. This property leads to the following orbitwise
enumeration algorithm. The main two subroutines are the computation of the
canonical representative © of the orbit generated by a vertex v and the enu-
meration of the neighborhood Nj of the vertex v. Starting from an initial vertex
Vstart the algorithm computes the canonical representative vg;q.¢, €numerates its
neighborhood Nj_,,, ., identifies new orbits contained in V3 updates the list
L of canonical representatives and then picks up the next canonical representa-
tive in L whose neighborhood is not yet computed. The algorithm terminates
when there is no more such canonical representative in L and outputs L. Since
the skeleton of a polytope is connected, this algorithm finds all orbits.

start?
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Orbitwise Enumeration Algorithm
begin
find an initial vertex vsgqart;
compute the canonical representative Us44,+ Of the orbit Os,,, .., ;
mark ¥sgqr¢ with 0;  /* neighborhood not yet computed */
initialized the list of canonical representatives L := {Tstqrt };
while L contains a 0-marked vertex v; do
begin
compute the neighborhood Ny, of ¥;;
for each vertex v adjacent to v;
compute the canonical representative ¢ of the orbit Og;
if o ¢ L then mark ¢ with 0 and L := L U {7}; endif;

endfor;

mark 9; with 1;  /* neighborhood computed */ ;
endwhile;
sort L by decreasing values of Icds,, decreasing Adj;, and increasing |Og, [;
output L;

end.

Lemma 1. Let I be the number of orbits, Ieds, and Adj;, the incidence and
the adjacency of the orbit Oy, for i = 1,...,1. The neighborhood enumera-
tion subroutine is called exactly I times and each neighborhood is gemerated by
Ieds, facets. The canonical representative computation subroutine is called ex-
actly ;. Adjg, times.

Remark 1.

1. The orbitwise enumeration algorithm performs I classic vertex enumerations
for smaller sub-polytopes (one for each orbit of neighborhoods) instead of
performing one large classic vertex enumeration (the whole polytope).

2. The computation is independent of the choice of the initial vertex vsiqrt-
Among the known vertices of m,; an easy choice for vssqrt is the anticut
5(0) = 2(1,...,1).

3. In case of very high degeneracy, the subroutine computing the canonical
representative has to be called a large number of times and some of the
neighborhoods might represent a large fraction of the whole polytope. It is
the case for the neighborhood of a cut Ns(g) as Iedss)y = 3(;’)

For ¢ = 1,...,1, the algorithm gets the orbitwise incidence Icd;, (by simply
checking which inequality is satisfied with equality) as input for the neighbor-
hood enumeration subroutine and produces the adjacency Adj;, as output of
this subroutine. By counting the number of times a vertex equivalent to the
canonical representative 9; is found in Nj,, we get the orbitwise adjacency table,
that is, the I x I matrix Adj with Adj; ; = Adjs, 5, the number of vertices of the
orbit Oz, adjacent to 9;. The orbits Oz, are ordered first by decreasing values of
the incidence Icdp,, then by decreasing adjacency Adj;, and then by increasing
orbitsize |Oy,|. Let us assume we know the size of one orbit; for example, we have
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|O5()] = 2"~". Then, from the matrix Adj, we can usually get the size of the
other orbits using the following easy relation: Adj, 5. x |O5,| = Adjy, 5, % |Og, |-
See, for example, Table 2 where the orbitwise adjacency table is given for the
metric polytope on 7 nodes. The first row of Table 2 lists orbitwise Ng,; that
is, the 55 226 neighboors of a vertex belonging to Oy, , that is a cut. For exam-
ple, Adj;, 5, = 945 in the fourth column means that a cut is adjacent to 945
vertices belonging to the orbit Ogy,. Since all the facets incident to the origin
5(0) are precisely the 3(;’) triangle facets, an extreme ray of the metric cone M,
corresponds to each vertex adjacent to 97 = §(f}). In other words, the adjacency
Adjs(sy = Adjy, of a cut equals the number of extreme rays of the metric cone
M,. We recall that the 41 orbits under permutations of the extreme rays of M7
were found by GRISHUKHIN [6].

Table 2. Orbitwise adjacency table of the skeleton of m~

[ T05,105,[ Os, [03,[035] O [ O [ Oss [ Osy 0310 [ 0311 [ Os1a [Osis [ Adsis, |

Os, || 63 [980[3 570[945] 56 [7 560[5 400[1 120]6 930]2 772[6 93010 080[8 820][55 226
Os, | 2824132453 [ 18 | O [ 12 ] 0 | 36 | 72 | 108 | 18 | 496
O, | 3444126 [42] 4 | 60 | 48 | 8 | 48 | 12 | 48 | 48 | 72 | 594
Os, |45 (75210 |20 3 [ 60 | O | 20 | O | 60 | 60 | 180 | 30 | 763
O, |56 [105[ 420 [63] 0| 0 | O | 0 | 0 [252] O 0 0 || 896
Owll24[2] 20 4]0 8 [ 8 2| 4] 038 8 8 96
O 1501400 7 [ 7070710 0 7 || 57
O |16 6 [ 12 |[6]0] 9 | O] O] 0] 0] 9] 180 76
Owl1L[O[ 8 JOJO[ 2 [ 40 ] 0] 0] 1 0 1 | 30
Osol[11]5 | 5 |5 ]1] 0] 0] 00O O0O]O 0 0 | 27
Os 114 8 [2]0] 4 0 11 ]O0]oO 1 1| 39
Osn|[ 83| 4 [3]0] 201002 0 1 24
Osall14[ 1 |12 1[0 4 | 4]0 4]0 4 2 0 || 46

Remark 2. The output, that is, the list L of canonical representatives v; for i =
1,...,1, is extremely compact. Apart from vertex enumeration, the algorithm
computes the orbits invariants Adj;,, Ieds, and |Og,|. The orbitwise adjacency
table Adj reveals the skeleton. The total number of vertices is simply ) ; |Og|
and the full list of vertices can be generated by the action of the symmetry group
on each representative v;.

4 Generating Vertices of the Metric Polytope

The heuristics presented in this section are valid for other combinatorial poly-
topes, but for convenience we restrict ourselves to the metric polytope. Inser-
tion algorithms usually handle high degeneracy better than pivoting algorithms,
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see [1] for a detailed presentation of the main vertex enumeration methods.
The metric polytope my, is quite degenerate (the cut incidence Ieds(g) = 3(}) is
much larger than the dimension d = (g)) Thus we choose an insertion algorithm
for the neighborhood enumeration subroutine: the cddlib implementation of the
double description method [5]. In the remainder, we always assume that the
neighborhood enumeration subroutine is performed by an insertion algorithm.
Item 3 of Remark 1 indicates that even the neighborhoods of highly degenerate
polytopes might lie beyond the range of problems currently solvable by insertion
algorithms. In Sect. 4.2, we present heuristics addressing this issue.

4.1 A Conjecture on the Skeleton of the Metric Polytope

If true, the LAURENT-POLJAK Conjecture 1 would give the following computa-
tional implication: the enumeration of the extreme rays of M, gives all the orbits
of the m,,. Since the number of extreme rays of the metric cone |M,| = Adjss,
might be a large fraction of the number of vertices of the metric polytope, the
computational gain would be limited. Therefore, we propose a no cut-set conjec-
ture which can be seen as complementary to the LAURENT-POLJAK conjecture
both graphically and computationally.

Conjecture 2. For n > 6, the restriction of the skeleton of the metric polytope
m,, to the non-cut vertices is connected.

For any pair of vertices, while Conjecture 1 implies that there is a path made
of cuts joining them, Conjecture 2 means that there is a path made of non-cuts
vertices joining them. In other words, the cut vertices would form a dominating
set but not a cut-set in the skeleton of m,,. On the other hand, while Conjecture 1
means that the enumeration of the metric cone M, is enough to obtain the metric
polytope my,; Conjecture 2 means that we can obtain m, without enumerating
M, = Nsgq), see Sect. 4.2. Note that for arbitrary graphs these are clearly
independent. Both are strongly believed to be true and hold for n < 7.

4.2 Heuristic: Skipping High Degeneracy

If Conjecture 2 holds, all orbits can be found by the following metric cone skip-
ping heuristic: disregard o if & = §(S). In other words, disregard the neighbor-
hood of the cuts, that is, essentially the metric cone M,,. This neighborhood is be-
lieved to be by a large margin the largest, as we expect that Adj(;(s) > Adjv#(s),
see Property 1 and Item 1 of Remark 3. In other words, the heuristic removes the
hardest neighborhood enumeration. Note that cuts are easy to recognize as ()
is uniquely characterized by its incidence: lcdss) = 3(;’) Therefore, disregard-
ing the metric cone M,, consists simply in choosing a non-cut as initial vertex
Vstart and modifying the main loop of the orbitwise enumeration algorithm in
the following way:
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Metric Cone Skipping Heuristic
if v ¢ L then L:=LU{0};
if Icd, = 3(2) then mark v with 1
else mark v with 0; endif;
endif;

For the metric on 8 nodes, while Adjsg) > 119 269 588 - i.e. 7.7% of the total
number of vertices of mg - the enumeration of the other 532 neighborhoods
generates (with multiplicity) ;. £5(5) Adj;, = 780 711 vertices - i.e. less than
0.05% of the total number of vertices. One can easily get the neighborhood of
the cut from the orbitwise adjacency table Adj. Taking the column and the row
corresponding to the cuts as we have: Adjjs(g) 5, X 2n1l = Adjz, 5s) % |Oz,| where

)7"‘)
Adjy, 505y is the number of cuts adjacent to v;.

Proposition 2. If true, Conjecture 2 would be a certificate that the “Metric
Cone Skipping Heuristic” gives a complete description of the metric polytope by
generating only a very small fraction of the vertices.

One can further decrease the computation time by skipping not only the orbit
with the highest incidence (the cuts) but all orbits with arbitrarily set in advance
upper bound Icdp,q, on the incidence. Skipping high degeneracy consists simply
in the following modification of the main loop of the orbitwise enumeration
algorithm:

Skipping High Degeneracy Heuristic
if o ¢ L then L:= LU {0};
if Icd, > Icd,,q. then mark o with 1
else mark ¢ with 0; endif;
endif;

In this case, a certificate for a complete description is that the restriction of the
skeleton of m,, to O and the low incidence orbits O; . 1.0 <1cd is con-

VUstart
nected. This heuristic is particularly suitable for partial enumeration purpose
and the choice of the initial vertex vq,¢ could become a critical factor, see Item
2 of Proposition 5. For the metric polytope on 8 nodes, we can take vgtqrt = 04;
that is, the trivial extension with the fourth highest incidence Icd;, = 74. We
expected this type of vertex to be connected to many orbits and, indeed, the
neighborhood Nj, contains representatives of 450 different orbits out of 533. An-

other choice is vstqrt = V41 With Icds,, = 42 and Adjﬁ41 = 533. The neighborhood

n;;l)

computation subroutine was restricted to vertices satisfying Ied;, < 40 < %(

- ie. halfway from the dimension (%) to the anticut incidence Teds gy = (3)-
Besides Nj,,, the algorithm computed 485 neighborhoods with low incidences
generating Zm:[cdg.<40 Adj, = 63 095 vertices - i.e. less than 0.005% of the
total number of vertices. Still, this heuristic approach proved to be enough as
this tiny number of vertices contains representatives of all 533 orbits. Another

remarkable feature is that since all the 485 neighborhoods are generated by few
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facets - 389 have even less than 34 facets - the neighborhood enumeration subrou-
tine is performing extremely well. Similarly to the previous metric cone skipping
heuristic case, missing entries of the table Adj (i.e. the rows corresponding to the
orbits with high incidence ch,;i > Iedpmaz) can be computed using the relations:
Adjy, 5, % |O3,| = Adjg, 5, x |Og,|. In particular, we can first compute N5(S),
that is, all nonzero values of Adjss) 5, and, using the fact that 055yl = 2"~

get all corresponding |Oj;| and then use them iteratively to obtain some of the
remaining unknown |Og,|.

5 Vertices of the Metric Polytope on 8 Nodes

Using the metric cone skipping heuristic presented in Sect. 4.2, we enumerate
533 orbits of mg. The list of canonical representative with their adjacency and in-
cidence and, especially, the adjacency table Adj being too large to be included in
this paper, we refer to http://www.is.titech.ac.jp/~ deza/deza.html where
a detailed presentation is available. For example, the anticut row of Adj has only
15 nonzero entries Adjs(g) ;- A summary description is given in Proposition 4.

Proposition 3.

1. The metric polytope mg has at least 1 550 825 600 vertices and the metric
cone Mg has at least 119 269 588 extreme rays; we conjecture that both
descriptions are complete.

2. Fori=1,...,533 each orbit representative v; is adjacent to at least 2 cuts
implying that the LAURENT-POLJAK dominant clique comjecture holds for
these 533 orbits of ms.

Proposition 4. The 1 550 825 600 vertices of the metric polytope on 8 nodes
are partitioned into 533 orbits:

(i) 1 cut orbit Os(sy with Iceds(sy = 168, Adjs(sy > 119269588 and |O5(s)| = 128
(ii) 28 trivial extensions orbits Oz, with lcds, = 88,79,74,...,42, Adj;, =
137 758, ..., 127 and |Og,| = 1290 240, . .., 3 584
(131) 504 fully fractional orbits O, :
1 anticut orbit Oygy with leds gy = 56, Adjg(s) = 52367 and |Oj )| = 128
37 (3, 3) -valued orbits Oy, with chg = 44,40, ...,28, Adj;, = 6285,5247,
,28 and |Oz,| = 5160 960, . . ., 35 840
466 non (%, 2)-valued fully fmctional orbits Oy, with leds, = 48,45,...,29,

37§)
Adj,;i = 22 300,4 906, ...,29 and |Oz,| = 5160 960, . .., 40 320.

Proposition 5.

1. Exactly two of the 5383 orbits of ms described in Proposition 4 are orbits of

simple vertices; that is, satisfying Icd, = Adj;, = (72’) Both representative

vertices Usz2 and Ussz are graphic (%, %)-valued vertices, see Fig. 1.
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v32 V33

Fig. 1. Two simple graphic vertices of mg

2. The Oz, row of the adjacency table has only 3 nonzero entries: Adjs,,, 5s) =
14, Adjs.,, 5, = 7 and Adjs,,, 5,, = 7 with ledg,, = 42. It implies that,
among the 532 non-cut orbits, the vertices of Oy, and Oy,, are the only ini-
tial vertices such that the restriction of the skeleton of my,, to Os,,,,., and
Oﬁi Ted,, <41 could be connected. One can easily check that it holds for both
Ustart = U4 and Ustare = Va1.

3. One can easily check that the set Ng,,, of the neighbors of Uss2 and the set

Nisiiay (5s33) Of the neighbors of the switching of Ts3s by the cut 6({1}) are

disjoint. It implies that the diameter §(m3>®) of the restriction of the skeleton

of ms to the 533 orbits described in Proposition j satisfies 6(m3>®) > 3. Since
the LAURENT-POLJAK conjecture holds for these 533 orbits, see Item 2 of

Proposition 3, we have §(m3>3) = 3.

Remark 3.

L. For n <7, we have Adj; < Adjsg) for © # 6(S) and it is conjectured in [3]
to be true for any n. For n = 8, it holds for the 533 orbits described in
Proposition 4 as we have 865 x Adj;, < Adjsgy for i =2...533.

2. For any n, we have |O3| < |Is(m,,)| = 2" 1nl. While for n < 7, this inequal-
ity is strict for all orbits, it is satisfied with equality for the largest (fully
fractional) orbits of ms.

3. Tt is conjectured, see [3], that for n large enough, at least one vertex of m,
is simple. While it is false n = 6 and 7, Item 1 of Proposition 5 implies that
it holds for n = 8.

6 Conclusions

We presented an orbitwise enumeration algorithm for combinatorial polytopes
with large symmetry group. In particular, we computed 1 550 825 600 vertices of
a highly degenerate 28-dimensional polytope defined by its 224 facets: the metric
polytope on 8 nodes. The description consists of only 533 canonical representa-
tives and we conjecture it is complete. The orbitwise incidence, adjacency and
skeleton are also given. While the extreme connectivity of the cuts (LAURENT-
POLJAK conjectured they form a dominating set) appears to be one of the main



136 Antoine Deza et al.

features of the skeleton of m,,, we conjecture that the cut vertices do not form
a cut-set in the skeleton of m,,. The combinatorial and computational applica-
tions of this conjecture are studied. In particular, a heuristic skipping the metric
cone is presented. The algorithm can be parallelized very easily and, combined
with the heuristic, higher-dimensional instances of the metric polytope and other
combinatorial polyhedra vertex enumeration problems could be solvable. While
the largest previously computed metric polytope m; has only 13 orbits of ver-
tices, mg has at least 533 orbits and therefore could be large enough to reveal
some general features of the metric polytope on n nodes. In particular, the skele-
ton of mg suggests the orbitwise adjacency relations between the cuts, anticuts,
the trivial extensions and the fully fractional orbits: The row Adjjs(g) ; and the
column Adj; 55 should have only nonzero entries (LAURENT-POLJAK dominat-
ing set conjecture). The anticuts are mainly orbitwise adjacent to (few) trivial
extensions and the fully fractional orbits are badly orbitwise connected among
themselves. The trivial extensions are well connected among themselves and not
so well to the fully fractional orbits but still the restriction to the non-cut orbits
is connected (no cut-set conjecture).

Acknowledgments. We would like to thank DAVID Avis for many helpful sugges-
tions.
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Geometric Dissections that Swing and Twist
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Abstract. Two ways of hinging geometric dissections of 2-dimensional
figures are explored. Swing hinges allow rotation in the plane. Twist
hinges allow rotation by 180° through the third dimension. Techniques
are presented and analyzed for designing hingeable dissections that use
either only swing hinges or only twist hinges. For swing hinges these
include the superposition of tessellations, the crossposition of T-strips,
and the exploitation of the structure of regular polygons and stars. For
twist hinges these include the conversion of swing hinges, the P-twist for
parallelograms, and completing the pseudo-tessellation. Open problems
relating to the possible universality of such hingings are posed.

1 Introduction

A geometric dissection is a cutting of a geometric figure into pieces that can
be rearranged to form another figure [11,20]. Dissections date back to Arabian
mathematicians a millennium ago and Greek mathematicians more than two
millennia ago [11]. As mathematical puzzles they enjoyed great popularity a
century ago, in newspaper and magazine columns written by the American Sam
Loyd [21] and the Englishman Henry Ernest Dudeney [6]. Loyd and Dudeney
set as a goal the minimization of the number of pieces. After presenting the
remarkable 4-piece dissection of an equilateral triangle to a square, Dudeney
wrote [7]:

I add an illustration showing the puzzle in a rather curious practical
form, as it was made in polished mahogany with brass hinges for use
by certain audiences. It will be seen that the four pieces form a sort of
chain, and that when they are closed up in one direction they form a
triangle, and when closed in the other direction they form a square.

This hinged model (Figure 1) has been described subsequently in [4,5,9,11,
12,20, 24-26,29, 30]. It uses the simplest of the lower pairs of linkages, namely
the revolute joint (or pin joint), which permits only relative rotation [17]. Hinge-
ability of dissections addresses basic issues related to the role of movement in
the transformation of rigid objects.
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b%®

Fig. 1. Hinged dissection of a triangle to a square

We focus here on dissections of 2-dimensional (planar) figures and consider
cuts that are along straight line segments. We investigate two ways to hinge dis-
sections: The first uses swing hinges, illustrated in Figure 1, which allow rotation
in the plane. A fundamental question in regard to dissections and movement is:

Open Problem I: For any two figures of equal area and bounded by
straight line segments, is a swing-hingeable dissection possible?

Wallace [28], Bolyai [2], and Gerwien [13] proved the analogous property with
respect to normal (unhinged) dissections.

We pose the interesting and challenging problem of identifying general tech-
niques to produce swing-hingeable dissections. We introduce and prove condi-
tions for which the superposition of tessellations and the crossposition of T-strips
produce hingeable dissections. We show how to exploit the structure of regular
polygons and stars for these dissections. We adopt the natural goal of minimizing
the number of pieces, subject to the dissection being hingeable.

The second way to hinge dissections seems to be relatively recent. A twist
hinge has a point of rotation on the interior of the line segment along which two
pieces touch edge-to-edge. This allows one piece to be flipped over relative to the
other, using rotation by 180° through the third dimension. One of the earliest
such dissections is by William Esser, ITI, who was awarded a U.S. patent in 1985
for what was essentially the dissection of an ellipsoid to a heart [8]. A small open
circle represents a twist hinge, which is typically positioned at the midpoint of
a common edge. Each piece that ends up being flipped an odd number of times
is marked with an “x” in the ellipse, and with a “x” in the heart. Ernst Lurker
discovered a similar dissection around the same time.
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Fig. 2. Twist-hingeable dissection of an ellipse to a heart

Such movement is remarkably limited. It comes as somewhat of a surprise
that there are a relatively large number of twist-hingeable dissections. What we
might earlier have characterized as improbable we now pose as:

Open Problem II: For any two figures of equal area and bounded by
straight line segments, is a twist-hingeable dissection possible?

We pose the interesting and challenging problem of creating general tech-
niques to produce twist-hingeable dissections. We introduce two techniques to
convert swing-hingeable dissections to be twist-hingeable, a technique to change
the length (and thus the height) of a parallelogram, and a technique that pro-
duces two intriguing (infinite) families of dissections.

Works that have either identified dissections as swing-hingeable or come close
to doing so include [1,3,5,11,15,16,19,27,31]. Recently, [1,10] have focused
exclusively on hingeable dissections. This paper is excerpted from [10].

2 Definitions

We consider dissections of regular polygons and regular star polygons. Let {p}
be a regular polygon with p sides. Let {p/q} be a star polygon with p points
(vertices), where each point is connected to the g-th points clockwise and coun-
terclockwise from it.

We assume that a figure such as a polygon or a star is an open set, so
that its boundary is not part of the figure itself. When we cut the figure along a
sequence of line segments, we effectively remove all points on those line segments,
resulting in pieces that are open sets. When we assemble two pieces, we “glue”
them together by adding their common boundary, minus the endpoints of the
common boundary.

Three (or more) pieces are also allowed to share a swing hinge, but the
clockwise order of the pieces may not change. Also, two different swing hinges
are allowed to abut up against each other.

3 Swing-hingeable dissections

Given a plane figure, a tessellation of the plane is a covering of the plane with
copies of the figure without gaps and without overlap [14]. The figure that we
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use to tile the plane is a tessellation element and consists of one or more pieces.
The technique of superposing tessellations is the following [11,20]: Take two
tessellations with the same pattern of repetition and overlay them so that the
combined figure preserves this common pattern of repetition. The line segments
in one tessellation induce cuts in the figure of the other, and vice versa.

One more restriction makes the dissections hingeable. A tessellation has ro-
tational symmetry if rotating it by some angle smaller than 27 radians leaves it
coinciding in every detail with the original. It possesses n-fold rotational symme-
try if the angle of rotation is 2 /n. Call a point about which there is rotational
symmetry a symmetry point. Let 71 and 73 be two tessellations of hinged ele-
ments with the same pattern of repetition. Let 7; and 7> be superposed so that
points of intersection between line segments are at symmetry points. If 77 and
T2 share no line segments of positive length in the superposition, then we call
their superposition proper intersecting.

Theorem 1. Let T; and Ty be two tessellations of hinged elements that have a
superposition that is proper intersecting. Then the induced dissection is hingeable.

Proof (Idea). Let A be a symmetry point of k-fold rotational symmetry in both
71 and 7T3. Let P and P’ be pieces in 77 incident on A, such that P’ is the image
of P after a rotation of 27 /k radians. Let @) and @' be pieces in 73 incident on
A, such that Q@ NP # 0, at most 2 pieces in 77 incident on A have nonempty
intersection with @, and Q' is the image of @) after a rotation of 27 /k radians.
Then the pieces P'N Q" and P — @ resulting from the superposition of 71 and 7
can hinge together. The more general case, in which there are more than 2 pieces
in 77 incident on A that have nonempty intersection with @), can be similarly be
seen to lead to pieces that can be hinged. O

Fig. 3. {12/2} Element Fig. 4. Hingeable {12/2} to a hexagon

An example is the dissection of a {12/2} to a hexagon. Start with the tessel-
lation element in Figure 3, which is formed from a {12/2} using hinges. Super-
position as in Figure 6 gives the 12-piece hingeable dissection in Figure 4. Small
dots indicate the points of 2-fold symmetry. The hinged pieces are in Figure 5.
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Fig. 5. Hinges for a cross of a {12/2} to a hexagon

Fig. 6. Superposition of tessellations for a {12/2} to a hexagon

The T-strip technique is as follows [11,20]: Cut a figure into pieces that form
a strip element. Then fit copies of this element together to form a strip, rotating
every second element in the strip by 180°. Thus every two consecutive elements
in the strip share a point of 2-fold rotational symmetry, called an anchor point.
Similarly create a T-strip for the other figure. Then crosspose the two T-strips,
forcing an anchor point in one strip either to overlay an anchor point in the
other strip or to fall on a boundary edge of the other strip. We adapt the T-strip
technique by further requiring that nonboundary edges of the strips cross only
at a common anchor point.

Consider dissecting a pentagon to a square. There is a 4-piece dissection of a
pentagon into a hinged assemblage (Figure 7), where all the angles are multiples
of 7/5 radians. It folds into a T-strip element as shown in the crossposition of
Figure 8. The small dots indicate the anchor points. Note that the right boundary
for the strip of squares passes (just barely) to the right of a point where several
pieces meet in the pentagon strip, and symmetrically for the left boundary. The
resulting 7-piece dissection is in Figure 9.

Theorem 2. Let S; and Sz be two T-strips of hinged elements. If S1 and S
are crossposed so that points of intersection between line segments are where two
anchor points coincide, or where an anchor point falls on a strip boundary, or
where two strip boundaries cross, then the induced dissection is hingeable.
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Proof (Idea). Macaulay [23] observed that the strip technique is a type of tessel-
lation method. The crossposition induces two tessellations and their correspond-
ing superposition. The critical points mentioned above then become symmetry
points. You can line up multiple copies of the same strip to fill out the plane. If
you shift the strips relative to each other by an appropriate offset, and do this
for both of the strips that you are crossposing, then the resulting superposed
tessellations produce the desired dissection. O
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Fig. 7. Pentagon unfolded Fig. 8. Crossposition: pentagons and squares
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Fig. 9. Hinged dissection of a pentagon to a square

Akiyama and Nakamura [1] also recognized the importance of crossing tes-
sellations at the midpoints of certain line segments in order to find hingeable
dissections.

Lindgren introduced the quadrilateral slide, or @Q-slide, in [18,19]. It trans-
forms one quadrilateral to another with the same angles. To emphasize that the
dissection is swing-hingeable, we rename the technique the @-swing.  Hane-
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graaf [15] introduced a technique, called the trapezoid slide or T-slide in [11], to
convert, one rectangle to another. It transforms a trapezoid to another with an
equal angle. Since this dissection is swing-hingeable, we rename the technique
the T-swing. Readers are referred to [10] for a description of these swings and a
discussion of their properties.

Regular polygons have an internal structure of rhombuses and half-rhombuses
that can be exploited in various dissections [11,20]. For example, a hexagon
decomposes into three 60°-rhombuses, and a hexagram into six. Thus there is
a simple hinged dissection (Figure 10).

2

‘0’ NN
"‘ /*/

Fig. 10. Hinged dissection of a hexagram to two hexagons

4 Twist-hingeable dissections

There are two general techniques for converting many of the swing-hingeable
dissections to be twist-hingeable. Two pieces that are connected by a hinge are
hinge-snug if they are adjacent along different line segments in each of the figures
formed, and each such line segment has one endpoint at the hinge.

Theorem 3. Let D be a swing-hingeable dissection such that each pair of pieces
connected by a hinge is hinge-snug. We can then replace each swing hinge with
a new piece and two twist hinges, so that the resulting dissection D' is twist-
hingeable.

Proof (Idea). Consider the line segments along which a pair of pieces is hinge-
snug in the two different figures formed. Take § to be one half of the minimum
length of the line segments. Identify an isosceles triangle in each of the two pieces,
with apex at the hinge point and two equal sides of length & coincident with the
line segments along which the pieces are hinge-snug. Cut the isosceles triangles
out of the pieces and merge them together to give the new piece. O

The conversion for the dissection of a triangle to a square (Figure 1) is shown
in Figure 11, where dashed edges indicate the bases of isosceles triangles adjacent



144 Greg N. Frederickson

AB

Fig. 11. Add isosceles Fig. 12. Triangle to square

to each hinge point. In the 7-piece twist-hingeable dissection (Figure 12) these
isosceles triangles are merged together.

The second technique converts a swing hinge to a single twist hinge with no
increase in the number of pieces. It applies when the swing hinge connects two
pieces that are hinge-snug, and the hinged assemblage on one of the sides of the
hinge is “hinge-reflective”. A hinged assemblage is hinge-reflective if when we
flip all pieces in this hinged assemblage on to their other side, then there is no
effective change to the whole hinged assemblage.

Theorem 4. Let hinged dissection D have two hinge-snug pieces, such that the
hinged assemblage on one side of the swing hinge is hinge-reflective. Then we
can modify the two pieces and replace the swing hinge with o twist hinge.

Proof. (Idea) For each such hinge, cut an isosceles triangle out of one piece and
attach it to the piece that is part of the hinge-reflective hinged assemblage. O

Fig. 13. Add isosceles Fig. 14. Hexagram to two hexagons

We convert Figure 10 to Figure 14. One of the hexagons from Figure 10 is
on the left, with dotted lines indicating the bases of the isosceles triangles.
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=

Fig. 15. Twist-hingeable parallelogram to same-angled parallelogram

Another general technique transforms a parallelogram to another parallelo-
gram with the same angles (Figure 15). We call this the parallelogram twist, or
P-twist. A beautiful feature of the P-twist is that the pieces are cyclicly hinged.
Since rectangles are parallelograms, the P-twist can transform one rectangle to
another.

Theorem 5. The P-twist can convert a parallelogram with sides a and b < a
and nonacute angle 6 to any parallelogram with the same nonacute angle and a
side from a up to, but not including, a + Va2 + b2 — 2abcosf.

Proof (Idea). To convert one parallelogram into another that is shorter, make the
height of each of the two triangles be the height of the desired parallelogram. To
produce the correct cut between the resulting trapezoids, place these triangles
in the desired parallelogram and measure the angles that the trapezoids make
with the top and bottom of the desired parallelogram.

The second term in the above expression represents the length of the longer
diagonal in the parallelogram and is derived using the law of cosines. O

Fig. 16. Twist-hingeable dissection of a hexagon to a triangle

Next is a wonderful family of dissections. For any p > 2 there is a (2p + 1)-
piece twist-hingeable dissection of a {2p} to a {p}. The dissection exhibits p-fold



146 Greg N. Frederickson

rotational symmetry. An example is the twist-hingeable dissection of a hexagon
to a triangle is in Figure 16.

The dissection technique is: Overlay the {2p} and the {p} so that their centers
coincide and each side of the {p} goes through the midpoint of a side of the {2p}.
For each vertex A of the {p}, do the following: Draw a line segment to the nearest
vertex B of the {2p}. Identify the vertex C of the {2p} such that B and C are
the endpoints of a side and the side of the {p} goes through the midpoint of this
side. Draw a line segment from C to the nearest side of the {p}, with the line
segment parallel to the line segment from A to B and meeting the side at D.
From D draw a line segment to the next nearest vertex B’ of the {2p} other than
C. In conjunction with the sides of {2p} and {p}, these line segments identify
the appropriate cuts to make.

Because the method is related to the completing the tessellation method
(See [11,20]) and yet we have tessellations only when p = 3 and p = 4, we call
it completing the pseudo-tessellation.

Theorem 6. Completing the pseudo-tessellation gives a (2p + 1)-piece twist-
hingeable dissection of o {2p} to a {p} of equal area.

Proof (Idea). We prove that the length of the line segment from D to A’ equals
the length of the side of the {2p}, using formulas for the side lengths of both
figures along with a formula for the cotangent of a double angle. O

Fig. 17. Twist-hingeable dissection of a pentagram to a pentagon

Remarkably, there is another family of dissections of a similar nature. Con-
sider any integers p > 4 and 2 < ¢ < (p+ 1)/3. Then there is a (2p + 1)-piece
twist-hingeable dissection of the {p/q} to the {p}. The dissection exhibits p-fold
rotational symmetry. As an example, the twist-hingeable dissection of a penta-
gram to a pentagon is in Figure 17.
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The approach is the same as what we used for the previous family of dissec-
tions, if we treat the reflex angles of the {p/q} as vertices too and force vertex
B to be a reflex angle.

Theorem 7. Completing the pseudo-tessellation gives a (2p + 1)-piece twist-
hingeable dissection of a {p/q} to a {p} of equal area whenever p > 3q — 1.

Proof (Sketch). We prove that the length of the line segment from D to A’ equals
the length of the side of the {p/q} using formulas for the side lengths of both
figures, the law of sines, the law of cosines, and the formula for the cosine of
a double angle. We also determine the values of ¢ and p for which the sides of
{p} will go through the midpoints of the sides of {p/q}, applying the following
lemma. O

Lemma 1. The condition 4 cos(qm/p) cos((¢—1)w/p) > cos(w/p) is equivalent
to p > 3q — 1, for positive integers ¢ > 1 and p > 2q + 1.

Proof (Idea). If for any real ¢ > 1, 4cos(qgn/(3¢—1)cos((¢—1)n/(3¢—1) >
cos(m/(3g—1) and 4 cos(gr/(3q—2) cos((¢g—1)m/(3¢—2) < cos(w/(3q—2), the
lemma follows. To prove these, we rewrite the angles on the left sides of the
inequalities as the sum of 7/3 and what remains, apply the rule for the cosine
of a sum of two angles, and simplify using the law of sines and the formulas for
sines and cosines of double and triple angles. O
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Abstract. Given a planar point set in general position, S, we seek a
partition of the points into convex cells, such that the union of the cells
forms a simple polygon, P, and every point from S is on the boundary
of P. Let f(S) denote the minimum number of cells in such a partition
of S. Let F(n) be defined as the maximum value of f(.S) when S has n
points. In this paper we show that [(n —1)/4] < F(n) < [(3n —2)/5].

1 Introduction

Partitions of point sets into convex subsets is a ubiquitous problem in discrete
geometry. The domain is a finite set of points in the plane, which we will usually
denote by S. The points are assumed to be in general position, that is, no three
points on a line. A subset of S that are the vertices of a convex k-gon is a
conver subset. A convex subset of S with no points of S in its open interior is
called an empty conver subset. The landmark paper of Erdds and Szekeres [3]
asks for the value of the smallest integer A(k) such that any set of A(k) points
contains a convex subset of size k. Subsequently a similar question is asked by
Erdés in [2] for the value of the smallest integer B(k) such that any set of B(k)
points contains an empty convex subset of size k. Values for B(k) are known for
all values of k except & = 6. In [2] it is shown that B(3) = 4, and B(4) = 5.
In [4] it is shown that B(5) = 10, in fact, Figure 1 shows a 9 point set with no
empty convex pentagons. Horton [5] gives a construction showing that B(7) is
not finite, that is, there are arbitrarily many points with no empty convex 7-gons.
The value of B(6) is not known, and this remains a tantalizing long outstanding
open problem. Some experimental results showing that B(6) > 20 as well as an
algorithm for computing maximum empty convex subsets were first shown in
[1]. A 26 point set with no empty hexagons is given in [6]. Some combinatorial
results on partitions of points sets in two and three dimensions, are presented in
[7] and [8].

In this paper we consider the following variation on the convex partition
theme. Given a set of points S we want to partition S into empty convex subsets
such that the union of the subsets form a single simple polygon P, and every
point in S is on the boundary of P. Here, we call such an empty convex subset
of k-gon in P a k-cell. Given S, let f(S) represent the minimum number of cells

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 149-155, 2001.
© Springer-Verlag Berlin Heidelberg 2001



150 Kiyoshi Hosono, David Rappaport, and Masatsugu Urabe

obtained in such a partition of S. Let F(n) denote the maximum value of f(5)

over all sets S with n points.

For example, a 9 point set S in Figure 1 gives f(S) = 4. For any simple
polygon with order n, since we can always triangulate its interior, the trivial
upper bound of F(n) is n — 2.

Fig. 1. The construction with 9 points, partitioned into three 4-cells and one 3-cell.

In the next section we prove the following theorem.

Theorem 1. {HT_I—‘ < F(n) < {

3n—2J

2 Upper and lower bounds

As was shown in [5] there exists sets n = 2% with no empty convex hexagons
giving the lower bound n/4. We obtain here the lower bound for any integer n.

Fig. 2. An example to illustrate the lower bound
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n—lw‘

Lemma 1. F(n) > [ 1

Proof. We first construct a set of n = 2m points, such that we have m points
equally space on a circle of radius 1, and the other m points on a circle of radius
cos(2m/m) + €, where € is a small positive value. If necessary we perturb the
points slightly so that no 3 points are on the same line. See Figure 2. If n is
odd, place an additional point close to the center. This ensures that there are
no empty triangles made up of points on the outer circle. Thus no cell uses more
than two points from the outer circle, achieving the desired bound. O

For the upper bound we present an iterative construction. Let C'H (S) denote
the anti-clockwise circular sequence of points when traversing the vertices of the
convex hull of S. The input to the construction are the points of S and two con-
secutive points on C'H (S) where the line segment between the two points is called
a starting edge. We induce a permutation of the points I7(S) = (1,2,3,...n).
Thus let points 1 and 2 be a fixed pair of consecutive points on C'H(S). The
rest of the sequence is obtained by sweeping a ray anchored at 1, and passing
through 2, 3, .., n, which is implicitly the other neighbour of 1 on CH(S). See
Figure 3. We assume that n > 3. Tt is easy to see that F(3) = 1 and F(4) < 2.
Using the fact that every 5 points has an empty convex 4-gon, that is, B(4) = 5,
we deduce that F(5) < 2 and F(6) < 3. For values of n > 7 we use an iterative
approach.

Fig. 3. The points in S are ranked according their order in an angular sweep of a ray
anchored at 1.

After each iteration there are two basic outcomes.

In the first instance we look for a point w so that 123w is a 4-cell. Then the
points 3 and w are neighbours in CH (S\ {1, 2}), and the edge 3w is the starting
edge for the next iteration. Observe that 3 is alwaysin CH(S\ {1,2}). If Al3n is
empty, then set w to n, otherwise set w to the neighbour of 3 on CH(S\ {1,2}),
contained in Al3n. If 123w is convex, then it is also empty and we are done.
See Figure 4.
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Fig. 4. The case where 123w is convex.

Suppose 123w is not convex. The second possibility operates on a 7 point
subset. Then we will find either 6 or 7 point subset S’ such that S’ can be
decomposed into 2 or 3 cells, respectively, so that one of the cells is A123, and
another cell uses the edge uv so that v and v are consecutive on CH (S \ S’ U
{u,v}). Thus we can use uv as the starting edge for the next iteration. We
will detail the decomposition process on this 7 point subset. Observe that the
maximum number of cells produce by this iterative process is [(3n — 2)/5].

Consider the lines passing through the points 1,3 and 2,3. This partitions the
plane into 4 regions plus the lines themselves. An important consequence of the
fact that there is no fourth point that makes an empty convex 4-gon with 1,2,3
is that one of these 4 regions contains all of S\ {1, 2,3}. See Figure 5.

Let So = {4,5,6} and S; = S\ {1,2,3,4,5,6}. Consider the inner common
tangent line L of CH(Sg) and C'H(S1) such that one half plane bounded by L
contains {1} and Sy. Let p be a point in L and Sy and ¢ be a point in L and
Si. Let the two points in Sg \ {p} be called s and ¢. See also Figure 5. There are
two primary cases to consider.

_.-on

Fig.5. We find a pair of points p and g that are in CH(S \ S’ U {p, q}).



On Convex Decompositions of Points 153

Case A) The line through s and ¢ does not intersect the line segment between
p and q. Then pgst is an empty convex 4-gon. For convenience we rename the
points qo, q1, g2, 93 as they appear in anti-clockwise order on the boundary of
the 4-cell with ¢ = qg, where g3 = p. See Figure 6. If a line through qg, g1 does
not intersect the edge 13, then we obtain a 4-cell gqq13¢; to add to pgst and
A123.The starting edge for the next iteration is ggqs. Otherwise, let i be the
largest integer such that the directed ray anchored at ¢;_; and passing through
¢i, intersects the edge 13. If ¢ # 3 we set j = ¢+ 1. If the line through ¢;, ¢; also
intersects with the edge 13, then we use three cells ¢;32¢;, qoq192¢93 and A123,
and qogs is the starting edge for the next iteration. If ¢;, ¢; does not intersect
with the edge 13 we use ¢;13¢;, qoq19293 and A123 with the starting edge gogs.
If 1 = 3, the line through qq, g3 necessarily intersects the edge 13. In this case we
obtain two cells, a 5-cell q142¢9332 and A123, and use 2¢; as the starting edge
for the next iteration.

qs

Fig. 6.

Case B) The line through s and ¢ intersects the line segment between p and q.
Let ¢ be the point closest to the segment pg. Denote the anti-clockwise angle of
(z,y, z) for the points z,y, z by Z(z,y,z). If £(3,s,t) is convex, then we obtain
three cells 3stql, ptq and A123 with the starting edge pq for the next iteration.
Otherwise, we examine the pentagon 2pts3, and if it is convex we use it with
A123 and tpq. The starting edge for the next iteration is pq. However, 2pts3
may not be convex, it may not even be simple. Thus we need to examine a few
more sub-cases.

We enumerate the possible cases according to which of p, s, t is equal to 6.

1. p = 6: This implies that 2pts3 is convex so nothing more needs to be done.

2. s = 6: Let r € Sy such that the angle Z(r,s, 1) is maximized. Since the line
through s and ¢ intersects the line segment between p and ¢ we deduce that
p < t. See Figure 7. We obtain cells rts, and A123, and we use sr as the
starting edge for the next iteration. If Z(¢,p,3) is convex then we also use
the b5-cell 13pts. On the other hand if £(3,p,t) is convex we use the 5-cell
2rtp3.
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Fig. 7. Either £(3,p,t) is convex or £(¢,p,3) convex.

3.t = 6: Let v, € Sy such that £(r,¢,1) and £(¢',¢,1) are maximum and
minimum, respectively. We consider the situation according to the position
of p. Note that p ¢ Alst. See Figure 8.

(a) p € Al3s. We obtain the two cells A123 and 32¢sp, and use the starting
edge 2t for the next iteration.

(b) p € A23s. Two of the three desired cells are A123 and 13ps. At least
one of tspr or 1str’, must be convex. If the 4-gon tspr is convex, choose
this as the third cell and ¢r as the starting edge for the next iteration.
Otherwise, choose 1str’ as the third cell and ¢7’ for the starting edge.

(c) p € A2st. We obtain three cells 123,32ps and 2rtp, and the edge tr is
the starting edge for the next iteration.

Fig. 8. We can put p in A13s or A23s or A2st.

Thus this construction proves the following lemma.

Lemma 2. F(n) < {371_ 2J.

Combining lemmas 1 and 2 proves our theorem.
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3 Discussion

We give upper and lower bounds for a variation of convex partitions. There is
still a substantial spread between the upper and lower bound. From our point
of view a more complicated algorithm may be able to improve the upper bound
somewhat, but we conjecture that the correct bound is n/2. The lower bound
although easy to prove seems to be more difficult to improve upon, as there
seems to be a connection with settling the issue of whether B(6) is finite or not.
Observe that, F(n) < (n—2)/3 for all but finitely many n, implies the finiteness
of B(6).
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Volume Queries in Polyhedra
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Abstract. We present a simple and practical data structure for storing a
(not necessarily convex) polyhedron P which can, given a query surface
S cutting the polyhedron, determine the volume and the area of the
portion of the polyhedron above S. The queries are answered in a time
linear in the size (complexity) of S. The space and preprocessing time
for this data structure are linear in the size of P. We also present an
intermediary data structure for planar graphs which is of use in other
application domains.

1 Introduction: Polygons

This paper studies a very natural generalization of the following problem in
R2: Given a simple polygon P, construct a data structure which, given a query
chord ¢ (a line segment cutting P into exactly two pieces, whose boundaries are
on edges of P), returns the area of the polygon above c. All geometric objects
in this paper are assumed to have nonnegative coordinates.

In [2] (also [3]), a solution is proposed for convex polygons: consider the polygon
P with edges ey, ..., e, oriented in clockwise order starting at the lowest vertex
of P (smallest y coordinate). Let a(e) be the signed area of the trapezoid defined
by the edge e and its projection on the z axis. The area a(e) is negative iff the
edge ¢; is a bottom edge, where the interior of the polygon lies above (higher
x coordinate) the edge. We call a(e) the projective area of e. The area of P is
simply >°" ; a(e;). Suppose that the chord ¢ has its endpoints on the edges e;
and ey, where j < k.. Let ¢ and ¢} be the portions of ¢; and ej below c. The

area of P above c is Zf:j a(e;) — ale}) — aley) + a(c).
By storing s; = 22:1 a(e;) for t =1,...,n, we can compute Zf:j a; = Sk — Sj—1

in constant time, and so we get:

Theorem 1 Given a convex polygon P with n vertices, there is a data structure
that after O(n) preprocessing time can return the area of P above a query chord
c in constant time.

For non convex polygons, [3] describes a data structure that requires O(nlogn)
preprocessing time and that give the area of the polygon above a query chord in
O(logn) time. Recently, in [1], the authors notice that if the query chord doesn’t
cross any edge of the polygon, the algorithm used for Theorem 1 works without
modification. They also show other applications of the structure.
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2 Polyhedra

We now discuss a three-dimensional generalization to the polygon problem. It is
interesting to note that the ideas presented here could be used to extend the data
structure to higher dimensions, although we do not know of any applications of
such a structure.

In order to generalize the problem to 3 dimensions, we first need to generalize
the concept of a chord. In our setting, we have a polyhedron P with n vertices.
A query surface S is a polyhedral surface separating P into exactly two pieces,
and the boundary of S lies on the surface of P. Note that this implies that the
description of S will be at least as large as the number of edges of P crossed by
the boundary of S. On the other side, this is usually likely to be much smaller
than n. A volume query on a surface s will return the volume of the portion of
P lying above s. We will show the following;:

Theorem 2 Given a polyhedron of size n, there is a structure that with O(n)
preprocessing time will answer volume queries in time linear in the size of the
query surface.

The idea will be similar to the 2-dimensional case. First we define the (signed)
projective volume v(f) of a polygon f to be the volume of the polyhedron defined
by f and its projection on the plane z = 0. For a facet f of P, v(f) will be negated
if the inside of P is above f. The volume of P can then be expressed as the sum
for all facets f of P of v(f).

So, in order to answer a volume query for a surface s, we need to

(i) compute the sum of v(f) for all facets f strictly above s,
(ii) add the projective volume of all the upper portions of the facets that are cut
by s and
(iii) subtract the projective volume of all the polygons forming s.

Let k£ be the size of the description of s. We can easily compute the value for
(iii) in O(k) time.

By storing a variant of the 2-dimensional data structure of Theorem 1 in each
facet of P, it is possible to find the projective volume of a cut facet in O(1) time.
This can be achieved by replacing the projective area of an edge with the volume
of a prism defined by the edge, the edge’s projection onto the z = 0 plane and
any fixed point on the intersection of the z = 0 plane and the plane containing
the facet. Since the number of cut facets is less than k, we can compute (ii) in
O(k) time.

So the only task remaining is to compute (i). In order to do that, we need some
preprocessing: compute the projective volume of each face. Label each face with
this value. from this point on we will treat the polyhedra as a planar graph, with
each face labeled with its projective volume. We can now reduce our problem to
a problem for embedded planar graphs.
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3 Planar Graphs

We define a query cut of a planar graph to be a set of directed edges that
when removed from a planar graph separate a connected component, the query
component, from the rest of the graph. The edges of a query cut are to be
presented in clockwise order about the query component.

Theorem 3 Given an embedding of a planar graph G, where weights are as-
signed to every face, there is a structure that with O(n) preprocessing time will
return the sum of the weights of the faces in a query component given a query
cut in time linear in the number of edges in the cut.

The boundary of a query surface for the polyhedron clearly defines a query cut
for the planar graph, and the answer returned by the planar graph structure will
answer to the point (i) of the previous section.

Note that this data structure is of independent interest and could be useful
in areas such as cartography and computer networks. One possible application
would be in geometric routing, where the user circles an area on a network
to broadcast a message to, it may be useful to first compute the size or other
statistic of the selected range to see if it lies within acceptable parameters. See
We will first solve a slightly simpler problem: define a query circuit to be a cir-
cular vertex-disjoint alternating sequence of vertices and edges in an embedding
of a planar graph.

Theorem 4 Given an embedding of a planar graph G, where weights are as-
signed to every face, there is a structure that with O(n) preprocessing time will
return the sum of the weights of the faces inside a query circuit in time linear
in the size of the circuit.

Preprocessing: First, construct a directed path ) on the plane that visits
every face at least once, and starts and ends in the outside face. This can be
done quickly by constructing the Eulerian path of a spanning tree for the dual
graph of G. For each face f, assign the weight of that face to some point on @ in
that face. For any point p on @), define ¢(p) to be the sum of the weight points
from the beginning of the path to p.

Consider every cell as a clockwise oriented cycle (i.e. every edge of G becomes
two directed edges). Start with all edges weights at 0, and follow the path Q.
For each edge @ crosses (with, say, intersection p), add ¢(p) to its weight if it is
a right turn from @, and —t(p) if it is a left turn.

Query: Traverse the edges of the query circuit in clockwise order. Sum the
weights of the directed edges traversed. This will actually compute the sum of
all weight points on @ (and weights of the corresponding faces) that are inside
the query circuit. This can be done in time linear in the size of the query circuit.
We now describe the modification for obtaining Theorem 3:

Preprocessing: The same preprocessing is done as for the query cycle based
structure. In addition for each face, defined by edges e; ... e,, in clockwise order,
the structure used in Theorem 1 is used to store w(e1)...w(em).
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Query: The edge cut set defines a query circuit. However, as there may be many
edges on the query circuit between each pair of cut edges, it is undesirable to
directly sum the weights of each edge on the query circuit as is done in the
previous structure. However, by querying the structure of Theorem 1 for every
face between adjacent query edges, one can compute the sum of the weights of
all edges on a face that are on the query circuit in constant time. Thus the entire
query may be carried out in time linear in the size of the edge cut set.
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Abstract. Let zo,z1,...,zn—1 be vertices of a convex n-gon P in the
plane, where, xox1, 122, ..., Tn—2Tn—1, and T,_12To are edges of P. Let
G = (N, E) be a graph, such that N = {0, 1, ..., n — 1}. Consider
a graph drawing of G such that each vertex i € N is represented by z;
and each edge (i,7) € E is drawn by a straight line segment. Denote the
sum of lengths of graph edges in such drawing by Sp(G). If Sp(G) <
Sp(G') for any convex n-gon P, then we write as G <; G’. This paper
shows two necessary and sufficient conditions of G =<; G’. Moreover,
these conditions can be calculated in polynomial time for any given G
and G’.

1 Introduction

Let xq, 21, ..., £n—1 be vertices of a convex n-gon in the plane (each internal angle
may be equal to ), where, xox1, T1%2, ..., Tn—2Tn_1, and x,_1xo are edges of
the n-gon. Denote the length of the line segment z;z; by d(4, §). ¢ mod n denotes
i’ such that ¢ =4 (mod n) and 0 < i’ <n —1.

Let G = (N, E) be a graph with a vertex set N = {0, 1, ..., n—1} and
an edge set F. Parallel edges and self-loops are permitted in G. In G = (N, E),
E may be denoted by E(G). In this paper, a vertex set of each graph is fixed to
N ={0, 1, ..., n—1}. Define a length of G with respect to an n-gon P as

Sp(G) = > d(i,j).

(1,7)€E(G)

Sp(G) can be regarded as a sum of edge length of a graph G drawn in the plane
such that each vertex of G is equal to a corresponding vertex of P and each edge
of G is written by a straight line segment. Graph drawing has recently become
a very important research area and the sum of edge lengths is one of the crucial
criteria for evaluating drawing methods[1].

A Partial-Order “=;” Based on Sp(G).
We introduce a partial-order “=<;” as follows. Let G and G’ be two graphs. If
Sp(G) < Sp(G@’) for any convex polygon P, then G <; G’ (“]” means length).

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 160-IL66] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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If G <, G and G /=G, then G <; G'. =< is clearly a partial-order.

For any two subsets X, Y CV, E(X, Y; G) denotes an edge set between X
and Y, i.e.,
EX,Y; G):={(l,j)eE|ieX, jeY}.

For i,j € N, define

N[Z,]] —{{27 Z+]—7 o n—l, O, 1, ceey ]},lf’é>]

If Ni,j] is a proper subset of N, N[i, j] is called a neighbor-cut.
If there is no neighbor-cut N[i, j] such that E(NJ[i,j]; G) = 0, then G is
called neighbor-connected. We define

E,:={(i, i+gmodn) |ie N}

for each integer 0 < ¢ < [n/2]. G, := (N, E;). G, is a 2-regular graph.
The authors have already presented the following properties[2/3].

Theorem A

(1) Sp(Gq) <1 Sp(Gg41) forq=0, 1, ..., |n/2| —1.

(2) For any 2-regular graph G(/=G\|y/2)), G <1 G|n/2]-

(3) If G(/=G1) is a neighbor-connected 2-reqular graph, G1 <, G. O

In this paper, we present a general rule on Sp(G), which includes Theorem A.
For explaining this rule, we give some notations.

E(X, V-X; G) can be also represented as E(X; G) for notational simplicity.
|E(X, Y; G)|and |E(X; G)| may be written as ¢(X, Y; G) and ¢(X; G), respec-
tively. A singleton set {2} may be simply written as z. N(4,5) := N[i, j] —{i,5},

Cross-Operation and a Partial-Order “=<,”.
If two distinct edges (4, 5), (h, k) € E satisfy that h,k € N(i,j) or h,k € N(j,14),
then we say that (¢,7) and (h, k) are separated. If “h € N(i,7) and k € N(j,1)”
or “k € N(i,j) and h € N(j,4),” then we say that (¢,7) and (h, k) are crossing.
Let (¢, 7) and (h, k) be a separated pair of edges. Without loss of generality, we
assume that i € N(h,j] and k € N(j, h] (see Figuredl (a)). By deleting (¢, 5) and
(h, k) from E(G) and putting (i, k) and (h, j) in E(G), a new graph G’ = (N, E’)
is obtained (see Figure[Il). This operation is called a cross-operation.
If G’ can be obtained from G by applying a sequence of cross-operations,
then G <, G’ (“0” means operation). G <, G’ means G <, G’ and G /=G'.

A Partial-Order ‘<.” Based on the Size of Neighbor-Cuts.
If ¢(Ni,j]; G) < ¢(NJi,j]; G') for every neighbor-cut N[i,j], then G <. G’
(“c” means cut). We will show in Corollary [ that if G <. G’ and G’ <. G, then
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(a) b)

Fig. 1. Cross-operation.

G = G'. Thus we can say G <. G' if G <. G’ and G /=G".

Main Theorem Three partial orders =;, =<,, and <. are equivalent for any

pair of graphs G = (N, E) and G' = (N, E') with |E| = |E’'|. That is, each one
of GG, G=,G, and G X. G’ implies the others.

Theorem A is a corollary of the main theorem.

2 Proof

Lemma 1. If G <, G’, then G =X, G'.
Proof. 1t is clear from the triangle inequality. O
Lemma 2. If G <, G', then G <. G".

Proof: Suppose that G <. G’ does not hold, i.e., there are ¢,j € N such that
¢(Ni,jl; G) > ¢(NJi,j]; G'). We construct a polygon P satisfying Sp(G) >
Sp(G') as follows. X = {zy, | k € N[i,j]} and Y = {xx | k € N(j,4)}. Put all
vertices z € X in a circle whose center is (0,0) and radius is r. Let p > 0 be a
real number. Put all vertices z € Y in a circle whose center is (p,0) and radius
is 7. We can locate all vertices satisfying the above conditions and convexity for
each r and p. By letting p be far larger than r, Sp(G) > Sp(G’). O

Lemma 3. For any pair of graphs G = (N, E) and G' = (N, E’) with |E(G)| =
|[E(G)|, G <. G’ implies G <, G'.

For proving this lemma, we need some lemmas as follows.
Lemma 4. Let G = (N, E) and G’ = (N, E’) be two graphs. For any neighbor-

cut Ni,j], ¢(N[i,jl; G) — c(Ni,j|; G') is even if and only if > {c(k; G) —
c(k; G') | k € Nli,j]} is even.
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Proof:
Y ek G)=c(N[i,jl; G)+2¢(N[i,j), N[i.jl; G) (1)
kENTi,j]
Y. ek G')=c(N[i.jl; G) +2¢(N[i, jl, Nli.jl; &) (2)
kEN[i,j]
From () — (), the statement is assured. O

For i,j € N, a graph obtained from G = (N, E) by contracting N (j,1) to a
vertex is denoted by GJi, j]. For an integer k (0 < k < n),

N:k = {(Zvj) ‘iajENa ‘N[Zvj]‘:k}7
Neg = {(la]) |i,j € N, ‘N[la]”<k}a
Nglc = {(la]) "L.,jEN, ‘N[’L,]]‘Sk}

Lemma 5. Let 0 < k < n —1 be an integer. If ¢(Ni, j]; G) = ¢(N[i, j|; G') for
all (i,7) € N<g, then G[i,j] = G'[i, ] for all (i,7) € N<y.

Proof: We use induction. If £k = 0 or 1, it is clear. Assume that for an h > 2 if
k < h, the statement is correct. Further assume that ¢(Ni, j]; G) = ¢(N[i, j]; G")
for all (i,7) € N<j,. From these assumptions, we derive that G[i, j] = G'[i, j] for
all (4, §) € Np.

Consider (4,7) € Nzp. If ¢(i,5; G) = c(4,j; G), then G[i, j] = G'[i,j]. Then
we assume that c(i, j; G) > c(4, j; G') without loss of generality. From c¢(i; G) =
(i; G) and e(i, N(i, j); G) = (i, N(i, j); G,

c(i, N(j,1); G) < c(i, N(4,1); G'). 3)

Similarly,
c(j, N(3,1); G) < c(4, N(5,1); G). (4)

From the assumption,

e(N(i,5),4;G) = ¢(N(i,5),4;G"), and
c(N(i,5),5;G) = ¢(N (i, 4),5; G"),

hence

o(N(i,4), N (j,1): G) = (N (i, j), N(j,i);: G'). ()
From @), @), and @), ¢(N[i, j]; G) < ¢(N[i, j]; G'), contradicting the assump-
tion. O

Corollary 1. If G <. G and G’ <. G, then G = G".
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Proof: By letting k = n — 1 in Lemma [l the statement can be obtained. O

Lemma 6. Let k (2 < k < n — 1) be an integer. Let i,j be integers such
as (4,j) € N=g. If ¢(N[i' §';G) = (N[, j';G') for all (V',j') € N<k and
c(N[i, j]; G) < e(N[i, j]; G'), then c(i, j; G) > (i, j; G').

Proof. From Lemma Bl we obtain
c(i,N(i,7); G) = c(i, N(i,5); G') and
c(f, N (i, 5); G) = c(, N (i, ); G').
From the assumption,
(N (i, 5); G) = e(N (i, §); G').

Thus,
¢(N(i,5),N(4,4); G) = (N (i, 5), N(5,1); G').

By considering ¢(N[i, j]; G) < ¢(N[i, j]; G'),
c(i, N (j,1); G) < c(i, N(j,1); G") or c(j, N(j,i); G) < (4, N(j,1); G')
hold. Without loss of generality,
c(i, N(j,1); G) < c(i, N(j,1); G").
We have
c(i;G) = ¢(3;G') and ¢(i, N(i,7); G) = c(i, N(i,7); G'),

thus ¢(4, j; G) > c(4, j; G') is obtained. O

Now, we can prove Lemma [3]

Proof of Lemma[# Assume that G <. G'. Let k (0 < k < n — 1) be a largest
integer satisfying that

¢(Ni, j]; G) = ¢(Ni, j; G") for all (i,7) € N<k.
From Lemma [,
Gli,j] = G'[i, j] for all (i, ) € N<y.

Then if £ =n — 1, the statement is trivial.

Otherwise, let ig, jo € {N | |NTio, jo]| = k + 1} be a pair such that
¢(NTio, jo]; G) /=c(NTlio, jol; G') (see Figure ).

From G <. G/,

¢(Nlio, jol; G) < ¢(Nlio, jo]; G').

From Lemma B, ¢(io, jo; G) > c(i0, jo; G'), hence (40, jo) € E(Q).
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jl j2

Fig. 2. Relation of iy, jo, i1, j1, i2, and jo.

¢(NTio, jo]; G) < ¢(NTio, jo]; G) is equivalent to ¢(N (jo,%0); G) < ¢(N (jo,i0); G').
Let 71 be an integer such that
¢(N(jo,i]; G) < ¢(N(jo,i); G') for i € Nliy,ip) and
¢(N(jo, i1); G) = c¢(N(jo, i1); G").
(From the assumption, there exists such an i7.) It follows that there exists an
edge (i1,71) € E(G) such that j; € N(jo,i1). Let ia € Ni1,i0) and jo € N(jo, j1]
be integers such that (iz,j2) € E(G),
¢(Nlix,i0), N(jo,j2);G) =0 (6)
and ¢(N(iz,i0),j2; G) = 0. Note that i2 and jo may be equal to i; and j,
respectively.
We will show that ¢(N[j,i];G) < ¢(N[j,i]; G') for any i € Nlig,ig) and
J € N(jo, jo] as follows. Assume that there are i’ € Nia,io) and j' € N(jo, j2]
such that ¢(N[j',4']; G) = ¢(N[j’,4']; G'). By considering
C(N(30a11)7 G) = C(N(30a11)7 G/)7
C(N(.]O7Z/L G) < C(N(jOaZ/]v Gl)) and
C(N[j/7i1); G) < C(N[j/7i1);G/)7
we obtain that ¢(N[i1, '], N(jo,j'); G) > 0, contradicting (&). Therefore,
¢(N[j,il; G) < e(N[j,i]; G') for any i € Nliz,io) and j € N(jo,j2].  (7)
From the assumption, c(i;G) = c(i;G’) for all ¢ € N. Thus from Lemma H]
expression ([7) can be rewritten as
¢(N[j,il; G) < e(N[j,i]; G") — 2 for any i € Nliz,io) and j € N(jo,j2].  (8)

Denote a graph obtained by applying cross-operation (ig, jo; j2,%2) to G by
G". Clearly, G <. G”. From ), G’ <. G'. Thus by applying the above oper-
ation recursively, we can get a sequence of cross-operations for modifying G to
G e, G=,G. O

Proof of Main Theorem: 1t is clear from Lemmas [ 2], and Bl a
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3 Concluding Remarks

This paper shows that three partial-orders <;, <,, and =<, are equivalent. For
investigating G <. G’, only neighbor-cuts are tested, thus it can be determined
in polynomial time. Therefore, we can solve a problem of determining whether
or not Sp(G) < Sp(G’) for any convex polygon P for given two labeled graphs
G and G’ with |E(G)| = |E(G")| in polynomial time. Moreover, if G <. G,
we can find a sequence of cross-operations for modifying G to G’ by using the
discussion of the proof of Lemma Bl in polynomial time.

In this paper, Euclidean distance is used. However, for any distance (for ex-
ample, Ly distance) in which the triangle inequality holds, the same results can
be obtained.
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Abstract. We consider upper bound graphs with respect to operations
on graphs, for example, the sum, the Cartesian product, the corona and
the middle graphs of graphs, etc. According to the characterization of
double bound graphs, we deal with characterizations of double bound
graphs obtained by graph operations. For example, The Cartesian prod-
uct G X H of two graphs G and H is a DB-graph if and only if both G
and H are bipartite graphs, the corona G o H of two graphs G and H is
a DB-graph if and only if G is a bipartite graph and H is a UB-graph,
and the middle graph M(G) of a graph G is a DB-graph if and only if
G is an even cycle or a path, etc.

1 Introduction.

In this paper, we consider finite undirected simple graphs. For a vertex v in G,
the neighborhood of v is the set of vertices which are adjacent to v, and denoted
by Ng(v). For S C V(G), the induced subgraph of S is denoted by < S >¢ .

We know some kinds of graphs related to posets, that is, upper bound graphs
and double bound graphs, as follows. For a poset P = (X, <), the upper bound
graph (UB-graph) of P is the graph U = (X, Ey) where zy € Ey if and only
if z # y and there exists m € X such that z,y < m. The double bound graph
(DB-graph) of P = (X, <) is the graph D = (X, Ep) where zy € Ep if and
only if z # y and there exist m,n € X such that n < w,v < m. McMorris
and Zaslavsky [9] introduced these concepts. Upper bound graphs are concerned
with maximal order ideals of posets and double bound graphs are concerned
with maximal intervals of posets. Properties of upper bound graphs and double
bound graphs play important roles in geometrical properties of posets.

McMorris and Zaslavsky [9] gives a characterization of upper bound graphs.
A clique in the graph G is the vertex set of a maximal complete subgraph. In
some cases we consider that a clique is a maximal complete subgraph. A family
C of complete subgraphs edge covers G if and only if for each uv € E(G) there
exists C' € C such that u,v € C.
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Theorem 1 (McMorris and Zaslavsky [9]). A graph G is a UB-graph if
and only if there exists a family C = {C1,...,Cn} of complete subgraphs of G
such that
(i) C edge covers G, and
(i) for each C;, there is a vertez v; € C; — (U, 4; Cj)-

Furthermore, such a family C must consist of cliques of G and is the only
such family if G has no isolated vertices.

For an edge clique cover C = {C1, Cy, ..., C), } satisfying the conditions of The-
orem 1, a representation vertex set R(C) on C is a vertex subset {v1, va, ..., v}
such that v; € C;—(U,; Cj) for each i = 1,...,n. A vertex v is called a simplicial
vertex if Ng(v) is a complete subgraph. Each vertex v; € R(C) is a simplicial
vertex.

For a graph G with two disjoint independent subsets M and N of V(G)
and v € V(G) — (M U N), define the sets Ug(v) = {u € M ; wv € E(G)},
Lg(v) = {u € N ; ww € E(G)}. Diny [2] gives a characterization of double
bound graphs.

Theorem 2 (Diny [2]). A graph G is a DB-graph if and only if there exists
a family C = {C1,...,Cn} of complete subgraphs of G and disjoint independent
subsets M and N such that
(1) C edge covers G,
(2) for each C;, there exist m; € M, n; € N such that {m;,n;} C C; and
{m;,n;} € C; for alli # j, and
(8) for eachv € V(G)—(MUN), |Ug(v)| X |Lg(v)| equals the number of cliques
of C containing v.

Furthermore, a family C is the unique, minimal edge covering family of cliques
in G.

For a DB-graph G and an edge clique cover C = {Cy,Cy, ...,C,} satistying
the conditions of Theorem 2, which is said to be a DB edge clique cover, M is
called an upper kernel U(G) of G and N is called a lower kernel L(G) of G.
We already know the fact that for a corresponding poset P of a DB-graph G,
U(G) corresponds to the set of all maximal elements of P and £(G) corresponds
to the set of all minimal elements of P.

In [8] we obtained another characterization of double bound graphs as follows.
In this theorem we deal with construction methods of double bound graphs.

Theorem 3 ([8]). Let G be a connected graph. Then G is a DB-graph if and
only if there exist two disjoint independent sets M and N such that the graph
obtained by successive deletions of all vertices v € V(G) — (M U N) satisfying
the following conditions is a bipartite graph with partite sets M and N :

(a) < X UY >y is a complete bipartite graph.

(b) wv € E(G) for u € V(G) — (M UN) if and only if Na(u) N X # 0 and
NG(U) ny 7é wa
where X = Ng(v) N M, and Y = Ng(v) N N.
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In [3], [4] and [5] we obtained some properties on upper bound graphs and
order ideals by graph operations. In this paper we consider double bound graphs
in terms of graph operations.

2 Sum.

The sum G + H of two graphs G and H is the graph with the vertex set
V(G+ H) = V(G)UV(H) and the edge set E(G+ H) = E(G) U E(H) U
{uv;u e V(G),v e V(H)}.

Proposition 1 (Sum). For graphs G and H, G+H is a DB-graph if and only if
(1) G and H are UB-graphs, or (2) G is a DB-graph such that < U(G)UL(G) >¢
is a complete bipartite graph and H is a complete graph.

Proof. To show the sufficiency of the Proposition, first we consider the case (1).
Let G and H be UB-graphs. Let C(G) = {Cg,1,Ca2 ,-.., Ca,s} be a family of
cliques of G satisfying the conditions of Theorem 1 and R(C(G)) be a representa-
tion vertex set of C(G). Let C(H) = {Cw.1,CH,2, ..., Cr } be a family of cliques of
H satisfying the conditions of Theorem 1 and R(C(H)) be a representation ver-
tex set of C(H). Then Cg ;UCH,; is a complete subgraph of G+ H, and R(C(G))
and R(C(H)) are independent sets of G+ H. Since < R(C(G))UR(C(H)) >¢+H
is a complete bipartite graph, {Cq; U Ch; ; Vi,j} satisfies the conditions of
Theorem 2 and G + H is a DB-graph.

Next we consider the case (2). Let C(G) = {C1,C4,...,Cp} be a family of
cliques of G satisfying the conditions of Theorem 2. Since for Vi, C; U V(H)
is a complete subgraph of G + H, {C; UV (H) ; Vi} satisfies the conditions of
Theorem 2 and G + H is a DB-graph.

Conversely we assume that G+ H is a DB-graph. Let (G + H) be an upper
kernel and £(G + H) be a lower kernel. Since uv € E(G + H) for Yu € V(G)
and Vv € V(H), there exists no independent set S such that S NV(G) # 0 and
SNV(H) # (). So we consider the following two cases.

Case 1. U(G+ H) CV(G) and L(G+ H) CV(H).

For v; € LG+ H), < V(G) U {v;} >c+m is a DB-graph with an upper
kernel U (G + H) and a lower kernel {v;}. Then G is a UB-graph. Similarly H is
a UB-graph.

Case 2. UG+ H),L(G+ H) CV(G).

Since for Yo € V(H), Vm € U(G + H) and Vn € L(G + H), mv,nv €
E(G+H), Ug(v) =U(G), La(v) = L(G) and [Ug (v)|x|La(v)| = [U(G)|x[L(G)].
Thus < U(G) U L(G) >g+m is a complete bipartite graph. For Yu,v € V(H)
such that mv,nv € E(G+ H), m € UG+ H) and n € L(G + H), u and v
belong to a clique containing m and n. Thus uv € E(H) and H is a complete
graph. Since V(H) N (U(G)U L(G)) =0, (G+ H) — V(H) = G is a DB-graph
by Theorem 3. ]
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3 Corona

The corona G o H of two graphs G and H is defined as the graph obtained by
taking one copy of G and |V (G)| copies of H, and then joining the ith vertex
of G to every vertex in the ith copy of H.

Proposition 2 (Corona). For connected graphs G and H with |V (G)| > 2,
G o H is a DB-graph if and only if G is a bipartite graph and H is a UB-graph.

Proof. Let G be a bipartite graph with partite sets M and N. Then G is a DB-
graph with an upper kernel M and a lower kernel N. Based on the fact that
H + v is a DB-graph for a UB-graph H, G o H is a DB-graph.

Conversely let G o H is a DB-graph with an upper kernel U(G o H) and a
lower kernel £(G o H). Then we have the following claim.

Claim 1. Let C, ,, be a clique of Go H such that m € U(Go H), n € L(Go H)
and m,n € Cy, .. For Yuv € E(G), if u,v € Cy, 5, then m,n € V(G).

Proof (of Claim 1). Since u,v € V(G), Ngor(v) N Ngou(u) C V(G). Then
m,n € NGOH(Q)) N NGOH(’U,) - V(G) O

We assume that V(G) — (U(Go HYU L(Go H)) # () and v € V(G) —
(U(Go H)UL(Go H)). Since G is connected and v is adjacent to another vertex
u of G, there exists a clique C of G such that u,v € C, m € U(G o H) N C and
n € L(GoH)NC. Let H, be a copy of H corresponding to v. Then for each vertex
x € H,, vis adjacent to z. Thus Ugoy (v)NV (H,) # 0 and Lgon (v)NV (H,) # 0.
Since v is a cut vertex of G o H, < Ugom (v) U Lgom (V) >Gon is not a complete
bipartite graph, which contradicts to the conditions of Theorem 3. Therefore
V(G)— (U(GoH)UL(GoH)) =0 and G is a bipartite graph. Since v is a cut
vertex of Go H and v e U(Go H)UL(Go H), H, + v = H + v is a DB-graph
and H is a UB-graph. O

4 Cartesian product

The Cartesian product G x H of two graphs G and H is the graph with vertex
set V(G x H) = V(G) x V(H), where the second X is the set Cartesian product,
and edges defined as follows: (u1,v7) is adjacent to (ug,vy) if either u; = ug and
vy is adjacent to vy in H, or u; is adjacent to ug in G and vy = ve. If E(G) =0,
then G x H is the union of |V (G)| copies of H. We know the following facts by
the definition.

Fact (1) For graphs G and H with |V(G)| > 2 and |V(H)| > 2, G x H is a
bipartite graph if and only if both G and H are bipartite graphs.

Fact (2) Let C be a clique of G x H. If (u,v) € C, then for all (z,y) € C, x = u,
or for all (x,y) € C, y = v.
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Proposition 3 (Cartesian product). For connected graphs G and H with
[V(G)| > 2 and |V(H)| > 2, G x H is a DB-graph if and only if both G and H
are bipartite graphs.

Proof. If G and H are bipartite graphs, then G x H is a bipartite graph and a
DB-graph.

Conversely let G x H be a DB-graph with an upper kernel (G x H) and a
lower kernel £(G x H). We assume that V(Gx H)-U(Gx H)UL(GXx H) # 0 and
(u,v) € U(GXxH)UL(Gx H). Since |V(G)| > 2 and |V (H)| > 2, there exist edges
(u,v)(wg,v) and (u,v)(u, ws). By Fact (2), there exist (mg,v) € U(G x H),
(ng,v) € LG x H), (u,mu) € U(Gx H) and (u,ng) € L(G x H). (mg,v) and
(ng,v) are adjacent to (u,v) and (wg,v), and (u, mpg) and (u, ngr) are adjacent
to (u,v) and (u, wg). Thus (me,v) is adjacent to (u,ng) which contradicts the
definition of G x H. Therefore V(G x H) = U(G x H)UL(G x H) and G x H
is a bipartite graph. By Fact (1), G and H are bipartite graphs. O

5 Composition

The composition G[H] of two graphs G and H is the graph with the vertex set
V(G[H]) = V(G) x V(H), and edges defined as follows: (u1,v;) is adjacent to
(ug2,v2) if either uy is adjacent to uz in G, or u; = uz and v; is adjacent to vq
in H.

Proposition 4 (Composition). If G is a DB-graph and H is a complete
graph, then G[H] is a DB-graph.

Proof. Let C = {C1,Cs,...,C,} be a DB edge clique cover of G. Since H is a com-
plete graph, C; xV (H) is a complete subgraph. We fix «, 3 € V(H). For an upper
kernel U(G) = {m1,ma,...,ms} of G and a lower kernel L(G) = {n1,na,...,n¢}
of G, Mgm = {(ms.a) 5 mi € U(G)} and N = {(ni, 3) 5 mi € L(G)}.
CxV(H)={CyxV(H),CyxV(H),...,C,, x V(H)} is an edge covers of G[H].
Furthermore for each C; x V (H ), there exist (m;, «) € Mgz and (n4, 3) € Naim
such that {(m;, a), (n;, 3)} € C; x V(H) and {(m;, ), (ns, 3)} € C; x V(H) for
all i # j. Since |Ug(u)| X |Lg(u)| equals the number of cliques of C containing
u, for ench (u, ) € V(GLH]) — (Mo O Noga): [Uegar (s 0))] x Ly ((u, )]
equals to the number of cliques of C x V(H) containing (u,v). Thus C x V(H)
is a DB edge clique cover of G[H]. O

6 Normal product

The normal product G H of two graphs G and H is the graph with the vertex
set V(GxH) =V(G) x V(H), and edges defined as follows: (u1,v;) is adjacent
to (ug,vs) if one of the following holds: (1) u; is adjacent to uz in G and vy is
adjacent to vy in H, (2) u3 = ug and vy is adjacent to vy in H, (3) u; is adjacent
to us in G and v; = wvy. For posets P and @, the product of P and @ is the



172 Shin-ich Iwai, Kenjiro Ogawa, and Morimasa Tsuchiya

poset P x @ on the Cartesian product of the element set of P and the element
set of @ such that (u,z) <pxg (v,y) if u <p v and = < y. By these definitions
we obtain the following fact. For DB-graphs G and H, G * H is a DB-graph of
a poset Pg X Py, where Pg and Py are posets whose DB-graphs are G and H.
So we have the following result.

Proposition 5 (Normal product). For DB-graphs G and H, Gx H is a DB-
graph.

7 Conjunction.

The conjunction G A H of two graphs G and H is the graph with the vertex set
V(GANH)=V(G) x V(H), and edges defined as follows: (u1,v1) is adjacent to
(u2,v2) if uy is adjacent to uz in G and vy is adjacent to vy in H.

Lemma 1. For connected graphs G and H, G N H is a bipartite graph if and
only if G or H is a bipartite graph.

Proof. We assume that both G and H are not bipartite graphs. Let C : x, vy , ...,
V2n, & be an odd cycle of G and D : y,u; , ..., uzm, y be an odd cycle of H (n >
m). Then in the case n =m, (z,y), (v1,u1), (v2,u2) ;s (ViyUi) ey (V20 U2im),
(z,y) is an odd cycle of G A H. In the case n # m, (z,v), (vi,u1), (v2,y),
(Uz,ul), (v4,y) y e (UQn—2m—1,U1), (v2n—2may)a ('UZn—2m+1au1)a (UQn—2m+2au2)
s eery (Van—2mais i) 5 -ey (Vap, Uam), (2,y) is an odd cycle of G A H. Thus G A H
is not a bipartite graph.

Let G be a bipartite graph with partite sets M and N. Then V(G A H) =
(M x V(H))U(N x V(H)) and G A H is a bipartite graph with partite sets
M x V(H) and N x V(H). O

Lemma 2. Let G A H be a DB-graph with an upper kernel U(G A H) and a
lower kernel L(GANH). If (a,b), (¢,d) ¢ UUGNH)UL(GANH), then (a,b)(c,d) ¢
E(GAH).

Proof. We assume that (a,b)(c,d) € E(G A H) and (a,b),(c,d) ¢ U(GANH)U
L(G A H). Then there exist (z,y) € U(G A H) and (z,w) € L(G A H) such that
(a,b)(z,y), (¢,d)(x,y), (a,b)(z,w), (¢,d)(z,w) € E(GAH). Thus az,az € E(G),
dy,dw € E(H), and (a,d) is adjacent to (x,y) and (z,w). Since G A H is a DB-
graph, < Neag((z,w)) N Neau((x,y)) >eam is a complete subgraph. So (a,d)
is adjacent to (a, b), which contradicts to the definition of conjunctions. O

Lemma 3. Let G and H be connected graphs. G A\ H is a DB-graph if and only
if G\ H is a bipartite graph.

Proof. If G N H is a bipartite graph, then G A H is a DB-graph.

Conversely let G A H be a DB-graph with an upper kernel (G A H) and a
lower kernel £(G A H). We assume that V(GAH) — (U(GANH)UL(GAH)) # 0.
Let (a,b) € V(IGAH)— (U(GANH)UL(GAH)), (x,y) € U(GAH) such that (z,y)
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is adjacent to (a,b), and (z,w) € L(G A H) such that (z,w) is adjacent to (a,b).
Then (z,w) is adjacent to (a,b) and (z,w) € (U(GAH)UL(GAH)) by Lemma
2. Since (z,w) is not adjacent to (x,y) and (z,w), we have a contradiction. O

By Lemma 1, 2 and 3, we obtain the following result.

Proposition 6 (Conjunction). For connected graphs G and H, G A H is a
DB-graph if and only if G or H is a bipartite graph.

8 Middle graphs.

The middle graph M(G) of a graph G is the intersection graph of F =
{{v1}, {v2}, ..., {vp}} U E(G), where V(G) = {v1,v2,...,v,} is the vertex set of
G and E(QG) is the edge set of G. That is, V(M (G)) = V(G) U E(G) and two
vertices a and § in M(G) is adjacent if and only if (1) a, 8 € E(G) and « is
adjacent to 3, or (2) a € V(G), 8 € E(G) and « is incident to 3.

Lemma 4. Let G be a connected graph and M (G) is a DB-graph with an upper
kernel U(M(G)) and a lower kernel L(M(G)). Let v be a vertex of G. If v €
UM(G)ULM(Q)), then degg(v) = 1.

Proof. We assume that v € U(M(G)), and dege(v) > 2. Since < {vw ; w €
Ng(v)} >n(q) U{v} forms a clique of M(G) and [{vw ; w € Ng(v)}| > 2, we
can assume that va belongs to L(M(G)) and vy ¢ U(M(G)) U L(M(G)). y is
adjacent to vy in M(G) and y is not adjacent to vz and v in M(G). Then there
exist yf8 € U(M(Q)) and ya € L(M(G)). Since ya is adjacent to vy and is not
adjacent to v, we have a contradiction. ]

Lemma 5. Let G be a connected graph and M(G) is a DB-graph with an up-
per kernel U(M(G)) and a lower kernel L(M(G)). If wv € E(G), then uwv €
UM(G)) U LM(G)).

Proof. We assume that uv € E(G) and uv ¢ U(M(G))UL(M(G)). If dega(u) =
1, then u is only adjacent to uv in M(G). Thus uv € U(M(G)) U L(M(G)). So
degg(u) > 2. Similarly degg(v) > 2. By Lemma 4 u,v ¢ U(M(G)) U L(M(G)).
Then there exist ua € U(M(G)), vB € L(M(G)). Since uv adjacent to ua,vf3,
ua is adjacent to vf3, and a = 8. Then « is adjacent to uv in M(G), which is a
contradiction. O

Proposition 7 (Middle graph). For a connected graph G, M(G) is a DB-
graph if and only if G is an even cycle or a path.

Proof. Let G be an even cycle or a path. Then M(G) is a DB-graph.
Conversely we assume that M(G) is a DB-graph. If G has a vertex v with
dega(v) > 3, then < {uv ; u is adjacent to v} >,/ is a complete subgraph of
M(G) with at least 3 vertices, which contradicts to the fact that < F(G) > (q)
is a bipartite graph by Lemma 5. Thus the maximum degree of G is at most 2,
and G is a cycle or a path. If G is an odd cycle, then < E(G) > has an odd
cycle. Thus G is an even cycle or a path. O
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9 Total graphs.

The total graph T(G) of a graph G is the graph with the vertex set V(T'(G)) =
V(G) U E(G) and two vertices « and 3 in T(G) is adjacent if and only if (1)
a, 8 € V(G) and « is adjacent to 3, or (2) a, 8 € E(G) and « is adjacent to (3,
or (3) a € V(G), 8 € E(G) and « is incident to (.

Lemma 6. Let G be a connected graph and T(G) is a DB-graph with an upper
kernel U(T(G)) and a lower kernel L(T(QG)). Let v be a vertex of G. If dega(v) >
2, then wv ¢ U(T(G)) U L(T(G)) for all u € Ng(v).

Proof. We assume that dega(v) > 2 and uv € U(M(G)). Since u is adjacent to
v, u,v ¢ U(T'(Q)) U L(T(Q)), or u € L(T(G)) and v ¢ U(T(G)) U L(T(G)), or
v € L(T(GQ)) and u ¢ U(T(G)) U L(T(G)). In the case that u,v ¢ U(T(G)) U
L(T(G)), there exist no vertices of L(T(G)) adjacent to u, v and uv. In the case
that v € L(T(G)) and v ¢ U(T(G)) U L(T(G)), uwv and v are adjacent to vwy,
and wv is not adjacent to w,, where w, is another adjacent vertex of v. Thus
vw, € L(T(G)), w, € U(T(G)), and u is adjacent to w,. Then uv and u are
adjacent to uw,. However uw, is not adjacent to v. In the case v € L(T(G)) and
u ¢ U(T(G)) U L(T(Q)), since uv and v are adjacent to vw, in T(G), where w,
is another adjacent vertex of v, vw, is adjacent to u. In every case we have a
contradiction. So uv ¢ U(T(G)) for all u € N¢(v) if dega(v) > 2. 0

Proposition 8 (Total graph). For a connected graph G with p > 3 wvertices,
T(G) is not a DB-graph.

Proof. There exists a vertex v € V(G) with dege(v) > 2. Let z,y be adjacent
to v in G. Then vz is adjacent to vy in T(G) and vz, vy ¢ U(T(G)) U L(T(G))
by Lemma 6. Thus there exist vertices of U(T(G)) U L(T(G)) adjacent to v
and vy in T(G). By Lemma 6 vz ¢ U(T(G))U L(T(G)) for all vertex z adjacent
to v. Therefore we have only two cases: (1)v € U(T(G)) and zy € L(T(G)),
(2)v € L(T(GQ)) and zy € U(T(G)). However v is not adjacent to zy. So there
exists no clique containing the edge vx. Hence T(G) is not a DB-graph. O
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Generalized Balanced Partitions of Two Sets of
Points in the Plane
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Abstract. We consider the following problem. Let n > 2, b > 1 and
q > 2 be integers. Let R and B be two disjoint sets of n red points and
bn blue points in the plane, respectively, such that no three points of RUB
lie on the same line. Let n = ni + n2 + - -+ 4+ ng be an integer-partition
of n such that 1 < n; for every 1 < ¢ < q. Then we want to partition
RU B into ¢ disjoint subsets P U P> U---U P, that satisfy the following
two conditions: (7) conv (P;) Nconv (P;) =@ for all 1 < i < j < g, where
conv(P;) denotes the convex hull of P;; and (ii) each P; contains exactly
n; red points and bn; blue points for every 1 <1 < gq.

We shall prove that the above partition exists in the case where (i) 2 <
n<8and 1< n; <n/2forevery 1 <i<gq, and (ii) n1 =ng =--- =
Nng—1 =2 and ng = 1.

1 Introduction

For a set X of points in the plane, we denote by conv(X) the convex hull of X,
which is the smallest convex set containing X. We shall consider the following
problem:

Problem 1. Let R and B be any two disjoint sets of n red points and bn blue
points in the plane, respectively, such that no three points of R U B lie on the
same line. Find positive integer-partitions n = n; +nga+- - - +n4 for which RUB
can be partitioned into ¢ disjoint subsets Py U P, U --- U P, that satisfy the
following two conditions:

(1) conv (P;) Nconv (Pj) =0 for all 1 <i < j < ¢; and
(2) each P; contains exactly n; red points and bn; blue points.

If R U B can be partitioned into ¢ subsets in the above way, then we say
that R U B is partitioned into (ni,na,...,nk)-balanced subsets, or RU B has a
(n1,na, ..., ng)-balanced partition.

Figure 1 (a) gives a (3,2, 2, 1)-balanced partition. Figure 1 (b) shows configu-
rations RU B having no (2, 1)-balanced partition or no (3, 2)-balanced partition,
respectively. Non-existence of such balanced partitions can be shown by the fact
that if such balanced partitions exist, then there exist lines that partition RU B

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 176-186, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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into two subsets P; U P, satisfying the above conditions (1) and (2). However
there exist no such lines.

By a similar argument given above, if n/2 < ny < n, then we can easily give
configurations R U B having no (ni,nz)-balanced partitions as follows: Let C
and Cs be two circles with the same center in the plane such that the radius of
(1 is much smaller than that of C, and b be a sufficient large integer. Then we
uniformly place n red points and bn blue points on the boundaries of C; and
(3, respectively (see Figure 1(c)).
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Fig. 1. (a) A (3,2, 2, 1)-balanced partition. (b) Configurations having no (2, 1)-balanced
partition and no (3,2)-balanced partition, respectively. (¢) A configuration having no
(n1,m2)-balanced partition with n/2 < ni < n.

Throughout this paper, let R and B denote two disjoint sets of red points
and blue points in the plane, respectively, such that no three points of RU B lie
on the same line. We shall give some parts of the following theorems since their
complete proofs are quite long and rather tedious.

Theorem 1. Let 2 < n < 8, 1 < b and 2 < q be integers. Let R and B be
disjoint sets of n red points and bn blue points in the plane respectively. Then
for every integer-partition n = ny +na + ... + ng such that 1 < n; < n/2 for
every 1 < i <gq, RUB has an (n1,na,...,nq)-balanced partition.

Theorem 2. Let 5 < n be an odd integer, and b > 1 an integer. Let R and B
be disjoint sets of n red points and bn blue points in the plane respectively. Then
RUB has a (2,2,...,2,1)-balanced partition.

By the above results and by an example given latter, we propose the following
conjecture.
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Conjecture 1. Let n > 3, a > 1,b > 1 and g > 2 be integers. Let R and B be
disjoint sets of an red points and bn blue points in the plane respectively. Let
n=ny +nz +--- + ny be an integer-partition such that 1 < n; < n/3 for every
1 <4 < g. Then RUB can be partitioned into ¢ disjoint subsets Py UP,U---UP,
so that (i) conv (P;)Nconv (P;) = P forall 1 <i < j < g; and (ii) each P; contains
exactly an; red points and bn; blue points.

The conjecture is true if either a = 1 and n < 8 ora =1, n; = --- =
ng—1 = 2 and ng = 1 by Theorems 1 and 2. Moreover the conjecture is true
in the case where ny = --- = ny = 1, that is, the following Theorem 3 holds.
This theorem was partially proved by [5] and [6], and completely proved by
Bespamyatnikh, Kirkpatrick and Snoeyink [2], Ito, Uehara and Yokoyama [4]
and Sakai [8] independently.

Theorem 3. Let R and B be two disjoint sets of an red points and bn blue points
in the plane respectively, where a > 1 and b > 1. Then RU B can be partitioned
into n disjoint subsets Py U P, U...U P, so that (i) conv(P;) N conv(P;) = 0
for all 1 <i < j <mn, and (ii) every P; contains exactly a red points and b blue
points.

Other related results can be found in [1] and [7], which deal with balanced
partition of convex sets in the plane.

We conclude this section with an example which shows that the condition
that 1 <n; <n/3 for every 1 <i < ¢ in Conjecture 1 or other similar condition
is necessary, and that Conjecture 1 does not hold under the condition that 1 <
n; < n/2 for every 1 < i < ¢. Namely, the configuration of R U B whose rough
sketch is given in Figure 2 has no (8,8, 4)-balanced partition, and there might
exist a similar configuration having no (7,7, 6)-balanced partition.

o0 o 4
B=Bi+B2={0} o ooy e
= . {9308: .
|B1|=10bm . B1°%¢ o
|B2|=10bm N .
[
i .
L .
R={e} ° :
IR|=20m (=40) y Bobs; o
. B2%8%" o
L[] L[]
L[] L[]
o ° . . [ ]
oo o °

Fig. 2. A configuration having no (8, 8, 4)-balanced partition.
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2 Proofs of Theorems

In this section we shall give some parts of proofs of Theorems as we mentioned
before. We deal only with directed lines in order to define the right side of a line
and the left side of it. Thus a line means a directed line. A line [ dissects the
plane into three pieces: | and two open half-planes R(l) and L(l), where R(l) and
L(I) denote the open half-planes which are on the right side and on the left side
of 1, respectively (see Figure 3). Let r; and 73 be two rays emanating from the
same point p. Then we denote by R(r1) N L(r2) the open region that is swept by
the ray being rotated clockwise around p from 71 to ro, and does not contain the
point p (see Figure 3). Similarly we define the open region L(r1) N R(rs), which
is swept by the ray being rotated counterclockwise around p from 71 to 3, and
does not contain the point p. Then rq U ry dissects the plane into three pieces:
r1 Urg and two open regions R(r1) N L(ry) and L(ry) N R(rg).

If the internal angle /ripro = /1173 of R(r1) N L(rz) is less than 7, then we
call R(r1) N L(rz) the wedge defined by 1 and 72, and denote it by wdg(rirz) or
wdg(rary).

i

R r2
L() R NL@2) -/ L) NR(r2) o/
R() e g =wdg(rir2)
AT ri li
/ . ° Lt ri¥

Fig. 3. Open regions R(l), L(I) and L(r1) N R(r2) and a wedge wdg(riprz2) = R(r1) N
L(T‘Q).

Let I; be a line with suffix ¢, and p a point on [;. We define [} as the line
lying on [; and having the opposite direction of [;. We next define the two rays
r; and r; lying on the line /; and having the same starting point p such that r;
has the same direction as [; and r; has the opposite direction of /;. In particular,
l; =r;Ur! (see Figure 3). Conversely, given a ray r;, we can similarly define the
ray r;, whose direction is opposite to r;, and the line l; = r; Ur}, which has the
same direction as ;.

For a line [ which passes through some points in RU B, there exist two lines
1 and l5 obtained from [ by very small translations that pass through no points
in RU B, and satisfy L(l;) N (RUB) = L(I)N(RUB), and R(l)N(RUB) =
R(l) N (RU B). We often use this fact without mentioning.

Lemma 1 (Ham-sandwich Theorem [3]). Let R and B be disjoint sets of
red points and blue points in the plane respectively. Then there exists a line | such
that |ILA)NR| = |R(O)NR|, INR| <1, |[L)NB|=|R{)NDB| and INB| < 1.
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IfINR =0 and IN B =0, that is, if | passes through no red point and no blue
point, then we say that RU B is partitioned into two balanced subsets by [.

The following Lemma 2 is known, and its proof can be found in [5] and [2].

Lemma 2. Let R and B be disjoint sets of red points and blue points in the plane
respectively. If there exist two lines Iy and lz such that |L(l1) N R| = |L(l2) N R,
|L(l1) N B| < |L(l2) N B|, and they might pass through some points in RU B,
then for every integer i, |L(l1) N B| <i < |L(l3) N B, there exists a line l3 such
that |L(I3) N R| = |L(ly) N R|, |L(I3) N B| =i and l3 passes through no point in
RUB.

The next Lemma 3 can be proved by the same argument as in the proof of
the above Lemma 2, that is, we can continuously move a line [ from [; to [ in
such a way that |L(I) N R| = |L(l;) N R|, |L(I) N B| changes +1, and [ passes
through exactly one red point.

Lemma 3. Let R and B be disjoint sets of red points and blue points in the plane
respectively. If there exist two lines Iy and ly such that |L(l1) N R| = |L(I2) N R,
|L(l1) N B| < |L(l2) N B| and both l1 and lo pass through exactly one red point,
respectively, and might pass through blue points, then for every integeri, |L(l1)N
B| <i < |L(l3) N B|, there exists a line l3 such that |L(I3) N R| = |L(l1) N R|,
|L(l3) N B| =14 and l3 passes through exactly one red point and no blue point.

Lemma 4. Let R and B be disjoint sets of n red points and bn blue points in the
plane respectively. If 3 < |R| < 4 and there exists a line ly such that |L(l1)NR| =
1 and |L(l1) N B| < b, then there exists a line la such that |L(l2) N R| = 1,
|L(l2) N B| =b and ly passes through no point in RU B.

Proof. Suppose first |R| = 3. Let I3 be a line that passes through exactly one red
point, and satisfies |L(I3) N R| = |R(l3) N R| = 1. Then at least one of L(l3) N B
and R(l3)NB = L(l3) N B contains at least b blue points. By applying Lemma 2
to I3 and to either I3 or [, we can obtain the desired line 5.

We next consider the case |R| = 4. Let Iy be a line that passes through
two red points and satisfies |L(l4) N R| = |L(l4) N R| = 1. Then at least one of
L(l4) N B and R(l4) N B contains at least b blue points, and so the lemma holds
by Lemma 2.

Lemma 5. Let R and B be disjoint sets of 5 red points and 5b blue points
respectively. If there exists a line ly such that |L(l1)NR| =2 and |L(l1)NB| < 2b,
then there exists a line ly such that |L(l2)NR| =2, |L(l2)NB| = 2b and l2 passes
through no point in RU B.

Proof. Consider a line [3 passing through exactly one red point and satisfying
|L(l3) N R| =2 and |R(l3) N R| = 2. Then |L(I3) N B| > 2b or |R(l3) N B| > 2b.
Thus by Lemma 2, there exists the desired line [5.

Proposition 1. Let R and B be disjoint sets of 5 red points and 5b blue points
in the plane respectively. Then RU B has a (2,2, 1)-balanced partition.
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Proof. Unless otherwise stated, except when it moves, we always consider a line
that passes through no point in R U B. We begin with two Claims.

Claim 1. If there exists a line /3 such that |L(l;) N R| = 1 and |L(l3) N B
< b, then the proposition holds. Thus we may assume that for every line [ with
|L(l) N R| = 1, it follows that |L(l) N B| > b. By considering [*, we may also
assume that for every line [ with |R(I) N R| = |L(I*) N R| = 1, it follows that
|R(I) N B| = |L(I*) N B| > b.

Suppose that there exists a line I3 such that |L(l;) " R| =1 and |L(I1) N B]
< b. If there exists a line Iz such that |L(l2) N R| =1 and |L(l2) N B| > b, then
there exists a line /3 satisfying |L(I3) N R| = 1 and |L(l3) N B| = b by Lemma 2.
By Ham-sandwich Theorem, R(I3)N(RUB) can be partitioned into two balanced
subsets. Thus the proposition holds. Therefore, we may assume that for every
line [ with |L(I)NR| = 1, it follows that |L(I)NB| < b. Similarly, we may assume
that for every line [ with |R(I) N R| = 1, it follows that |R(l) N B| < b.

Let l4 and l5 be two parallel lines with the same direction that pass through
exactly one red point respectively, and satisfy |L(l4)NR| =1 and |R(l5)NR| = 1.
Then |L(l4) N B| < b, |R(l5) N B| < b and R(l4) N L(l5) contains exatly one red
point. By the symmetry, we may assume that there exists a line lg that is parallel
to lg, lies between Iy and 5, and satisfies |L(lg) N R| =2 and |L(lg) N B| = 2b.

By Lemma 4 and I}, R(lg) N (RU B) has a (2,1)-balanced partition. Hence
the proposition holds. Consequently Claim 1 is proved.

Claim 2. If there exists a line [; such that |L(l;)NR| = 2 and | L(I3)NB| > 3b,
then the proposition follows. Thus we may assume that for every line [ with
|L(l1) N R| = 2, it follows that |L(l) N B| < 3b.

Suppose that there exists a line I1 such that |L(l1) NR| = 2 and |L(l2)NB| >
3b. Then there exists a line I3 in R(l;) such that Iy passes through exactly one
red point and no blue point, |L(I2) N R| = |R(l2) N R| =2, |L(I2) N B| > 3b and
|L(13) N B| = |R(l2) N B| < 2b. By applying Lemma 3 to I3 and I3, there exists a
line I3 that passes through exactly one red point, say x, and no blue point, and
satisfies |L(I3) N R| = 2 and |L(l3) N B| = 3b.

We now consider (L(I3) N (R U B)) U {z}, which contains three red points
and 3b blue points. By Lemma 4, (L(I3) N (RU B)) U {z} has a (2, 1)-balanced
partition, and thus R U B has the desired (2,2, 1)-balanced partition. Therefore
Claim 2 is proved.

Let [ be a line that passes through two red points, say x and y, and satisfies
|L(l1) N R| =1 (see Figure 4). Put L(l1)N R = {#z1} and R(l1)NR = {23, 23}. By
considering a line I} very closed to l; such that L(I{)NR = {z, 21}, y € R(l}) and
L(l13)NB = L(l;) N B, it follows from Claim 2 that |L(l1)NB| = |L(l1) N B| < 3b.
By Claim 2, we have |L(I7)NB| = |R(l1)NB| < 3b, which implies | L(I1)NB| > 2b.
Therefore

2b <|L(l1)NB| <3b and |R(l1) N Bl < 3b. (3)

Let p be any point on /1, and 72 a ray emanating from p such that R(rj) N
L(r3) contains exactly 2b blue points, where r} denotes the ray on l; emanating
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from p and having the opposite direction of I;. By (3), 72 is contained in L(l3),
and so R(r;)NL(rz) is a wedge wdg(rire). We next take a ray r3 emanating from
p such that R(r2) N L(rs) contains exactly b blue points. By (3), 73 is contained
in R(ly), and if R(l2) Ul contains a red point, then r3 must be contained in
R(l2) by Claim 1, and thus R(r2) N L(r3) is a wedge wdg(rar3).

We first consider the case of p = x, that is, we take a point p on z. In this
case, R(rq) N L(rs) is a wedge wdg(rars). If wdg(rars) contains no red point,
then z; is contained in wdg(rirs), and we get the desired balanced partition
wdg(rire) U{y}, wdg(rars) U{z} and wdg(rirs), where wdg(rirs) contains the
two red points z3 and z3. Hence we may assume that wdg(rars) contains at least
one red point when p = .

By moving a point p along [; in its direction from z to a point very far from z,
we can find either (i) a point p; for which r passes through the red point z; and
wdg(rars) contains no red points, or (i) a point py for which r3 passes through
one red point, say 22, and wdg(rars) contains no red point (see Figure 4). Since
wdg(rirs) contains exactly 2b blue points, in each case we can easily obtain the
desired (2,2, 1)-balanced partition.

ri

b blue points
wdg(rar3)

r2
X

wdg(ri*r3)
y

wdg(ri+rz)
2b blue points

I
ri*

Fig. 4. A line [ and rays r1, r{, 2 and r3.

Proposition 2. Let R and B be disjoint sets of 6 red points and 6b blue points
respectively. Then RU B has a (3,2, 1)-balanced partition.

Proof. Unless otherwise stated, we always consider a line that passes through
no point in R U B. We begin with some Claims.

Claim 1. If there exists a line /3 such that |L(l;)NR| = 2 and | L(I1)NB| > 3b,
then the proposition holds. Thus we may assume that for every line [ with
|L(l) N R| = 2, it follows that |L(l) N B| < 3b. By considering {*, we may also
assume that for every line I with |R(I) N R| = 2, it follows that |R(I) N B| < 3b.

Suppose that there exists a line I3 such that |L(l;) N R| =2 and |L(l2)NB| >
3b. By a suitable very small rotation of /1, we may assume that every line parallel
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to I3 passes through at most one point in R U B. Then there exist two lines [
and [3 in R(ly) such that they are parallel to /; and have the same direction
as Iy, |L(l2) N R| = 2, |L(l3) N B| > 3b, |R(I3) N R| = 2, |R(l3) N B| < 3b and
such that each of [ and [3 passes through exactly one red point, in particular,
R(l2) N L(l3) contains no red points.

By applying Lemma 3 to Iy and [3, there exists a line {4 that passes through
exactly one red point, say =, and satisfies |L(l4) N R| = 2 and |L(l4) N B| = 3b.
Then R(l4) contains three red points and 3b blue points, and Q = (L(l4) N (R U
B)) U {a} also contains three red points and 3b blue points. By Lemma 4, Q
has a (2,1)-balanced partition. Hence R U B has the desired (3,2, 1)-balanced
partition. Therefore the claim is proved.

Claim 2. If there exists a line /1 such that |L(l1)NR| = 1 and |L(I2)NB| < b,
then the proposition holds. Thus we may assume that for every line [ with
|L(l) N R| = 1, it follows that |L(I) N B| > b.

Suppose that there exists a line I3 such that |L(l;)NR| =1 and |L(l;)NB| <
b. We now assume that there exists a line Iy such that |L(l2) N R| = 1 and
|L(l2) N B| > b. Then by Lemma 2, there exists a line I3 such that |L(I3)NR| =1
and |L(l3) N B| = b. By considering a very small rotation of I3 if necessary, we
may assume that every line parallel to [3 passes through at most one point in
RUB.

Let l4 be a line that is parallel to I3, pass through exactly one red point, and
satisfy |L(l4) N R| = 2. Then by Claim 1, R(l3) N L(l4) contains at most 2b — 1
blue points, which implies that a line 5 very closed to l4 and lying to the right
of Iy satisfies |(L(l5) NR(I3))NR| = 2 and |[(L(Il5) N R(I3))NB| < 2b. By applying
Lemma 5 to R(l3) N (R U B) and [5, we obtain that R(l3) N (RU B) has a (3, 2)-
balanced partition, which implies that R U B has the desired (3,2, 1)-balanced
partition.

Hence we may assume that for every line [ with |L(I) N R| = 1, it follows that
|L(l)N B| < b.

By Ham-sandwich Theorem, R U B can be partitioned into two balanced
subsets @)1 U @2, each of which contains exactly three red points and 3b blue
points. By Lemma 4 and by the above statement on a line [, the subset Q1
has a (2,1)-balanced partition. Hence R U B has the desired (3,2, 1)-balanced
partition. Therefore the claim is proved.

Claim 3. If there exists a line /; such that |L(l1)NR| = 2 and | L(l2)NB| < 2b,
then the proposition holds. Thus we may assume that for every line [ with
|L(l) N R| = 2, it follows that |L(l) N B| > 2b.

Suppose that there exists a line I3 such that |L(l;) N R| = 2 and |L(l;) N
B| < 2b. By considering a line I3 passing through two red points and satisfying
|L(l2) NR| = |R(I2) N R| = 2, we may assume that |L(l2) N B| > 2b by symmetry.
Thus there exists a line I3 such that |L(l3) N R| =2 and |L(I3) N B| = 2b. Let Iy
be a line that is parallel to I3, passes through exactly one red point, and satisfies
|L(l4) N R| = 2. Then by Claim 1, the number of blue points lying between I3
and l4 is at most b— 1. Hence by Lemma 4, R(I3) N (RU B) has a (3, 1)-balanced
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partition. Thus R U B has a (3,2, 1)-balanced partition, and hence the claim is
proved.

Let [1 be a line that passes through two red points, say x and y, and satisfies
|IL(l1)NR| = 1. Put L(l1)NR = {21} and R(l1)NR = {za, 23, 24}. By considering
a line lf very closed to l; such that L({1)NR = {x, 21} and L(I})NB = L(l1)N B,
it follows from Claims 1 and 2 that 2b < |L(l1) N B| = |L(l}) N B| < 3b, that is,
the following inequality holds:

2 < |L(L)NB| <3b and |R(L)N B| < 4b. (4)

Let p be any point on [y, and 79 a ray emanating from p such that R(r}) N
L(rs) contains exactly 2b blue points, where r; denotes the ray on /; emanating
from p and having the opposite direction of I;. By (4), 72 is contained in L(Iy),
and so R(r;)NL(rz2) is a wedge wdg(rirs). We next take a ray r3 emanating from
p such that R(rs) N L(rs) contains exactly b blue points. By (4), r3 is contained
in R(ly), and if R(l2) Ul contains a red point, then r3 must be contained in
R(l2) by Claim 2, and so R(r2) N L(rs) is a wedge wdg(rars3).

Hereafter, by similar arguments in the proof of Proposition 1, we can prove
Proposition 2.

We omit the proof of the following Proposition 3, but in each case of Propo-
sition 3, we can individually prove it by similar arguments in the proofs of the
above two propositions.

Proposition 3. Let R and B be two disjoint sets of n red points and bn blue
points respectively. If n = 7, then RUB has both a (3, 3, 1)-balanced partition and
a (3,2,2)-balanced partition. If n = 8, then RU B has both a (4,3,1)-balanced
partition and a (3,3, 2)-balanced partition.

Theorem 1 can be easily proved by using Propositions 1, 2, and 3, Ham-
sandwich Theorem and Theorem 3. For example, the existence of a (2,2,2)-
balanced partition is guaranteed by Theorem 3, and a (3,1, 1, 1)-balanced par-
tition is obtained from a (3,2, 1)-balanced partition by applying Ham-sandwich
Theorem to its subset containing two red points and 2b blue points.

We now give a sketch of the proof of Theorem 2 since it is quite long, but it
is similar to the proof given in [5].

Let R and B be two disjoint sets of n red points and bn blue points respec-
tively. Put n = 2k 4+ 1. We prove the theorem by induction on n.

Claim 1. If n=5,7,9, then RU B has a (2,2,...,2,1)-balanced partition.
Thus we may assume that n > 11.

Claim 2. If there exists a line [ such that 5 < |L(I) N R| =t < n —5 and
|L(l) N B| = bt, then RU B has a (2,2,---,2,1)-balanced partition.

We give a proof of Claim 2 since it is short. If the integer ¢ defined in the
claim is odd, then L(I) N (RU B) has a (2,2,---, 2, 1)-balanced partition by the
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induction hypothesis. Since n—t is even, R({)N(RUB) has a (2,2, ..., 2)-balanced
partition by Ham-sandwich Theorem 3. Hence R U B has the desired balanced
partition. If ¢ is even, then we apply the inductive hypothesis to R(I) N (RU B),
and we can similarly obtain the desired partition as above.

Claim 3. Let ¢ be an integer such that 1 < ¢ < k and ¢ # 3. Then for
every line [ with |L(l) N R| = 4, we may assume that |L(l) N B| > bi since
otherwise the theorem holds. Moreove if |L(I) N R| = k, then we may assume
that km < |L(l) N B| < k(m + 1).

Let {3 be a line passing through one red point, say x, such that R(l;) contains
no red point, and [l be a line passes through x and one more red point, say v,
such that |R(l2) N R| = k and |L(l2) N R| = k — 1. Without loss of generality,
we may assume that the direction of Iy is downward. Let r3 be a ray emanating
from x so that R(rq) N L(rs) contains exactly 2m blue points.

Claim 4. We may assume that R(r2)NL(rs) contains at least two red points
since otherwise the theorem holds.

Let r4 be a ray emanating from z such that R(r2) N L(r4) contains as many
as points in R U B subject to R(r2) N L(ry) contains exactly 2i red points and
at most 2ib blue points, and lies in R(l2).

The existence of the above r,4 is guaranteed by Claim 3. By applying similar
arguments given in [5] to these two lines l; and lo, rays r3 and ry, and other rays
emanating from x, we can prove Theorem 2.

2
No re(i/égoints
<« 11
X

k red points
k-1 red points

Fig. 5. Two lines /; and [.
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Abstract. Let A and B be two disjoint sets of points in the plane such
that no three points of A U B are collinear, and let n be the number of
points in A. A geometric complete bipartite graph K (A, B) is a complete
bipartite graph with partite sets A and B which is drawn in the plane
such that each edge of K(A, B) is a straight-line segment. We prove that
(i) If |B| > (n+ 1)(2n — 4) + 1, then the geometric complete bipartite
graph K (A, B) contains a path that passes through all the points in A
and has no crossings; and (ii) There exists a configuration of AU B with
|B| = % + & — 1 such that in K (A, B) every path containing the set A
has at least one crossing.

1 Introduction

Let G be a finite graph without loops or multiple edges. We denote by V(G) and
E(G) the set of vertices and the set of edges of G, respectively. For a vertex v
of G, we denote by deg(v) the degree of v in G. For a set X, we denote by | X|
the cardinality of X. A geometric graph G = (V(G), E(G)) is a graph drawn in
the plane such that V(G) is a set of points in the plane, no three of which are
collinear, and E(QG) is a set of (possibly crossing) straight-line segments whose
endpoints belong to V(G). If a geometric graph G is a complete bipartite graph
with partite sets A and B, i.e., V(G) = AU B, then G is denoted by K (A, B),
which may be called a geometric complete bipartite graph.

In 1996, M. Abellanas, J. Garcia, G. Hernandez, M. Noy and P. Ramos [1]
showed the following result.

Theorem A ( Abellanas et al. [1])  Let A and B be two disjoint sets of
points in the plane such that |A| = |B| and no three points of AUB are collinear.
Then the geometric complete bipartite graph K (A, B) contains a spanning tree
T without crossings such that the mazimum degree of T is O(log |Al).

In 1999, Kaneko [3] improved their result and proved the following theorem.

Theorem B ( Kaneko [3]) Let A and B be two disjoint sets of points in the
plane such that |A| = |B| and no three points of AU B are collinear. Then the
geometric complete bipartite graph K (A, B) contains a spanning tree T without
crossings such that the maximum degree of T is at most 3.

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 187-191, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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It is well-known that under the same condition in Theorem B, there are
configurations of AU B such that K (A, B) does not contain a hamiltonian path
without crossings [2]. Note that the upper bound of the number of crossings
of hamiltonian cycles in K (A, B) is given in [4]. So we are led to the following
problem. Given two disjoint sets A and B of points in the plane such that no
three points of AU B are collinear, if | B| is large compared with |A|, then does
K (A, B) contain a path P without crossings such that V(P) contains the set A?
The answer to the above question is in the affirmative, as we shall see now. We
prove the following theorem.

Theorem 1. Let A and B be two disjoint sets of points in the plane such that
no three points of AU B are collinear, and let n be the number of points in A.
(i) If |B] > (n+ 1)(2n — 4) + 1, then the geometric complete bipartite graph
K (A, B) contains a path P without crossings such that V(P) contains the set A.
(ii) There exists a configuration of AU B with |B| = Tf—; + & — 1 such that in
K (A, B) every path containing the set A has at least one crossing.

In order to prove Theorem 1, we need some notation and definitions. For a set X
of points in the plane, we denote by conv(X) the convex hull of X. The boundary
of conv(X) is a polygon whose segments and extremes are called the edges and
the vertices of conv(X), respectively. For two points z and y in the plane, we
denote by xy the straight line segment joining = to y, which may be an edge
of a geometric graph containing both x and y as it vertices. Let A be a set of
point in the plane, let y be a vertex of conv(A) and let x be a point exterior to
conv(A). Then we say that x sees y on conv(A) if the line segment xy intersects
conv(A) only at y.

Lemma 1. Let R and S be disjoint sets of points in the plane with |R| > |S|
such that mo three points of RU S are collinear. Suppose that there exists a line
in the plane that separates R and S. Let x and y be two vertices of conv(R U S)
such that x € S, y € R, and zy is an edge of conv(R U S). Then in K(R,S),
there exists a path P without crossings such that

(i) the vertex x is an end of P, and

(ii) P passes through all the points in A.

Proof. We prove the lemma by induction on |[RUS|. If |S| =1 or |S| = 2, then
the lemma follows immediately, and so we may assume |R| > |S| > 3.

Let 21 be the vertex of conv(R U S) such that z; € S and zz; is an edge of
conv(R U S) (see Figure 1(b)).

Then we can find two points 23 € S — {z} and z € R such that = can see
both z; and z, and 23z is an edge of conv(RU S — {z}) (see Figure 1(b)). Note
that it may occur that z; = z; and/or z = y. Similarly, we can find two more
points wy € S — {z} and w € R — {2z} such that z can see both w; and w, and
wiw is an edge of conv(RUS — {z, z}) (see Figure 1(b)). Note that it may occur
that wy = 21 (and/or w =y if 2z # y).

We now apply the inductive hypothesis to S — {z}, R— {2}, w; and w. Then
there exists a path P’ in K(S—{z}, R—{z}) without crossings that starts with
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wy and contains S — {z}. By adding two edges w;z and zz to P’, we obtain the
desired path in the lemma.

A={e} B={0}

Fig. 1. (a) A path given in Theorem 1. (b) Figure of proof of Lemma 1.

Now we proceed to prove part (i) of Theorem 1. We may assume that no two
points of AU B have the same x-coordinate. Let a1,as, ... a, be points of §
sorted by their z-coordinate and let /; be the vertical line which passes through
the point a;, 1 < ¢ < n. These n lines separate the plane into n 4 1 regions and
hence they separate the set B into n + 1 disjoint subsets. Assume that these
lines are directed upward. By the assumption, at least one subset contains at
least 2n — 3 points of B. We may assume that one of the regions which contains
at least 2n — 3 points of B is bounded by the lines I; and [;41, 1 < j <n — L.
(The leftmost and rightmost unbounded regions can be treated similarly.) Let
Bj be the subset of B between [; and 11, i.e., |Bj| > 2n — 3. Let [y be the line
between [; and [, satisfying the following conditions:

(i) lo passes through a point by of B; and is directed upward,
(ii) The number of points in B; — {bo} to the left of [y is 25 — 2.

Let By be the subset of B; — {bo} to the left of o, and B, = B; — {bg} — B;.
Then |Bi| = 2j — 2 and |B,| > 2n — 2j — 2. Let A; be the subset of A to the
left of Iy and let A, be the subset of A to the right of ly. Trivially |4;| = j and
|Ar| = n —j. Let t; and t2 be the two rays emanating from by such that t; is
tangent to conv(A4;) at w;, 1 <4 < 2, and ¢; is above t9. Also let t3 and t4 be the
two rays emanating from by such that ¢; is tangent to conv(A4,) at w;, 3 <i <4,
and t3 is above t4. (Notice that since no three points of AU B are collinear, each
ray contains no point of B; U B,..) Let Bf be the subset of B; above the ray ts
and B; the subset of B; under the ray ¢;. Also let B;" be the subset of B, above
the ray ¢4 and B, the subset of B, under the ray ts. Since |B;| = 2j — 2, we
have either |B}f| > j — 1 or |B; | > j — 1, say |B,"| > j — 1. Similarly we have
either |Bf| >n—j—1or |B, | >n—j—1,say |B| > n—j— 1. Consider now
K(BfU{bo}, Ay). Since |B;” U{bo}| > j = |Ai|, applying Lemma 1 and letting
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x = bg, we can find a path R in K (B;r U{bo}, A;) without crossings such that
(i) the vertex bg is an end of R; and (ii) V' (R;) contains A;. In a similar manner,
we can find a path R, in K(B;" U {bo}, A,) without crossings such that (i) the
vertex by is an end of R, and (ii) V(R,) contains A,. Set P = R; U R,.. Clearly
P is a path in K (A, B) without crossings such that V' (P) contains the set A.

In order to show part (ii) of Theorem 1, suppose that n = 4k and all points
of A= {a}} and B = {b}} lie on a cycle in the following order:

0 0 0 0 30 0 1 1 31 11 1
aj, Az, «.., o, by, by, ..., by, ay, a3, by, by, ..., b,
2 2 12 12 2 k-2 k-2 k-2 pk—2 k—2
ai, az, by, bz, ..., by, .. ... ..., a7 S,ay S, b7, by, oL, BT,
k=1 k-1 k=1 k—1 pk—1 k—1 .
ay "y ay o, e ap o, by by, L by (see Figure 2).
O T e,
o °o .
ak’! ° k-1 a,
ki2g k! by, ®
o [
o ® o
a|k710 .ak+2
k=2 0
O b, b, °
fo) o
[e} o
0
Obll\_z bio
a’e o,
- 1
a'k ‘e k-3 1 ‘az
o b, bjo
o o
° b, ©
o
.. 12 ° o,
a
271
%o 0 ° a,

Tt is not difficult to show that |A| = n and |B| = ’1’—2 + % — 1 and that in
K (A, B) every path containing the set A has at least one crossing.

This completes the proof of Theorem 1.
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Abstract. We consider the problem of triangulating a convex polygon
on spheres using n Steiner points that minimizes the overall edge length
ratio. We establish a relation of this problem to a certain extreme packing
problem. Based on this relationship, we develop a heuristic producing 6-
approximation for spheres (provided n is chosen sufficiently large). That
is, the produced triangular mesh is uniform in this respect.

The method is easy to implement and runs in O(n®) time and O(n)
space.

1 Introduction

Given a convex polygon P on the sphere (see Section 2 for the precise definition
for a convex polyhedron used in this paper) and a positive integer n, we consider
the problem of generating a length-uniform triangular mesh for P using n Steiner
points. More specifically, we want to find a set S,, of n points in the closure of
P, and a triangulation of P using S5,, that minimizes the ratio of the maximum
edge length to the minimum one.

In our recent work [2], we considered the case of a convex polygon in the plane
and proposed a 6-approximation algorithm for this problem. In this paper, we
extend the result to spheres.

Although the NP-hardness has not been settled yet, finding an optimal so-
lution for the problem for the convex polyhedron on the plane or the sphere
seems to be difficult, in view of the NP-completeness of packing problems in the
plane, see e.g. Johnson [12], or in view of the intrinsic complexity of Heilbronn’s
triangle problem, see [18].

In order to help understand our problem, it would be noteworthy to consider
one-dimensional analog of the problem. Namely, given an interval on a circle with
specified points on it, place n points in the interval so as to minimize the ratio
of maximum and minimum interpoint distances. On the contrary to the intrinsic
difficulty of the problem dealt with in this paper, one-dimensional problem can
be exactly solved in a straightforward manner although the details are omitted
here. Alternatively, you can imagine a simple greedy procedure that iteratively
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places a new point at the middle of the two consecutive points that are farthest
apart. Let [, denote the minimum interpoint distance for the original point
set. After the minimum interpoint distance becomes smaller than [,;,, the ratio
becomes less than two. Also, as n goes to infinity, the ratio converges to one.
If we are given a line segment instead of an interval of a circle, the problem
essentially remains the same.

Extending this idea to 2-dimensional case, [2] developed a 6-approximation
algorithm for the case of convex polyhedron in the plane. The algorithm by [2]
uses a heuristic called canonical Voronoi insertion which approximately solves
a certain extreme packing problem for point sets within P, i.e., the problem
that asks for a packing of n circles with centers in P such that the smallest
radius is maximum. It has been shown that this heuristic gives a 2-approximation
algorithm for this problem, and that the Delaunay triangulation for the point
set appropriately modified from the solution produced by the algorithm gives a
6-approximation.

The algorithm proposed in this paper is based on the same idea as the one
developed in [2]. We use again a canonical Voronoi insertion for the spherical
region to produce a point set, and output as an approximate solution the convex
hull for the point set appropriately modified from the solution produced by the
canonical Voronoi insertion. The major difference between the algorithm given
by [2] and the one proposed in this paper lies in that (1) we need to carry out 3-D
Voronoi diagram computation for implementing canonical Voronoi insertion, and
(2) in order to establish the approximation result, we need nontrivial arguments
in order to generalize several lemmas given in [2] to spherical surfaces.

Here you may wonder why we use 3-D Voronoi diagram instead of 2-D coun-
terpart for spherical region. Actually, If we use 2-D Voronoi insertion algorithm
for spherical region, we need to use the metric based on the geodesic distance of
the sphere. After obtaining the Delaunay triangulation of the spherical region
(each edge is not a straight line segment, but a minor arc of the great circle
passing through the end points), curved edge is then replaced by a straight
line segment to obtain the final solution. In this case, however, as shown by
Taniguchi [20] the worst-case ratio of maximum and minimum edge lengths be-
comes 2+/10 which is larger than 6. On the other hand, we shall show that based
on 3-D Voronoi diagram, the ratio of the maximum and minimum edge lengths is
at most 6 which matches the bound for the planar case treated by [2]. It will be
shown that the ratio can be improved to 44 ¢ under certain restricted conditions.
The overall running time is O(n3).

We have carried out computational experiments to see the effectiveness of the
proposed method. The computational results show that for all problem instances
that are tested the ratio of maximum and minimum edge lengths is at most 2.
Thus, there is a big gap between theoretical and experimental results. To close
the gap remains as a future research.

Our study of generating uniform triangular meshes on spheres is motivated

by the necessity of designing structures such as triangular trusses of large-span
structures (see Fig. 1), where it is required to determine the shape from aesthetic
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points of view under the constraints concerning stress and nodal displacement.
The study of finding an optimal shape of space structures has been studied by
several researchers [14,15,17]. The truss can be viewed as a triangulation of
points on the curved surface by regarding truss members and nodes as edges
and points, respectively. When focusing on the shape, edge lengths should be as
equal as possible from the viewpoint of design, mechanics and manufacturing.
In such applications, the locations of the points are usually not fixed, but can
be viewed as decision variables. In view of this, it is quite natural to consider
the problem. The paper by Nooshin et al. [14] studied the same problem as
ours, and proposed a heuristic approach based on potential function defined
for every pair of points. The potential is proportional to the inverse of squared
distance. The method by [14] finds a configuration of points minimizing the total
potential by a heuristic method. The approach developed therein is a so-called
local improvement method.

From the practical viewpoints, several other factors have to be taken into
consideration. For instance, (i) the number of distinct edge lengths should be as
small as possible because this will decrease the production cost of members, (ii)
the triangular truss to be designed should possess a certain symmetry property if
the initial design has such property, and etc. Thus, our research can be viewed as
a fundamental one in view of the practical design of optimal triangular trusses.

Fig. 1. Illustration of a triangular truss

The following notation will be used throughout. For two points z and y on
the sphere, let [(x,y) denote their Euclidean distance. The minimum (non-zero)
distance between two point sets X and Y is defined as I(X,Y) = min{l(z,y) |
x € X,y €Y,z # y}. When X is a singleton set {a} we simply write [(X,Y) as
l(x,Y). Note that [(X, X) defines the minimum interpoint distance among the
point set X.



Approximating Uniform Triangular Meshes for Spheres 195

2 Canonical Voronoi Insertion and Extreme Packing

A region on a sphere is convex if for any two points « and v in a region the shorter
arc connecting u and v on a great circle passing through both u and v is inside
the region. A convex region we are concerned with is assumed to be contained
in a hemisphere; more specifically an upper hemisphere (i.e., north hemisphere).
Together with a convex region on a sphere, a set of points (called vertices) on
the boundary of the region is given as an input. Such a convex region together
with boundary points is called a convex polygon on a sphere. Notice that the
boundary edge of a convex polyhedron defined here is not a line segment in 3-D
space but a curved segment. For a given point p on a sphere and a positive
number r, a spherical disk centered at p with radius r on a sphere is a region of
the sphere such that for any point z in the region the Euclidean distance from
the point p to x is at most r. For our purpose, r is assumed to be smaller than
or equal to v/2 times the radius of a given sphere.

In this section, we consider the following extreme packing problem. Let P be
a (closed) convex polygon with vertex set V.

Maximize (VU S,,V US,)
subject to a set S, of n points within P.

In other words, the problem asks for a packing of n disks with centers in P such
that the smallest radius is maximum. We shall give a 2-approximation algorithm
for this problem using canonical Voronoi insertion. In Section 3 we then show
that the point set S,, produced by this algorithm, as well as the triangulation
induced by the upper hull of S,,, can be modified to give an approximate solution
for the problem addressed in Section 1. The algorithm given here is a straight-
forward extension of the one proposed in [2] to the sphere, and thus we omit the
proof of the lemma and the theorem given below.

The algorithm determines the location of the point set S, in a greedy manner.
Namely, starting with an empty set .S, it repeatedly places a new point inside P
at the position which is farthest from the set V U S. The idea of the algorithm
originates with Gonzalez [11] and Feder and Greene [9], and was developed
for approximating minimax k-clusterings. Comparable insertion strategies are
also used for mesh generation in 2D in Chew [8] and in Ruppert [19], there
called Delaunay refinement. Their strategies aim at different quality measures,
however, and insertion does not take place in a canonical manner. Various results
on the size of circle packings are summarized in Fejes Téth [10].

The algorithm is formally described below. It uses the Voronoi diagram of
the current point set to select the next point to be inserted. We assume famil-
iarity with the basic properties of a Voronoi diagram and its dual, the Delaunay
triangulation, and refer to the survey paper [1]. In the following algorithm we
use 3D Voronoi diagram consisting of Voronoi regions. A Voronoi region is a
convex polyhedron in R3.

Algorithm INSERT
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Step 1: Initialize S := 0.
Step 2: Compute the Voronoi diagram (in 3D) Vor(VUS) of V U S.

Step 3: Find the set B of intersection points between edges of Vor(V U S) and
P. Find the set C of intersection points between faces of Vor(V U S) and the
boundary of P. Among the points in BUC', choose the point u which maximizes
l(u,VUS).

Step 4: Put S := SU {u} and return to Step 2 if |S| < n.

Let p; and Sj, respectively, denote the point chosen in Step 3 and the set obtained
in Step 4 at the j-th iteration of the algorithm. For an arbitrary point z € P
define the weight of 2 with respect to S; as w;(x) = I(z,S; UV'). That is, w;(x)
is the radius of the largest disk centered at x which does not enclose any point
from S;UV. By definition of a Voronoi diagram, the point p; maximizes w;_; (z)
over all z € P. Let

dp =1(S, UV, S, UV) (1)

be the minimum interpoint distance realized by .S,, UV. Furthermore, denote by
S} the optimal solution for the extreme packing problem for P and let d;, denote
the corresponding objective value. Its proof is an adaptation of techniques in [11,
9] and contains observations that will be used in our further analysis.

Theorem 1. The solution S, obtained by Algorithm INSERT is a 2-approrimation
of the extreme packing problem for P. That is, d,, > dZ,/2.

Proof. The proof is done by proving the claim that p, realizes the minimum
(non-zero) distance from S, to S, U V. Equivalently, the claim is

wnfl(pn) = Z(Sn, Sn U V) (2)
The remaining part of the proof is given in [2].

Lemma 1. For any set S C P of n — 1 points there exists a point x € P with
Wz, SUV) > d /2.

We have assumed up to now that the vertex set of P is given as an input.
Besides such vertex set, the points inside the polygon are sometimes initially
given. Notice that the above theorem and lemma also hold for this case.

Now we analyze the running time of the algorithm. The dominating part is
the computation of 3D Voronoi diagram which requires O(n?) time ([7]). Since
we have to compute 3D Voronoi diagram O(n) times, the total time is O(n3).

3 Analysis of Approximation Ratio

For the planar case, the algorithm of [2] computes the Delaunay triangulation of
a point set as the final output. On the other hand, for a set SUV of points on P,
we will output the upper part of the convex hull of the set as its triangulation
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(recall that P is contained in the upper hemisphere). Since the convex hull of
S UV is a part of the Delaunay triangulation (DT) in R® of S UV, we shall
denote the upper part of the convex hull of SUV by DT(SUV).

For 1 < j < n, consider the triangulation DT(S; U V). For a triangle A of
DT(S; UV), let L denote the straight line which is the locus of the points with
equal distance from three vertices of A. If L intersects P, A is called non-critical,
otherwise critical.

Lemma 2. No edge e of a non-critical triangle A of DT(S; UV ) is longer than
2-wj_1(py).

Proof. Let e = (p,q) and denote with z the intersection point of L and P. As
x lies inside of P, we get I(z,p) = l(z,q) = wj_1(z). By the choice of point
p; in Step 3 of Algorithm INSERT we have w;_1(z) < w;j_1(p;). The triangle
inequality now implies I(p,q) < 2-w;_1(p;).

Our next observation is on critical triangles. Consider some edge e of DT(S;UV)
both of whose endpoints are on the boundary of P. Edge e cuts off some part
of the Voronoi diagram Vor(S; U V') that lies outside of P. If that part contains
Voronoi vertices then we define the critical region, R(e), for e as the union of
all the (critical) triangles that are dual to these vertices. As observed in [2], it
is not hard to see that each critical triangle of DT(S; U V') belongs to a unique
critical region.

Lemma 3. No edge f of a critical triangle in R(e) is longer than e.

Proof. Let p be an endpoint of f. Then the Voronoi region of p in Vor(S; UV)
intersects e. We can choose point x on the sphere which is inside this region but
outside of P. There is some ball B centered at x which encloses p but no endpoint
of e. So edge e cuts off a part of B which, by « ¢ P, is completely covered by
the the ball B(e) with diameter e. This implies that p lies in B(e). Therefore,
there exists some ball B centered at x which encloses p but no endpoint of e such
that B is completely lies in the ball B(e) with diameter e. Thus p lies in B(e).
Similarly, the other end point ¢ of f lies in B(e) by considering ball centered at
a which encloses ¢. As the distance between any two points in B(e) is at most

l(e), we get I(f) <l(e).

Let us further distinguish between independent edges of DT(S; UV') and depen-
dent ones, the latter type having both endpoints in V. The length of independent
edges can be bounded as follows.

Lemma 4. Fach independent edge e of DT(S; UV) has a length of at least
wj-1(p;)-

Proof. We have [(e) > [(S;,S5; UV) because e has at most one endpoint in V.
But from (2) we know [(S;,S; UV) = w;_1(p;)-
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We are now ready to show how a triangulation with edge lengths related to d,,
can be computed. First, Algorithm INSERT is run on P, in order to compute the
value d,,. We assume than n is chosen sufficiently large to assure d, <1(V,V)/2.
This assumption is not unnatural as the shortest edge of the desired triangulation
cannot be longer than the shortest edge of P. After having d,, available, k& points
Py, ..., D} are placed on the boundary of P, with consecutive distances between
d,, and 3-d,,, and such that [(V’, V') > d,, holds, for V' = VU{p},...,p}.}. Notice
that such a placement is always possible (the proof is omitted here). When the
inner angle Zp;_1p;jpj+1 for three consecutive vertices of V' is larger than or equal
to 60°, we can place points on the boundary so that the consecutive distance
is between d,, and 2 - d, and [(V',V’) > d, holds. Finally, n — k additional
points pj ,...,p, are produced by re-running Algorithm INSERT after this
placement.

For 1 < j < n, let S; = {pi,...,p}}. Define w(x) = I(z,5;, UV) for a
point z € P. The value of w(p],) will turn out to be crucial for analyzing the
edge length behavior of the triangulation DT(S/, U V). Lemma 6 below asserts
that w(p),) gets small when n exceeds a constant multiple of the number & of
prescribed points.

Lemma 5. The area covered by a spherical disk with radius v is equal to wr2.

Proof. Suppose the center of the disk is at the north pole, say IN. The center of
the ball defining the sphere and an arbitrary point on the boundary of the disk
are denoted by O and p, respectively. Let R denote the radius of the ball, and
let v denote the angle /NOp. Then cosa = 1 — 72 /2R?. The area of the disk is
computed by

/ 27 R - Rsin6db = 7r2.
0

This lemma will be used in the proof of the following lemma.

Lemma 6. For any positive constant o > 2, suppose n > ag’—;k. Then w(p!,) <
-ady, .

Proof. The point set S,, produced by Algorithm INSERT in the first run is large
enough to ensure d,, < I(V,V)/2. So we get d,, = w,,—1(p,) from (2). As point
pn, maximizes wy,—1(x) for all € P, the n + |V| spherical disks centered at the
points in S, UV and with radii d,, completely cover the polygon P. Let d,, =1
for the moment. We then have from Lemma 5

A(P) <7(n+|V[) -4 (3)

where A(P) is the area of P, and A’ denotes the area outside of P which is
covered by the spherical disks centered at V.

Assume now w(p;,) > a - d,. Draw a spherical disks with radius §d,, around
each point in S), \ S}.. Since w(p),) = 1(S,, \ S}, S, UV) by (2), these disks are
pairwise disjoint. By the same reason, and because boundary distances defined by
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V' =V US], are at most 3-dy, these disks all lie completely inside P. Obviously,
these disks are also disjoint from the |V'| disks of radius d,, centered at V. Finally,
the latter disks are pairwise disjoint, since dy, < [(V,V)/2. Consequently,

A(P) > %Qﬂ(n k) + A (4)

where A” denotes the area inside of P which is covered by the disks centered
at V. Combining (3) and (4), and observing A’ + A” = 7 - |[V| now implies
n < a?—;k, a contradiction.

Typically, when o = 3, the lemma says that w(p,) < 3d,, if n > 9k/5. It has to
be observed that the number k£ depends on n. The following fact guarantees the
assumption in Lemma 6, provided n is sufficiently large. Let B(P) denote the
perimeter of P.

Lemma 7. The condition d,, < (a® —4)A(P)/(a*n - B(P)) implies n > 2 k.

a?—4
Proof. By (3) we have
A(P)
> ——==—|V].
n> e Vi
To get a bound on k, observe that at most I(e)/d, — 1 points are placed on each
edge e of P. This sums up to

B(P)
dn

k< — V.

Simple calculations now show that the condition on d, stated in the lemma

2
implies n > —3—k.

The following is a main theorem of this paper.

Theorem 2. Suppose n is large enough to assure the conditions dy, < I(V,V)/2
and d,, < A(P)/(2m-B(P)). Then no edge in the triangulation T™ = DT(S] UV )
is longer than 6 - d,,. Moreover, T exhibits an edge length ratio of 6.

Proof. The proof is essentially the same as the one given in [2], but for the
completeness the proof is given. Two cases are distinguished, according to the
value of w(p),).

Case 1: w(p),) < d,. Concerning upper bounds, Lemma 2 implies I(e) <
2-w(pl) < 2-d, for all edges e belonging to non-critical triangles of 7. If
e belongs to some critical triangle, Lemma 3 shows that [(e) cannot be larger
than the maximum edge length on the boundary of P, which is at most 3 - d,,
by construction. Concerning lower bounds, Lemma 4 gives I(e) > w(p),) for
independent edges. (Independence is meant with respect to V/ now). We know
w(py,) > d¥ /2 from Lemma 1, which implies I(e) > d,, /2 because d > d,,. For
dependent edges, that is, edges spanned by V', we trivially obtain I(e) > d,, as
I(V', V") > d, by construction.
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Case 2: w(p),) > d,. The upper bound 2-w(p},) for non-critical triangles now
gives l(e) < 6 - dy, due to Lemmas 6 and 7 with a = 3. The lower bound for
independent edges becomes I(e) > w(p)) > d,. The remaining two bounds are
the same as in the former case.

We do not believe that the ratio given by the theorem is tight as evidenced by
the experimental results given in the following section. The following corollary
states that under a certain condition the result can be strengthened.

Corollary 1. Suppose that we can place the points on the boundary so that
the consecutive distance is between d,, and 2d,, and l(V', V') > d,,, and d,, <

2

A(P)/(z8=3m - B(P)) for some o with 2 < a < 3. Then no edge in the trian-

gulation T = DT(S!, UV ) is longer than -d,. Moreover, T™ ezhibits an edge
length ratio of 2.

Proof. The proof is done in a manner similar to the one for Theorem 2. For Case
1, the edge length is between d, /2 and 2d,. Thus, the edge length ratio is at
most 4. For Case 2, the edge length is at most 2ad,, and thus the edge length
ratio is at most 2« because the edge length is at least d,, in this case as in Case
2 of Theorem 2.

When the inner angle /p;_1p;jp;j41 for three consecutive vertices of V' is
larger than or equal to 60°, we can place points on the boundary so that the
consecutive distance is between d,, and 2 - d,, in order to satisfy d(V', V') > d,.
In this case, we can get a bound 2« which is better than 6 if n is large enough
so that n > -8~k holds.

1
This result also holds for the planar case, and thus strengthens the one given

by [2].

4 Experimental Results

We have implemented the proposed algorithm. We shall show experimental
results obtained by applying the algorithm for the hemisphere with four ini-
tial points on the boundary as shown in Fig. 2. We have tested the cases of
n = 50, 100, 200, 300, 400, 500. The ratio of the longest and shortest edge lengths
for each case is given in Table 1. In the table, for each n, the values ratiol and

Table 1. Edge length ratios for an example.

n 50 100 | 200 | 300 | 400 | 500
ratiol|(2.6342(1.9213]1.9446|1.9567|1.9929(1.9755
ratio2||1.9065|1.9331|1.9546|1.9241|1.9603| 1.967

ratio2 represents the ratio obtained by the first run and the one by the second
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run of Voronoi insertion algorithm, respectively. It is observed from the table
that the edge length ratio is close to 2 which is much better than the worst-case
ratio of 2a for 2 < a < 3 given by Corollary 1. In our experiments, n is much
larger than k (typically k is about 25 for n = 100 and for the hemisphere tested
in our experiments, we can place points on the boundary so that the distances
of consecutive points are almost the same (which is set to 1.5d,, in our exper-
iments). The figures below show the solutions obtained by the algorithm for
n = 50, 100, 500.

s

Fig. 2. Hemisphere and an initial point Fig. 3. Points placed after the first run

set
Fig. 4. Solution obtained by the first Fig. 5. Solution obtained by the second
run (n = 50) run (n = 50)

In order to see why the gap between the theoretical and experimental edge
length ratios is large, the following observation might be helpful. In the proof
of Theorem 2 and Corollary 1, we estimated the lower bound of w(p},) as dJ, /2.
However, we believe that w(p),) is close to d. Also the analysis made in the
proof is loose, which might be strengthened, we hope. These facts may be an
explanation for the big gap.

In applications to optimal triangular truss design, n, the number of points
to be inserted, is not usually fixed. Alternatively, the lower bound of the edge
length, say d, may be given. Consider again the problem of minimizing the edge
length ratio under such constraint. In this case, we can obtain the better edge
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Fig. 6. Another view of Fig. 4 from a
different angle

Fig. 8. Solution obtained by the first
run (n = 100)

Fig. 9. Solution obtained by the second
run (n = 100)

Fig. 10. Another view of Fig. 9 from a
different angle

Fig. 7. Another view of Fig. 5 from a
different angle

Fig. 11. Solution obtained by the first
run (n = 500)
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Fig. 12. Solution obtained by the first
run (n = 500)
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Fig. 13. Another view of Fig. 12 from
a different angle
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length ratio as follows. The algorithm first places the points on the boundary
so that consecutive distances are between d and d and {(V’', V') > d holds (8
is chosen as small as possible, but is at most 3). Here V' is the one defined in
Section 3. Applying the Voronoi insertion algorithm, we then place the points in
P as many as possible as long as the minimum interpoint distance is at least d.
On the contrary to what was described in the previous section, we execute the
Voronoi insertion only once. Then we have the following theorem.

Theorem 3. We assume d < d(V,V)/2 and that the minimum edge length is
at least d. Suppose the points are placed on the boundary so that consecutive dis-
tances are between d and (3d. Then the edge length ratio obtained by the algorithm
described above is at most max{2, 5}.

Proof. Let n denote the number of points that were inserted by the algorithm.
Notice that when (n + 1)-st point is inserted, w(py,+1) becomes less than or
equal to fd. In a manner similar to the proof of Lemma 2, we can obtain [(e) <
2w(pn+1) < 2d for noncritical edge e. For critical edge, the edge length is at
most (#d from assumption. This completes the proof.

5 Extensions and Discussions

We have considered the problem of generating length-uniform triangular meshes
for spheres. The method is easy to implement and seems to produce acceptably
good triangular meshes as far as computational experiments are concerned. We
are interested in obtaining a constant-approximation for the problem of min-
imizing the maximum edge length for which the previous paper [2] gave an
4\/§—approximation for the plane.

Viewed from the point of applications to the design of structures, it is also
important to generate a uniform triangular mesh for more general surfaces such
as a surface of revolution and a ruled surface. A difficulty of generalizing the
result in this paper lies in that contrary to the spherical case (i.e., Lemma 5)
we cannot evaluate good lower and upper bounds for the area of a disk for such
surfaces. We are planning to further investigate the case of such general surfaces.
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Abstract. In this paper we present an algorithm that generalizes Law-
son’s algorithm for transforming any triangulation of a point set into the
Delaunay triangulation. Lawson’s algorithm flips illegal edges into legal
edges. Our algorithm uses lob reductions instead of flips, in a lob reduc-
tion an arbitrary number (possibly zero) of illegal edges are replaced by
a single edge. Our algorithm reaches the Delaunay triangulation of a set
S of n sites in O(n?) time. If the elements of S are the vertices of a
convex polygon our algorithm is very efficient.

1 Introduction

The Delaunay diagram Del(S) of a planar set S of points (called sites) is a par-
tition of the plane in regions whose circumcircles do not contain any site in their
interior. This remarkable property leads to numerous applications of Delaunay
diagrams in surface or volume meshing. If more than three sites are cocircular,
the Delaunay diagram is not a triangulation but a more general inscribable dia-
gram. A diagram D is said to be inscribable if all its bounded regions are convex
and inscribable in a circle, and if the complementary of the convex hull conuv(S)
of the set S of vertices of D is the only unbounded region of D.

The dual diagram of Del(S) is the well known Voronoi diagram Vor(S). The
first optimal construction (in O(nlogn)) of Vor(S) in the plane was given by
Shamos and Hoey [SH75]; they used a divide and conquer algorithm. Fortune
[For87] was the first to construct Vor(S) by sweeping the plane with a straight
line.

Lawson [Law77] has given an algorithm in O(n?) to transform any triangu-
lation into a Delaunay triangulation. His algorithm flips the illegal edges of the
triangulation into legal ones (an edge of a diagram is said to be illegal if its two
open neighbor regions g and h are inscribable and such that g is included in the
open disk w(h) that circumscribes h).

We present here a new algorithm to transform any inscribable diagram into
the Delaunay diagram. Our algorithm uses a polygonal line that sweeps the set
of sites. This polygonal line shrinks when an edge is created and grows when an
edge is deleted. This sweep ends when the line is empty.

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 205-216, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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In section 2 we introduce the notion of a nest of illegal edges: every maximal
open connected set that is the union of illegal edges and of their neighbor regions
is called a nest of illegal edges. We prove that every nest of illegal edges is convex.
Our sweep algorithm starts on the frontier of such nests of illegal edges.

In section 3, we present the basic notion of a lob.

Our algorithm is composed of two procedures which we present in sections
4 and 5. The first one searches a lob and the other one reduces a lob. Our lob
reduction generalizes Lawson’s flip.

In section 6 we prove that, if our algorithm is applied to all the nests of illegal
edges of an inscribable diagram, then the resulting diagram is Del(S).

In section 7 we prove that the complexity of our algorithm is in O(n?) and we
give an example of the worst case. In the special case where all the sites of S are
extremal (i.e., are vertices of the convex hull conv(S)), Aggarwal, Guibas, Saxe,
and Shor [AGSS89] have given a linear algorithm. In this case, our algorithm
remains quadratic in the worst case but has remarkable practical performances.

2 The nests of illegal edges

Let S be a set of sites. The set of inscribable diagrams that admit the sites of .S
as vertices is denoted by Dins(S).

An edge ¢ of a diagram is said to be legal if its two open neighbor regions
g and h are inscribable and such that the vertices of g \ ¢ do not belong to the
open disk w(h) that circumscribes h. If no four sites of S are cocircular, legality
is equivalent to nonillegality.

According to Delaunay [Del34], Edelsbrunner [Ede87], and Schmitt and Speh-
ner [SS99] the Delaunay diagram Del(S) is the only diagram of Dins(S) without
illegal edges and, if all the sites of S are extremal, the farthest point Delaunay
diagram Del_;(S) is the only diagram of Dins(S) without legal edges.

In a diagram D of Dins(S), every vertex s of a nest H of illegal edges is an
extremal point of the closure of H. This is trivial if no illegal edge is issued from
s and is easy to prove by induction on the number of illegal edges issued from s
(see figure 1.a). Hence the following theorem:

Theorem 1. FEvery nest of illegal edges H of an inscribable diagram D is convex
and the restriction of D to the set T of the vertices of H is a refinement of
Del_l(T).

3 The lobs of a polygonal line

Let L = (s1, ..., $m) be a simple (oriented) polygonal line such that all the sites of
L are not cocircular. Let I = (s, ..., s;) be a section of consecutive cocircular sites
of L such that, for all k € [i, j—2], sg42 lies on the left of the straight line s sgy1;
let @w(l) be the closed disk that circumscribes [ and leftof(s;s;+1) the half-plane
lying on the left side of the straight line s;si41. If s;_1 ¢ W(l) Nleftof(sisit1)
(¢ >1) and sj1 ¢ w(l)Nleftof(sj—1s5) (j < m) then lis called a lob (see figure
1.b).
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JOTEN ST )

Fig.1. (a) The gray region is a nest of illegal edges. (b) The lob ! = (s, ...,s;) of
the polygonal line (s1, ..., $m). (c) The lobs (pk,t,71) and (rm, s,p1) determined by the
deletion of the illegal edge st.

Theorem 2. A simple and closed polygonal line whose vertices are not cocircu-
lar admits at least two lobs.

Proof. The constrained Delaunay diagram (see Chew[Che89] and Lee and Lin
[LL86]) of a simple and closed polygonal line L, whose vertices are not cocircular,
admits at least two regions that have only one edge that does not belong to L.
Fach of these regions defines a lob of L. O

4 The lob reduction

It is straightforward to prove the following lemma which shows that the deletion
of an illegal edge determines a lob (see figure 1.c).

Lemma 1. Let st be the common edge of two inscribable polygons sp; ...pxt and
tri..mms in a diagram D such that the sites py, ..., px lie on the right side of st.
If st is illegal and if the sites $,p1, ..., Pk, t,T1, .., ' are not cocircular, then the
triples (pr,t,r1) and (T, S,p1) are two lobs of L = (8,1, ey Pkyty 1y ooy Tim)-

Let [ = (s, ...,t) be a lob of a polygonal line L of a diagram D.

An edge pq of [ is said to be illegal within [ if the open region h of D that
lies on the right side of the straight line pq is inscribable and included in w(l).

The elementary lob reduction of I consists in the creation of the edge st
when no edge of [ is illegal and in the deletion of all illegal edges within [ in the
opposite case.

In this case, by lemma 1, at least one new lob is determined. More precisely,
let I =(s,...,8',p,q,r,...,t) be alob of a polygonal line L = (81, ..., 8, ..., t; e, Sm)
in a diagram D and suppose that the region pp;...p;q of D that lies on the right
side of the straight line pg and the region gq...gjr of D that lies on the right
side of the straight line gr are inscribable. We now define a lob I’ in three cases:
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Case 1: p = s, pq is illegal (i.e., p1 € W(l)) but ¢r is not illegal (i.e., ¢1 ¢ w(l)).
Then, by lemma 1, I' = (p;,q,r) is a lob of

L'= (Sla ey Sy ey Dy DLy oDy @5 Ty ey Ty oy STI'L)'

Case 2: p = s, pq and gr are illegal (i.e., p1 € @W(l) and ¢; € @W(l)). Then, by
lemma 1, I' = (p;,q,q1) is a lob of

L, = (31: 3850, P15 ---Piy 4,415 -+, 45, T, “‘JtJ "'asm)'

Case 3: p ¢ {s,s'} and pq is the first illegal edge of I. Then, by lemma 1,
I"=(s',p,p1) is a lob of

L'= (517 sy 85y 3,7p7p17 wDis Ty ey by sy Sm)'
I' is called the first lob generated by the elementary lob reduction of 1.
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Fig. 2. (a) The first elementary lob reduction deletes the edges tp; and trs. (b) The
second deletes tps and trs. (c) The third deletes tps and tr2. (d) The fourth deletes tp4
and the fifth creates the edge r1p3. The polygonal line L = (8,p1, ..., Pa,t,T1, ..., Ta, t')
is not convex: p1 and p» are exceeded concave sites and r3 is a stopping concave site.

Let I1,1s, ...,1; be a sequence of lobs such that, for every i € {1,...,k—1}, the
elementary reduction of I; deletes at least one edge and generates the first lob
l;i+1 and the elementary reduction of I, creates one edge. Then the sequence of
the elementary reductions of ly,ls, ..., I; is called a lob reduction (see figure 2).
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5 The lob searching strategy

Our lob searching strategy is based on the notion of contracting polygonal line.

A polygonal line L = (sy, ..., $m) is said to be contracting if, for every i €
[1,....,m — 3], s;4+3 lies on the left side of the polygonal line (si,...,8i+2) and
belongs to the closed disk @(s;, $it1, Si+2)-

A contracting polygonal line K = (s1,...,84,D,¢,...,7) is simple and admits
a unique lob ! and this lob is terminal. Moreover, if no edge of [ is illegal, then
the lob reduction of / transforms K into a new contracting polygonal line.

The deletion of an edge can generate a non-interesting lob.

Let K = (s1,..., 8, S, ¢, ..., t') be a contracting polygonal line that admits la =
(s,t,...,t') as a terminal lob. If during the lob reduction of la the edge st is deleted
and if the region sp...p't that lies on the right side of st is such that the terminal
lob Id = (w, ..., 8k, 8) of (s1, ..., 8) is also a lob of K’ = (s1, ..., 8k, $, P, ..., p', t) and
p ¢ w(ld), then the lob Id is said to be exceeded and st is called the revealing
edge of Id (see figure 3.a).

In this case ws is not an edge of Del(S) since every circle passing through w
and s contains either s; or ¢’ in its interior, therefore we do not reduce the lob
ld.

A site g of L is said to be concave (resp. convex) if his neighbor sites p and
r are such that r is on the right (resp. left) side of the straight line pg and the
bounded region H delimited by L is on the left side of pgq and qr.

If w and s are consecutive concave sites of L, Id = (w, s) is called a degener-
ated exceeded lob and w(ld) denotes the half-plane that lies on the left side of
sp. Moreover ld = (w, s) is also a (degenerated) contracting section of L.

A polygonal line K that is the product of contracting sections Kj,...,K}, such
that the terminal lobs of K3 ,...,Kj_1 are exceeded lobs of K is called a piecewise
contracting polygonal line.

After the selection of an initial site and a search direction, our lob searching
strategy is to keep the section of L between the initial site and the last site of
the current lob piecewise contracting.

6 The planarity problem

If P is a convex polygon, the graph constructed by the algorithm is planar
because the current polygonal line remains convex.

When the algorithm is applied to a nest of illegal edges of a diagram of
Dins(S), the initial polygonal line is convex by theorem 1, but during the algo-
rithm the current polygonal line may become non-convex.

If, after the deletion of an edge st of L, s becomes concave, s is called an
exceeded concave site of L, and if ¢ becomes concave, t is called a stopping
concave site of L (see figure 2.d).

After an elementary reduction of a lob [ = (s, ...,t), only s and ¢ may become
concave.

The following lemmas are useful to prove that the constructed graph is planar.
The proof of the first lemma is straightforward.
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(b)

Fig. 3. (a) After the deletion of st, Id = (w, s’, s) becomes an exceeded lob. (b) What
our algorithm is not supposed to do: the edge s1ss that closes the lob (s1, s2, s3) cuts
the current polygonal line L and the concave sites s7, sg and s10 belong to the created
region.

Lemma 2. Every edge that does not belong to the current polygonal line and
that has been visited during a sequence of lob reductions is legal relatively to the
current graph.

Lemma 3. An edge deleted by a lob reduction cannot be re-created by another
lob reduction.

Moreover, if the lob reduction is applied to a nest H of illegal edges, each
created edge cuts H .

Proof. (i) We generalize the proof given by Fortune [For92] for the flip algorithm
which maps the sites of the current diagram D onto a paraboloid in dimension
3. Every edge st of D is mapped to the line segment A(st) = A(s)A(t) and every
inscribable region f of D to a planar face A(f): A(D) is a polyhedral surface.

A legal (resp. illegal) edge st is then mapped to a convex (resp. concave) edge
A(st) of A(D) (see figure 4.a). Let D' be the diagram obtained by the deletion
of the edge st, then A(st) lies above the surface A\(D’) and this remains true for
every diagram obtained from D’ by lob reduction. Hence st cannot be re-created
by another lob reduction.

(ii) It follows from (i) that, if s and ¢ are sites of D such that the line segment
st crosses only legal edges of D, A(st) lies above the surface A\(D) and st cannot
be created by lob reduction. O

Lemma 4. Let L be a polygonal line such that the section L' of L between
the initial site and the last site of the current lob is piecewise contracting, let
ld = (w, ..., s) its last exceeded lob and st its revealing edge and suppose that the
graph D remains planar until the current lob reduction. If the section K of L
between s and the last site of the current lob does not admit any exceeded lob,
then K is a contracting line and has the form

K= (8,]?1, Py T, "'7Tj)

where p1 € w(ld), p1,...,p; are on the right side of st, and rq,...,r; are on the
left side of st and belong to w(ld).
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(a) ()
Fig. 4. (a) An illegal edge is mapped to a concave edge. (b) R C w(ld) Nleftof(st).

Proof. (i) During the lob reduction which deletes the edge st and reveals the
exceeded lob Id, other edges having ¢ as endpoint can be deleted and an edge
pir1 is created. After this reduction, K has the form (s, p1,...,pi, 71, ...,7;) where
p1 & w(ld), p1,...,p; are on the right side of st and r; lies on the left side of st.

Since, by lemma 3, no edge between two sites on the left of st can be created,
this remains true after every new lob reduction which preserves the lob Id and
does not create any other exceeded lob.

(ii) We prove now that R belongs to w(ld) Nleftof(st) (see figure 4.b).

By lemma 2, for any point z in the triangle p; 1p;r1, the line segment 2zt does
not cut an illegal edge. Hence, by Delaunay’s proof [Del34] (see also [SS99]),
t ¢ W(pi—1,pi,r1). Since K is contracting, s ¢ w(p;—1,p;,71) and

R={r1,...,r;} CwW(pi-1,pi,m1) Nleftof (pir1).

Let D be the graph before the deletion of the edge st. There exists a polygonal
line P in D passing through the sites of R. Since D is planar, P cannot cut
the edge st. But this edge cuts twice the circumscribing circle of p; 1p;r; and
R Cw(p;_1,pi,r1)- Thus R C leftof(st) and

R Cw(pi—1,pi,m1) Nleftof (st, pir1) Cw(s,pi,r1) Nleftof (st).
Since t € w(ld) \ @W(s,pi,m1) and p1 € W(s,pi,r1) \ w(ld),
R Cw(s,pi,r1) Nleftof(st) C w(ld) Nleftof(st).
O

Lemma 5. Let K be the piecewise contracting section of L between the initial
site and the last site of the current lob, let ldy, ...,ld, be the exceeded lobs of K
and sity, ..., Spty their respective revealing edges and suppose that the graph D
remains planar until the current lob reduction.

Then K has the form

(Sinita vy 815003 Shy P15 -y D45 T, "'arj)
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I

(b)
Fig. 5. (a) The case with sz on the left side of sit1. (b) The case with s2 on the right
side of s1t;.

where p; ¢ w(ldy), the points pi,...,p; are on the right side of sptp, and the
points ri,...,r; are on the left side of sit1, ..., sty and inside the intersection of
the disks w(ldy), ..., w(ldy).

Proof. (i) The case h=1 has been proved by lemma 4. We now prove the result
for h=2.

Case 1: 55 lies on the left side of s1t; (see figure 5.a).
In this case, by the proof of lemma 4 applied to lob ld; before the deletion

of the edge sote, K' = (s1,p}, ., Pl T1, - Th, S2,12) i & contracting line with

{rl, 1y, 82} Cleftof (sit1), t1 & w(pl_1,Py,71), 51 ¢ w(py,_y, P, 1) and
@(p), 1Py r}) N leftof (sity, prh) C wlldy) Nleftof(sity) (1).
Moreover, since lds is a section of K’,
w(ldz) Nleftof (py,ry; -, Ty, 82) CW(WPy_1, Py, 1) Nleftof (pyri) (2).
By the same proof applied to lob Idz, K has the form
(Sinits -y S15 D1y ooy Pays Ty ey Tays 825 DLy wovs Pis 1y -vy T5)
where p; ¢ w(ldy), the points py, ..., p; are on the right side of s,ty, and
R = {ri,...,r;} Cw(ldy) Nleftof(sata) (3).

Since the vertices of L are all distinct, RN {pl,,r{,..., 7,82} = §. Moreover,
since the current graph is planar, the polygonal line (r1,...,7;) cannot cut the
line (pl,,71,-.-,75,82). Thus R C leftof(pl,,r],.--, ), S2) and, by (2),

R Cw(p, 1,py,71) Nleftof(p,ry) (4).

Let D be the graph before the deletion of the edge sit;. There exists a
polygonal line P in D passing through the sites of R. Since D is planar, P cannot
cut the edge s1t1. Since the edge s1t; cuts twice the circle which circumscribes
Pu—1P,r1, R Cleftof(sit1) (5).

Hence, by (1), (3), (4), and (5), R C w(ld1) Nw(ldz) Nleftof (sit1, s2t2).
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Case 2: s lies on the right side of s1t; (see figure 5.b).

We prove first that to also lies on the right side of s1t;. Otherwise, if ¢ is
the neighbor of sy in the region of D on the right of sots, the polygonal line
(s1,---, 82,4, --, t2) is contracting. This proves that the deletion of syts cannot
reveal an exceeded lob and that two revealing edges do not intersect.

By the proof of lemma 4 applied to lob Ids , K has the form

(Sinits s S15 P15 ey 82, D1y ey Dis T1y oees T'j)
where p; ¢ w(ldy) (resp. pi ¢ w(ldy)), p1, ..., p; are on the right side of sats,
R ={ri,...,r;} CwW(pi—1,pi,r1)Nleftof (pir1) C W(s2,pi,r1)Nleftof (pir1) (6),
R C@(s2,pi,r1) Nleftof(sata) C w(ldz) Nleftof(sat2) (7),

and t2 ¢ w(pi_l,pi,rl). Similarly tl ¢ w(pi_l,pi,rl).

Since ldz is the terminal lob of the contracting section (s1,pi,...,s2) of K,
s1 ¢ w(ldy). Thus 81 ¢ w(pPi—1,Ppi,r1)-

Since by lemma 3 no edge between two sites on the left of s;¢; can be created,
the edge p;r1 which cuts sat2 also cuts sit;. Thus vy € leftof(s1t1). Moreover,
by the proof of case 1, we have R C leftof(si1t1) (8).

s1 ¢ w(ld2) and (7) imply that s; ¢ w(s2,ps,71)- Therefore, by (6),

R CW(s2,pi,r1) Nleftof(pir1) C w(sz,s1,t1) Nleftof (pir1) (9).

Before the edge s1t; has been deleted, t;1p] was a legal edge of D. Thus
s2 ¢ wW(pY,s1,t1) and pj € W(s1,82,t1) \ w(ldy). Since t1 € w(ldy) \ W(s1, s2,t1),

w(s1,8,t1) Nleftof(sit1) C w(ldi) Nleftof(sit1) (10).

Hence, by (7), (8), (9), and (10), R C w(ld1) Nw(ld2) Nleftof(sit1, sat2).

This result remains true in the special cases when t; = t2 and when Id; (resp.
ld») is degenerated.

(if) The general case follows by induction on the number A of lobs. O

Lemma 6. If, during the reduction of a lob la = (u/, ...,u,v), the last edge uv is
deleted and v becomes a stopping concave site, then as long as v remains concave,
v does not belong to any created region.

Proof. (i) If all the edges deleted during the lob reduction of la = (v/, ..., u,v)
share u as endpoint, the sites p, ..., p; inserted between u' and u lie on the right
side of u'v, the sites ry,...,r; inserted between u and v lie on the right side
of uv and the created edge p;r; is such that w(u,p;,r1) does not contain any
of w',p1,...,pi,71,...,7; and v. Hence w(u, p;,r1) and the created region do not
contain v (see figure 6).

In the opposite case, the created region lies on the right side of u'u and does
not contain v.

(ii) If the last created edge cuts wwv, the next edge also cuts wv. Indeed,
the endpoints of the next lob [ also lie on each side of uv since, by lemma 3,
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(b)
Fig. 6. The created edges cut uwv.

the algorithm cannot build any edge on the right side of wv. Moreover the lob
reduction algorithm cannot go beyond v before v turns back to a convex site.
Hence, the next region created does not contain v. O

Theorem 3. If the lob reduction algorithm is applied to the boundary of a nest
of illegal edges of an inscribable diagram, then the resulting graph is planar.

Proof. By lemma 6, every created region does not contain any stopping concave
site. Hence, we only have to prove that the created regions contain no exceeded
concave site.

Suppose that the graph remains planar before the reduction of the current
lob. For every created edge pr, the created region f lies on the right side of pr.
If s is an exceeded concave site, s is the last site of an exceeded lob Id whose
revealing edge is st. By lemma 5, either pr cuts st and s lies on the left side of
pr or f C w(ld), but s ¢ w(ld). Thus the created region does not contain any
exceeded concave site. Therefore, the resulting graph is also planar. O

Theorem 4. If the lob reduction algorithm is applied to all the nests of illegal
edges of a diagram D of Dins(S) then the resulting diagram is Del(S).

Proof. Indeed, after processing all the nests of illegal edges of D, the resulting
diagram does not contain any illegal edge and therefore is Del(.S). O

7 Complexity of the lob reduction algorithm

Theorem 5. Let S be a set of n sites and D a diagram of Dins(S), then our
algorithm which transforms D into the Delaunay diagram of S has O(n?) worst
case running time.

Proof. (i) The construction of the nests of illegal edges is linear in the number
of illegal edges, that is O(n).

(ii) Since, by lemma 3, the lob reduction algorithm cannot recreate a deleted
edge, it cannot determine twice the same lob and thus, we can attribute to
every edge a constant number of operations. Since the complete graph having
S as set of vertices admits O(n?) edges, the complexity of our algorithm is in
O(n?). This bound can be reached as shown in figure 7. A quadratic exemple



The Construction of Delaunay Diagrams by Lob Reduction 215

with only extremal sites can also be given, but it is hard to distinguish the sites
on the figure. Other examples can be found in Hurtado, Noy, and Urrutia (see
[HNU99]). O

(b) i

Fig. 7. The illegal edges in figure (a) are dashed. Our algorithm transforms the dia-
gram (a) into the Delaunay diagram (b) in O(n?) time if the nests of illegal edges are
processed from right to left. Note that this time is in O(n) when the nests are processed
from left to right.

We ran our algorithm on sets of up to 100,000 extremal sites. The number
of deleted edges is close to 2?”, the number of incircle tests is about 7n and the
computing time is about 2.2 x 1075n seconds. We have also run an adaptive
divide and conquer algorithm [AES96] and a flip algorithm that started with
Del_1(S) with the same set of sites. For 50,000 extremal sites, the divide and
conquer algorithm ran in 250 s, the flip in 420 s and our algorithm in 1,05 s
(with the same optimizations and on the same workstation).

We have also run our algorithm on Delaunay diagrams in which we had
flipped about % edges. The computing time appeared to be quadratic and took
about 100 s for 100,000 sites.

8 Conclusion

We have presented an algorithm for constructing the Delaunay diagram of a set
S of n sites. This algorithm can be applied either to all the nests of illegal edges
of an inscribable diagram of S or to a set S of extremal sites. It has O(n?) time
complexity. If all the sites of S are extremal, it has good practical performances.
Moreover, these theoretical and practical performances also hold for the dual
construction of the farthest point Delaunay diagram.

Our algorithm can be applied to Fortune’s sweep—line algorithm [For87]. We
remove both the dictionary that manages the wave front and the priority queue
that manages the events that close regions, and we obtain a lazy algorithm that
uses the lob reduction algorithm to update the front. This lazy algorithm is in
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O(n?) time (see theorem 5) and therefore is not optimal but it works faster
than Fortune’s algorithm when applied to sets of 100,000 sites (see [Kau99]).
Moreover, it is more robust by using exact computations since its degree is 6
rather than 20 (see [BP97]).

Finally the generalization of our algorithm to the 3—dimensional space seems
to be a very interesting problem.
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Abstract. In this paper, we present several geometric transformations,
sometimes called contractions in graph theory, in plane triangulations.
Those transformations can be applied for several formalizations of geo-
metric properties (ex. the number of acute triangles) in plane triangu-
lations since they are restricted only for a local region (some adjacent
triangles). We refer to such an application slightly.

1 Introduction

We consider only simple plane graphs, that is, graphs with no loops and no
multiple edges embedded in the plane so that any two edges do not cross except
their ends. A plane triangulation is a plane graph with each face triangular. For
a plane graph G, we denote its vertex set, edge set and face set by V(G), E(G)
and F(G), respectively. We denote the minimum degree of a graph G by §(G).
A k-cycle means a cycle of length k. We say that S C V(G) is a k-cut if |S| =k
and the graph G — S is disconnected. Note that the k vertices in a minimal k-cut
in a plane triangulation G lie on a common k-cycle C. In this case, we say that
C is a separating k-cycle and each edge e € E(C) is contained in a k-cut. The
interior of C' is denoted by Int C' and the set of the vertices in Int C is denoted
by V(Int C).

Let G be a plane triangulation and let e be an edge of G. Contracting e (or
contraction of €) in G is to remove e, identify the two ends of e and replace two
pairs of multiple edges by two single edges respectively, as shown in Fig. 1. It is
well-known that every plane triangulation can be transformed into a tetrahedron
by a sequence of contractions of edges [6].

For plane triangulations with minimum degree > 4, the following theorem is
known. The removal of an octahedron is an operation shown in Fig. 2.
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A/

Fig. 1. Contraction of an edge e Fig. 2. Removal of an octahedron

kT

Fig. 3. Contraction of a triangle zyz

Theorem 1. (Nakamoto and Negami [5]) Every plane triangulation can
be transformed into an octahedron by a sequence of contractions of edges and
removals of an octahedron, preserving the minimum degree > 4.

Moreover, it is known that every 4-connected plane triangulation can be
transformed into an octahedron by a sequence of contraction of edges, preserving
the 4-connectedness [2]. (A related result can be found in [4].)

Let G be a plane triangulation and let zyz be a face of G. Contraction of
a triangle xyz (or contracting xyz) is to remove three edges zy,yz and zz, to
identify three vertices z,y and z into a single vertex and to replace three pairs
of multiple edges by three single edges respectively, as shown in Fig. 3. In this
paper, we deform triangulations by contractions of triangles.

The following two are our main results:

Proposition 1. Every plane triangulation can be transformed into a tetrahedron
by a sequence of a contraction of a triangle and a remowval of a vertex of degree

3.

Theorem 2. Every 4-connected plane triangulation can be transformed into an
octahedron by a sequence of contraction of a triangle and a contraction of an
edge incident to a vertex of degree 4, preserving the 4-connectedness.

Remark that in Proposition 1 and Theorem 2, only contracting triangles are
not enough to transform all triangulations into a tetrahedron and an octahedron,
preserving the connectivity. Consider a plane triangulation G obtained from any
plane triangulation T" by adding a vertex of degree 3 into each face. Every triangle
f in G contains an edge e of T'. Thus, the contraction of f contracts e, but e is
contained in at least two separating 3-cycles in GG. Thus, every contraction of a
triangle yields multiple edges. And consider a 4-connected plane triangulation G’
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) y

w w

Fig. 4. Subdividing a face by a path of length ¢t > 3

obtained from any plane quadrangulation @) (i.e., a plane graph with each face
quadrilateral) by putting a path vivs -« - vy of length ¢ > 3 into each face zyzw
of @ and adding edges zv1, zv; and vy, v;w for ¢ = 1,... ¢, as shown in Fig. 4.
In G, every triangle has an edge included in at least two separating 4-cycles.
Thus, contracting any triangle transforms G’ into a graph with a 3-cut.

It is easy to see that each transformation is restricted only for a local region
(a few vertices, edges and triangles). So, it preserves not only combinatorial
structures but also geometric properties for the other regions. For example, by
using Theorem 2 the authors proved that every 4-connected plane triangulation
with m finite faces other than an octahedron has a straight-line embedding in
the plane such that (m + 3)/2 faces are acute triangles [3] (it has been shown in
[1] that every plane triangulation with m finite faces can be drawn in the plane
so that [m/3] of their faces are acute), and the proof of Theorem 2 has also
included in [3]. Proposition 1 and Theorem 2 themselves seem to be interesting
and strongly expected to be used to give several formalizations of geometric
properties in plane triangulations.

2 Proofs

Let G be a k-connected plane triangulation and let e and xyz be an edge and a
face of G, respectively. (It is well-known that 3 < k < 5 since any triangulation
is 3-connected and any plane graph has a vertex of degree at most 5.) We say
that an edge e (resp., a triangle xzyz) is k-contractible if the graph, denoted
by G/e (resp. G/xyz), obtained from G by contracting e (resp. zyz) is still a
k-connected plane triangulation.

Lemma 1. Let G be a 4-connected plane triangulation and let vovivs be a tri-
angle of G. Then vovivs is not 4-contractible if and only if for some ¢, v;v;y1 is
contained in a 4-cycle C separating a component T with V(T') # {viy2} from G,
where the subscripts are taken modulo 3.

Proof. The sufficiency is obvious and hence we show the necessity. Since vou; vy
is not 4-contractible, G /vgv1v2 has a separating 3-cycle C. Clearly, the vertex
[vov1v2] € V(G /vgurvs) arising from contracting vovivs in G lies on C. Thus,
we can put C' = [vgvive]ab for some vertices a,b € V(G /voviv2) \ {[vovive]}.
Obviously, C' corresponds to some separating 4-cycle C' in G through a,b €
V(G) —{vg,v1,v2}. If we suppose that C' = vyv,ab, then neither of components
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of G — C' is one vertex v, since vy € V(G) corresponds to the vertex [vovivs] €
V(G /vov1v2) on C. Thus, the lemma follows.

Mimicking the proof of Lemma 1, we can show the following lemma by a
suitable modification.

Lemma 2. Let G be a plane triangulation and let vovivs be a triangle of G.
Then vovive is not 3-contractible if and only if for some i, v;v;+1 is contained
in a 3-cycle C separating a component T with V(T') # {viy2} from G, where the
subscripts are taken modulo 3.

Now we prove Proposition 1 and Theorem 2:

Proof of Proposition 1. Let G be a plane triangulation other than a tetrahe-
dron. If G has a vertex v of degree 3, then remove v. So, we suppose that §(G) >
4. If G is 4-connected, then every triangle bounding a face is 3-contractible,
by Lemma 2. Thus, assuming G has a separating 3-cycle C = zyz, we shall
show that there exists a 3-contractible triangle in the interior of C. We may
also assume that C' is minimal, that is, there is no other separating 3-cycle in
(Int C) U C. Consider a face zyv in (Int C) U C, where v € V(Int C). Let vzp
be a face in (Int C') U C sharing the edge vz. If p = z, then by the assumption
of C, p has degree 3, which is contrary to the minimum degree of G. Thus, we
have p # z. Here we claim that the triangle vzp is 3-contractible. If not, then by
Lemma 2, some edge of vzp would be contained in a separating 3-cycle. However,
since the triangles vzp and zyz share just one vertex, such a 3-cycle is included
in (IntC) U C, which is contrary to the minimality of C.

Proof of Theorem 2. It suffices to prove that if G is a 4-connected plane
triangulation other than an octahedron, then G has a 4-contractible edge incident
to a vertex of degree 4, or a 4-contractible triangle. Since G is 4-connected, G
has no vertex of degree less than 4.

Suppose that G has a vertex v of degree 4. Let vy,v2,v3 and vy be the four
neighbors of v in this cyclic order. If vv; is not 4-contractible (i.e., G/vv; has a
3-cut), then G has a 4-cycle vvy zvs for some z € V(G) \ {v,v1,...,v4}. Without
loss of generality, we may suppose that vy is in the interior of the cycle vvizvs.
Similarly, if vvs is not 4-contractible, then we can find a 4-cycle vvsyv, for some
y € V(G)\ {v,v1,...,vs}. By Jordan Curve Theorem, any two closed curves in
the plane cannot cross at only one point, and hence we have x = y. In this case,
the graph induced by {v,v1,vs,vs,v4,2(= y)} is isomorphic to an octahedron.
Since G is 4-connected, G must be an octahedron, which contradicts to the
assumption. Thus, at least one of the edges vv; or v, is 4-contractible.

Now we consider the case when G has no vertex of degree 4. By Lemma 1,
if G is 5-connected, then every triangle is 4-contractible, and hence we suppose
that G has a separating 4-cycle C = zyzw. Choose C' to be minimal, that is,
there is no other separating 4-cycle in (Int C') U C. Let vay be a triangular face
in (Int C)UC, where v ¢ V(C) since C is a 4-cut. Let pvz be a face in (IntC)UC
sharing vx with the face vzy. Note that p ¢ V(C) since C is minimal or since G is
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Fig. 5. Structure of F'

4-connected. (See Fig. 5.) Now we claim that the triangle pvz is 4-contractible.
To do so, we have only to check, by Lemma 1, that each of pv,vz, pz is not
contained in a separating 4-cycle.

For getting a contradiction, we first suppose that the edge pv lies on a sepa-
rating 4-cycle C'. We may suppose that C’ is not contained in (IntC') U C. (For
otherwise, C' would not be minimal, a contradiction.) Observe that neither p nor
v are adjacent with z. (For otherwise, i.e., if p is adjacent with z, then zpzy
would be a separating 4-cycle, contrary to C' being minimal.) Thus, we have
C" = pvyw. However, if so, then zyw would form a 3-cycle of G. This implies
that zyw is a separating 3-cycle or the degree of z is exactly 4, contrary to G
being 4-connected or §(G) > 4.

For the edges zv and xp, we have only to consider the case when zv lies
on some separating 4-cycle C" = zvab for some a,b € V(G) — {z,v}. We may
assume that C" is not contained in F', by the minimality of C. Since v is not
adjacent to z by the same argument as above, the vertex a on C" is in Int C.
Since C" is separating, we have ay ¢ E(C"). We also have aw ¢ E(C") since
C" is minimal. The remaining possibility is that az € E(C") and C" = wzvaz.
Since a quadrilateral vazy cannot be a separating 4-cycle by the minimality of
C, it has a diagonal either vz or ay. If vz € E(G), then G would have a 3-cut
{z,v, 2}, and if ay € E(G), then {z,y, 2} would be a 3-cut, or the degree of y
would be exactly 4. In both cases, we have a contradiction. Thus, the face pvx
is 4-contractible.
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Separation Sensitive Kinetic Separation
Structures for Convex Polygons

David Kirkpatrick and Bettina Speckmann
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Abstract. We extend the kinetic data structure for collision detection
between moving simple polygons introduced in [14] to incorporate a hi-
erarchical representation of convex chains. This permits us to define and
maintain an adaptive hierarchical outer approximation for convex poly-
gons. This representation can be exploited to give separation sensitive
complexity bounds for kinetic collision detection comparable to those of
Erickson et al. [11] who deal with pairs of convex polygons. More impor-
tantly, it forms the basis of a more general representation, developed in
a companion paper, that applies to collections of general (not necessarily
convex) polygonal objects.

1 Introduction

Collision detection is a basic and unavoidable computational problem arising in
all areas of geometric modeling involving objects in motion. Even if we restrict
attention to objects in the plane the complexity of collision detection is far from
being completely understood.

Consider, for example, the problem of detecting collisions between moving
polygonal objects in the plane. Most approaches to collision detection work in
two phases. First, a “broad phase” (filtering) algorithm and data structure are
used to determine pairs of objects that might possibly collide. A different “narrow
phase” (refinement) algorithm and data structure then tests each pair. In general,
such approaches force the objects into a representation best suited for one of the
two phases or involves some kind of hybrid representation not ideally suited for
either.

Recently a number of kinetic data structures (KDS) [4, 13] have been pro-
posed for two-dimensional collision detection. These attempt to avoid arbitrary
distinctions between broad and narrow phases and, instead, adapt to changes
in the nature and degree of separation between objects. Kinetic data structures
exploit the coherence of real motion and maintain, over time, a collection of el-
ementary geometric tests (certificates) that together certify that the objects are
disjoint. Objects are assumed to have fixed (but changeable) motion trajectories
(flight plans) and certificates are maintained in a priority queue based on the
time of expiration calculated from the current flight plans. When a certificate
expires — its test no longer holds — or when a flight plan is changed, the data
structure must be updated.
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Three natural parameters serve to describe the complexity of a given config-
uration of objects: k — the number of objects, N — their total number of vertices,
and k — the size of the minimum link subdivision [18] separating the objects.

Kinetic data structures and their associated maintenance algorithms can be
evaluated and compared with respect to four desired characteristics. A good
KDS is compact if it uses little space in addition to the input, responsive if the
data structure invariants can be restored quickly after the failure of a certificate,
local if it can be updated easily if the flight plan for an object changes, and
efficient if the worst-case number of events handled by the data structure for a
given motion is small compared to some worst-case number of “external events”
that must be handled for that motion.

Of particular relevance to the work of this paper are the paper of Basch
et al. [3], where pairs of not necessarily convex polygons are maintained using
balanced geodesic triangulations, and its extension to collections of polygons by
Agarwal et al. [2]. The number of certificates maintained in these schemes is
O(klog N). Furthermore, they have the additional feature that they are canoni-
cal (the structures depend only on the current state of the polygons and not on
their motion history) which facilitates a non-trivial analysis of their efficiency.

In contrast, the kinetic separation structure (KSS) introduced in [14] main-
tains a certificate set of size O(x), but is non-canonical (i.e. history dependent)
and hence difficult to analyse in terms of efficiency.

Unfortunately, both structures as described are unable to exploit the degree of
separation of neighboring objects, which is a significant factor in their potential
kinetic inefficiency. This shows up, for example, in the fact that the certificate set
certifying disjointness of two widely separated translating convex objects (with
a total of N vertices) may need to be updated @(N) times, despite the fact that
a constant number of certificates would suffice for the entire motion.

One approach to incorporating metric information into kinetic separation
structures involves the maintenance of Voronoi diagrams. For example, Guibas
et al. [12] study the maintenance of the compact Voronoi diagram of McAllister
et al. [16] for a set of disjoint convex polygons moving in the plane. While
this structure provides a succinct proof of disjointness, it does so at the expense
of a potentially large number of certificate updates even when the objects are
widely separated. Furthermore, it has no obvious generalization to collections of
non-convex objects.

Another natural approach to exploiting the degree of separation of objects
is to approximate each individual object by some kind of coarse outer approx-
imation whose coarseness depends on the separation. The disjointness of the
approximations implies the disjointness of the objects but the former may be
less expensive to maintain. For isolated convex objects (viewed as the intersec-
tion of half spaces determined by their bounding edges) it is possible to construct
a hierarchy of successively coarser approximations based on the simple idea of
progressive relaxation of half space constraints; a familiar example of this in com-
putational geometry is the Dobkin-Kirkpatrick polyhedral approximation hier-
archy [10]. Erickson et al. [11] developed a kinetic collision detection structure
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for pairs of conver objects based on distance-sensitive variants of such hierar-
chies, whose performance is thereby made sensitive to the degree of separation
between the objects relative to their diameter.

For convex objects in the context of other convex objects or, more generally,
for collections of disjoint but possibly interleaved non-convex objects it is not im-
mediately clear what constitutes a useful notion of hierarchical representation or
how such a notion could be exploited to provide separation sensitive complexity
bounds for kinetic collision detection.

Our objective, in this and a companion paper [15], is to demonstrate that
the KSS structure lends itself in a natural way to modifications that provide a
measure of sensitivity to the degree (as well as the nature) of the separation of a
collection of moving polygons. In this paper we develop the foundation of such a
structure by focusing on collections of convex polygons. We exploit hierarchical
approximations by replacing convex chains within pseudo-triangles by hierarchi-
cal approximation structures. As a consequence, we achieve a reduction in the
number of certificate update events as well as more efficient implementations of
the pseudo-triangulation update primitives that form the core of the KSS.

Taken together this collection of chain approximations provide an approxi-
mation structure for collections of moving convex polygons that is adaptive in
the sense that individual polygons are represented at a level of detail sufficient
to separate them from their (dynamically changing) set of neighbours. The total
representation size (over the entire collection of polygons) is proportional to the
number of objects independent of the complexity of the individual objects.

As the objects move the structure shifts its level of detail so as to provide a
closer approximation in areas where the polygons are close to each other while
coarsening in areas where the polygons are well separated. The approximation
is maintained in such a way that it conforms to the partition of the free space
into pseudo-triangles. This automatically provides us with the means to detect
the parts of the current boundary of the polygons where we can extend the
approximation or where we have to increase its level of detail.

A complete analysis of the efficiency of our hierarchical KSS (like that of the
unmodified KSS structure) remains a challenge. Nevertheless, it is possible to
provide some partial results that demonstrate the potential of this structure. In
particular, its performance is comparable with that of the separation sensitive
structure of Erickson et al. [11] that was designed for maintaining the separation
of two convex objects. Specifically, for any constant number of disjoint convex
polygons in the plane, let D be their maximum diameter, let N be their total
number of vertices, and let s be the minimum distance between all pairs of poly-
gons during their motion. Our structure processes O(min{log(D/s),log(N)})
events when each of the polygons moves in a linear trajectory. All events can be
processed at a cost of O(min{log(D/s),log(N)}) time per event.

In the next section we recall the important features of the KSS kinetic sep-
aration structure. Section 3 sets out the the essential properties of the convex
chain approximation hierarchies needed in our separation sensitive augmentation
of the KSS, and illustrates several potential representations. Section 4 addresses
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the issue of maintaining our augmented KSS, with an emphasis on the dynamic
maintenance of the chain approximations that accompany changes in the pseudo-
triangulation of the free space and the new kinetic events that accompany the
introduction of approximate polygons. Section 5 summarizes the various kinetic
attributes of our separation sensitive structure. Finally, section 6 sets out some
directions for future work. The Ph.D. dissertation of the second author, currently
in preparation, will contain further details on results in this paper and related
work.

2 The Kinetic Separation Structure

In this section we revisit the Kinetic Separation Structure (KSS) as it was pre-
sented in [14], emphasizing those features that impact its adaptation as a sepa-
ration sensitive structure. As in [14], we describe how the KSS is built starting
from an arbitrary triangulation 7 of the free space £ separating a given set of
k disjoint simple polygons in the plane together with a point at infinity. This
serves to introduces the KSS features in a disciplined fashion. It also makes clear
the extent to which the structure is canonical and suggests which features are
necessary only for the efficiency (as opposed to the correctness) of the structure.

A KSS can be constructed by first identifying 2k — 2 partition trianglesin T .
Partition triangles are named for the fact that they partition the space between
objects (the complement of the polygons and the point at infinity) into disjoint
regions called corridors (see Fig. 1).

corridor

partition
triangle

Fig. 1. Decomposition of the free space between polygons.

Lemma 1. FEvery corridor is bounded by exactly two edges of partition triangles
(end-edges) and by ezactly two (possibly degenerate) chains of edges of polygons.

The condition that states that a partition triangle has a positive area is
called a triangle certificate. Similarly, a corridor certificate asserts that none
of the polygonal chains or end-edges of a corridor overlap. Tt is shown that
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these certificates suffice to detect all changes in the topological structure of the
configuration of polygons.

Theorem 1. The topological structure of a given configuration of polygons s
mvariant under motions of the polygons that do not violate any triangle or cor-
ridor certificate.

To establish and maintain corridor certificates a data structure is built inside
each corridor that subdivides the empty space between its two defining polygonal
chains and connects its two end-edges through a sequence of pseudo-triangles
(three convex vertices, corners, joined by three concave chains).

Consider a triangulated corridor with two bounding polygonal chains labeled
~ and §. Two different kinds of triangulation edges can be distinguished: bridges
connecting v with § and chords connecting 4 with 4 or § with 4.

The triangles adjacent to bridges and end-edges form a pathway as illustrated
in Fig. 2. If the pathway is removed from a corridor what remains is a (possibly
empty) set of empty pockets, each bounded by a chord (called the extreme chord
for that pocket). In the dual graph, the edges dual to chords induce a tree (called
the chord tree) in each pocket (see Fig. 2).

chord tree

pathway

Fig. 2. Decomposition of the corridors into pathways and chord trees.

A pathway is said to be degenerate if any of its end-edges or bridges overlap
with a chord or polygon edge. Thus to maintain a corridor certificate it suffices
to maintain the corresponding non-degenerate pathway. In a similar way the
non-degeneracy of a pathway is certified by the non-degeneracy of each of its
constituent (pseudo-)triangles.

In order to allow for efficient flight plan updates the set of certificates which
at any given time certify the disjointness of objects (the active set) should be
kept as small as possible. To reduce the size of the active set associated with
each corridor the triangles in its associated pathway are merged into a set of
pseudo-triangles. The size of the resulting set is linearly related to the size of a
minimum link separator for the two polygonal chains defining the corridor.
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Fig. 3. The two types of object triangles (bridges/end-edges dashed).

This pseudo-triangulation i1s constructed and maintained by distinguishing
two types of (pseudo-)triangles in a given pathway:

— corner triangles that have end-edges/bridges on only one side, chords/polygon
edges of the same object on the other two; and

— object triangles that contain end-edges/bridges on two sides and chords/polygon
edges of the same object on the third.

Note that every object triangle in a pathway has at least one side that consists
only of a bridge or end-edge (see Fig. 3).

The pseudo-triangles (initially triangles) in a pathway are merged or swapped
in order to establish the following invariant:

Invariant 1 (Pathway invariant). Any three consecutive pseudo-triangles in
a pathway must include a corner triangle and any two adjacent object triangles
must belong to different objects.

See Fig. 4 for a fully merged version of the pathways of our example that
conforms to the pathway invariant.

The non-degeneracy of a pseudo-triangle can be certified by the non-degeneracy
of angles formed at each of its three corners. Thus, the pathway invariant guaran-
tees that the active set for a given corridor has, up to a small additive constant,
size proportional to the number of corners in the associated pathway. This is
related, in turn, to the size the the minimum link separator for the corridor
through the following:

Lemma 2. A minimum link separator for the two bounding chains of a corridor
contains, up to a small additive constant, between one and six times as many
segments as there are corner triangles inside the associated pathway.

Although the number of certificates in the active set is bounded by something
close to what could be argued is essential for the certification of disjointness; it is
not hard to see that the number or certificate updates required for even very sim-
ple motions can vastly exceed what would reasonably be described as necessary.
Consider the case of two convex objects with a total of N vertices translating
along a straight line (see Fig. 5). As the objects move, each chord and end-edge
has to attach to each vertex on each of the polygons. This corresponds to O(N)
certificate failures. It seems obvious that a constant number of certificate up-
dates should suffice to certify disjointness in this setting, since the nature of
the separation between the objects (i.e. their minimum-link separator) does not
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Fig. 4. Minimal pseudo-triangulation for the pathways.

change during the motion and their separation is at all times large with respect
to their size.

In the event, of concern in this paper, that all objects are convex, pockets
and corner triangles do not exist. It follows from Invariant 1 that every pathway
consists of at most two pseudo-triangles, the sides of which contain contiguous
fragments of the boundary of at most two objects. In the next section we dis-
cuss the construction of dynamic hierarchical representations of these fragments
which, in turn, makes possible the formulation separation sensitive bounds on
both the responsiveness and efficiency of the structure.

Fig. 5. Two convex objects moving along straight lines.
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3 Hierarchical representations of convex chains and
relative convex hulls

One of the fundamental reasons for focusing attention on convex objects (either
directly or through decomposition) in geometric modeling is the fact that they
lend themselves to hierarchical representations. Hierarchical representations of
static convex objects permit efficient response to basic intersection (with respect
to points or lines) and separation queries [5,8,9, 7] and collision detection queries
for elementary motions [10]. Tt is also possible to build hierarchical representa-
tions for non-convex objects in terms of their convex pieces to provide responses
to separation queries whose cost is a function of the complexity (form) of the
separation (measured in terms of the size of the minimal separating chain) [17].

In the context of kinetic collision detection, Erickson et. al [11] described
the use of hierarchical representations of individual convex objects to provide
separation sensitive maintenance of disjointness certificates for pairs of such ob-
jects under a variety of motion models. Critical for this application is additional
constraint on outer-hierarchical representations that they be distance sensitive
in the sense that the distance of successive levels of the approximation hierarchy
from the underlying polygon grows in a controlled fashion that is bounded by
some (exponential) function of the level index. This ensures, for example, that
two convex objects of diameter at most D and with separation s admit disjoint
approximations within their respective hierarchies totalling at most O(log(D/s))
edges.

The hierarchical representations (so-called boomerang hierarchies) proposed
by Erickson et. al depend on both the convexity and context independence of the
individual objects. Our goal is to bring the benefits of hierarchical representations
to a richer context in which we have collections of convex objects in motion. In
this setting the hierarchical representations of individual objects must be context
dependent and malleable.

We achieve context dependence by building our hierarchical representations
in conjunction with the kinetic separation structure (KSS) described in the pre-
ceding section. The resulting structure maintains an outer approximation of each
object in the collection. Furthermore, at any time the total size of the combined
approximations is to within a (small) constant multiple of the total number
objects (independent of their complexity).

As was the case with Erickson et. al, we can make use of any hierarchi-
cal structure for convex polygonal chains that satisfies certain basic properties.
First, we need distance sensitivity as defined above. It will suffice for our present
purposes to have a hierarchical representation of chains that is realized as a se-
quence of h = O(logn) layers with a total of @(n) edges, where n is the size of
the underlying chain (the base chain). The first layer is the chain itself and the
(¢ + 1)-st layer contains at most some fixed fraction of the number of segments
of its predecessor. Furthermore, every segment on the (h — i)-th layer contains
points of distance at most O(D/2') from the base chain, where D denotes the
diameter of the base chain. The second property that we need is malleability;
our approximation for any one polygon is made up of (possibly many) pieces
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which may need to be split and appended as the object moves in relation to
its neighbours. For our analysis we need a structure that permits a hierarchical
representation of a chain to be decomposed into its O(1) top-level subchains in
O(1) time. Furthermore, it must support efficient merging of the representations
of adjacent co-convex chains (to form a representation of the chain formed by
appending the two at their shared endpoint).

) a

Fig. 6. Constructing the hierarchy.

Any of the boomerang hierarchies proposed by Erickson et. al could be used
(or be easily adapted) for our purposes. An even simpler hierarchy is constructed
by associating with each vertex in the base chain (except the last) the external
angle formed by the extension of its incoming edge and its out-going edge (see
Fig. 6). Vertices with angle o greater than 27/n are replicated [an/(27)] times
(by the insertion of zero length edges at appropriate angles) so that every (base
chain) vertex has angle at most 27/n.

Since the objects being represented are all convex the relative convex hull of
individual objects never changes. This permits an implicit hierarchical represen-
tation where the entire boundary of each polygon (after suitable replication of
vertices as above) is represented as a simple array. In this case, each base chain is
represented by a constant number of pointers (with updates, including merges,
in O(1) time) and its hierarchical representation is implemented implicitly using
binary search.

Fig. 7. Creating approximations for the convex chains of the objects in Fig. 5.

We initialize our separation sensitive KSS structure by replacing convex
chains in each pseudo-triangle by a hierarchical representation (see Fig. 7).
However, this segmentation of the hierarchical representation at pseudo-triangle
boundaries is not maintained; doing so would require having every pseudo-
triangle corner be a real (as opposed to approximate) polygon vertex, which
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Fig. 8. Two hierarchically represented objects moving along straight lines.

would negate much of the potential benefit of the hierarchical representation.
Instead, pseudo-triangles are free to attach at arbitrary approximation vertices
subject only to the constraint that the number of approximation chains contained
within a single pseudo-triangle is at most some fixed constant. Thus approxima-
tion chains are sometimes split, shifted between adjacent pseudo-triangles, and
merged, all in O(1) time by suitable adjustment of the pointers into the array
structure (see Fig. 9 for a detailed example).

Fig. 8 repeats the motion of the objects of Fig. 5 for two hierarchically repre-
sented objects. Note that in this case only a constant number of pseudo-triangle
changes occur.

4 Maintenance

We now assume that we are given k convex polygons moving with continuous
motion and that we are able to compute the failure time of any certificate asso-
ciated with those polygons in constant time.

Since we do not distinguish between polygon and approximation vertices as
the attachment points of end-edges and bridges all of the KSS update operations
as described in [14] can be executed as before. When any certificate fails, we are
able to update the data structure and restore the invariants by computation on
a constant number of pseudo-triangles. Thanks to the approximation structures
relocation of bridges and end-edges and the restoration of invariants can be
performed in constant time. As noted earlier, the restructuring of the hierarchies
of the pseudo-triangles whenever a complete base chain moves from one triangle
into the next can be done in O(1) time by exploiting the implicit nature of our
hierarchical representation.
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The hierarchy however introduces two new events: (i) a polygon edge or chord
collides with an approximation vertex, and (ii) a polygon vertex collides with an
edge that ends on an approximation vertex.

Events of type (i) can be handled in O(1) time by “popping” the approx-
imation vertex and restoring the invariants using the convex chain that was
previously hidden. See Fig. 9 for an illustration and note how the hierarchy
shifts after the collision.

Note that any number of partition triangles can be attached to an approxi-
mation vertex whenever it is popped. Since no partition triangle starts out being
attached to an approximation vertex the relocation of the partition triangles to a
polygon vertex contributes only O(1) amortized cost to this restructuring event.

Events of type (ii) might require multiple approximation vertices (from within
the same hierarchy) to be popped in order to determine if a “real” collision oc-
curred. How many layers of the hierarchy have to be traversed is directly propor-
tional to the separation of the objects with respect to their diameters. Specifi-
cally, if D is the maximum diameter of the objects and s is their actual object sep-
aration at the moment their approximations collide, then O(min{log(D/s),log N})
layers of the hierarchy will be traversed. Restructuring the hierarchies will again
take O(1) time.

5 Kinetic Data Structure Properties

In this section we analyse the properties of our hierarchical KSS structure and
highlight the differences with the original structure. Recall that we have k convex
polygonal objects consisting of a total of N vertices. Note that the minimum link
subdivision for such a collection of objects has size @(k). Our data structure has
the following desirable properties for a KDS.

Compactness

There are ©(k) partition triangles each of which will contribute a certificate
to the active set. Each polygon P contributes ©(kp) certificates, where xp is
the size of a minimum link cycle separating polygon P from the other objects.
Therefore the active set contains @ (k) certificates at any time.

Locality

Observe that each polygon is surrounded by a cycle of pathways connected by
partition triangles. Due to Lemma 2 we can therefore state that the number of
certificates each polygon P appears in is @(k) in the worst case.

Responsiveness

Our data structure uses two kinds of certificates: triangle certificates and corridor
(i.e. corner) certificates. Without the hierarchical representation the update of
both kinds of certificates can be done in O(logn) time, where n is the number
of vertices of the (at most five) pseudo-triangles involved. With the hierarchical
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representation, the corresponding relocation of bridges and end-edges, as well as
the restoration of invariants and (implicit) restructuring of the hierarchy, can be
accomplished in O(1) time.

In all cases the update involves the destruction and creation of a constant
number of edges and associated corner certificates. Each corner and triangle cer-
tificate that is disturbed during this process needs to be descheduled or resched-
uled in the event queue which takes additional time logarithmic in the size of
the active set.

Efficiency

A key performance measure for kinetic data structures is the number of events
processed in the worst case. As already pointed out by Agarwal et al. in [1]
the notion of efficiency in the case of collision detecting data structures is not
clear, since there is no canonical discrete attribute against which to compare the
performance of the KDS, i.e. it is not canonically defined what constitutes an
external event.

Nevertheless, as was the case with our original structure, it is possible to
give an easy upper bound for the number of certificate failures if the polygons
translate along algebraic trajectories of bounded degree.

Theorem 2. If k simple polygons with a total of N wvertices translate along
algebraic trajectories of degree d then the number of events processed by the

KDS is O(dN?).

By introducing hierarchical representations of convex chains the efficiency of
our structure becomes separation sensitive. In the case of a constant number
of digjoint polygons in the plane the efficiency is comparable to the bounds
obtained by Erickson et al. in the even more resticted case when the number
of convex polygons is restricted to two. Let 1D be the maximum diameter of all
the polygons, let N be their total number of vertices, and let s be the minimum
distance between all pairs of polygons during their motion.

Theorem 3. The number of events processed is O(min{log(D/s),log(N)})
when each of some constant sized set of polygons moves in a linear tragectory. All
events can be processed at a cost of O(min{log(D/s),log(N)}) time per event.

Proof. (sketch) Partition triangles and bridges will only attach once to every
vertex on a given pathway. Therefore it is sufficient to bound the number of
vertices appearing on the pathway (due to a shift in the hierarchy) during the
motion. The result follows from the fact that there are at most D/s vertices in
the hierarchy at distance at least s from a given polygon. O
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Fig. 9. Flypast of two objects

illustrating the adaptive hierarchical representation
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Future Work

In a companion paper [15] we explore the generalization of the results of this
paper to collections of non-convex objects. In addition, we hope to obtain tighter
efficiency bounds for various kinds of motions by exploiting the properties of our
hierarchical KSS structure. The simplicity of our structure seems promising for
extension to two and a half or three dimensions, but the analysis will undoubtedly
be even more of a challenge.
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On Acute Triangulations of Quadrilaterals

Hiroshi Maehara

Ryukyu University, Nishihara, Okinawa, Japan

Abstract. An acute triangulation of a polygon I is a triangulation of I
into acute triangles. Let f(I") denote the minimum number of triangles
necessary for an acute triangulation of I', and let f(n) denote the the
maximum value of f(I") for all n-gons I'. We prove f(4) = 10.

1 Introduction

By a triangulation of a polygon, we mean a subdivision of the polygon into a
finite number of non-overlapping triangles in such a way that any two distinct
triangles are either disjoint, have a single vertex in common, or have one entire
edge in common. Baker, Grosse and Rafferty [1] proved that every polygon ad-
mits a triangulation into non-obtuse triangles, and Bern, Mitchell and Ruppert
[2] gave an algorithm for triangulating n-gons into O(n) non-obtuse triangles.
An acute triangulation of a polygon is a triangulation whose triangles are all
acute triangles. Then, at least how many acute triangles are necessary for an
acute triangulation of an obtuse triangle? This problem was proposed by Martin
Gardner in 1960 (see, [4] pp. 39-42), and Wallace Manheimer [6] gave a solu-
tion that the number is 7. Cassidy and Lord [3] showed that a square can be
triangulated into eight acute triangles, eight is the minimum number of acute
triangles for a square, and the triangulation into eight acute triangles is unique
in a sense. Does every polygon admit an acute triangulation? This is answered
affirmatively in Maehara [5].

Now, for a polygon I', let f(I") denote the minimum number of acute triangles
necessary for an acute triangulation of I', and let f(n) denote the maximum value
of f(I,) for all n-gons I,. Thus f(3) = 7 by [6]. In this paper, we prove that

£(4) = 10

2 Preliminaries

A vertex P of a polygon I is called

an acute cornerif /P < m/2,

an obtuse corner if 7/2 < /P < m, and

a concave cornerif m < LP < 2,
where /P denotes the interior angle of the polygon. Let 7 be an acute trian-
gulation of a polygon I'. The number of triangles in 7 is called the size of 7.
Mostly, we regard 7 as a plane graph, that is, a planar graph embedded in the
plane. A vertex P of 7 is called

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 237-243, 2001.
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a corner vertex if P is a vertex of I,

a side vertex if P lies within a side of I, and

an interior vertex if P lies inside I
In a graph, the number of those vertices that have degree i is denoted by v;. The
following lemma will be clear.

Lemma 1. Let T be an acute triangulation of an n-gon I,,. Then

(1) the minimum degree of T is at least 2,
5 if P is an interior vertex
(2) degP > ¢ 4 if P is a concave corner or a side vertex
3 if P is an obtuse corner
(3) va +vs < n— (# of concave corners), and vy < (# of acute corners).

O

Lemma 2. Let 7 be an acute triangulation of a polygon, and suppose that (1)
T has a single interior verter, and (2) va + vz < 3,12 < 2. Then T is a plane

graph isomorphic to

Proof. Let P the interior vertex, and let £ = deg P. Let G be the subgraph of
7 induced by P and its neighbors. Then G is a k-wheel, and 7 is a plane graph
obtained from G by attaching some triangles from the outside. Note that in G,
vo4+rv3 =v3 =k >5, whilein 7, vy < 2, 15 +v3 < 3. If we attach a triangle
from the outside of G at an edge of G, then the number v 4+ v3 decreases by one.
To decrease vy 4+ v3 further, we have to attach a triangle at an edge whose both
ends have degree 3. Thus, to get a plane graph with only one interior vertex
and satisfying vy < 2, vy + v3 < 3, the degree k of P must be 5, and just two
triangles must be attached at nonadjacent edges of G. This proves the lemma.
O

For an ¢ > 0, the e-neighborhood of a point P is a set of points within
distance ¢ from P. The following lemma will be clear.

Lemma 3. If ABC is an acute triangle, then there is an ¢ > 0 such that for
any point A1 in the e-neighborhood of A, the triangle A1 BC' is an acute triangle.
O

3 Triangles
Theorem 1 below is one half of the solution of f(3) = 7 by W. Manheimer [6],
and Theorem 2 covers the remaining half of his proof. Though Theorem 2 is not

simpler than his argument, it can be applied to the quadrilateral case.

Theorem 1 For any non-acute triangle I's, f(I5) > 1.
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Proof. Let m be the minimum value of f(I3) for all non-acute triangles I,
and let ABC be a non-acute triangle such that f(ABC) = m. Let T be an acute
triangulation of ABC' of size m. Then 7 has at least one interior vertex. For
otherwise, an edge emanating from the non-acute corner of ABC divides it into
two triangles, at least one of which is a non-acute triangle. Since f(I3) > m for
any non-acute triangle I's, we have f(ABC) > m + 1, a contradiction.

Around any interior vertex of 7, there are at least 5 triangles by Lemma
1(2). Hence, if 7 has two or more interior vertices, then the size of 7 is at least
8. If T contains only one interior vertex, then the size of 7 is 7 by Lemma 2. O

Theorem 2 Let ABC be a triangle with non-acute corner A. Then, for any
point P on the side AC, there is an acute triangulation T of ABC with size 7
such that P is the only side vertex lying on AC, and degC =2 in T.

Proof. Let F be the foot of perpendicular from A to the side BC.

(1) First, suppose that /FPC is acute. Let R be the point on the side
AB such that RP is parallel to BC, @ be the intersection of AF' and RP, S
be the foot of perpendicular from R to the side BC, see Figure 1(a). Then,
the line-segments QA,QP,QF,QS,QR, PF and RS divide the triangle ABC
into 7 nmon-obtuse triangles. Now, slide S toward F slightly, and slide F' toward
C slightly so that the 5 triangles RBS, RSQ,QSF,QF P, PFC become acute
triangles. Then, by Lemma 3, we can slide @ slightly in the direction m so that
all triangles become acute triangles.

B C B

Fig. 1.

(2) Next, suppose that ZFPC' is not acute, see Figure 1(b). For a (variable)
point R on the side AB, let S = S(R) be the foot of the perpendicular from R to
the side BC, @ = Q(R) be the intersection of AS and PR. If R goes near A, then
/PQA becomes obtuse, whereas, if R goes near B, then /PQA becomes acute.
Hence there is a position of R between A and B for which ZPQA =« /2. Fix R
and S = S(R),Q = Q(R) at such positions, and let T be a point on BC' such that
AS and PT are parallel. Then, since /T PC = /QAP is acute, T lies between F’
and C'. Hence ZQT'S is acute. Thus, the line-segments QA, QP,QT,QS, QR, PT
and RS divide ABC into seven non-obtuse triangles. Let M be the midpoint of
AP. Now, since QT'S is an acute triangle, we can slide @ slightly in the direction
perpendicular to QM and away from A so that QT'S remains to be an acute
triangle. Then AQP, QPT, AQR become acute triangles, and ZAQR + ZRQS
becomes less than 7. Finally, slide R toward B so that both angles ZAQR, and
LSQR become acute. Then we have a desired acute triangulation. O



240 Hiroshi Maehara

Corollary 1 ([6]) For any non-acute triangle ABC, f(ABC) = 7 holds, and
f8)y=7.0

We will need some additional lemmas about triangles for dealing with quadri-
laterals in the next section.

Lemma 4. Let ABC be an acute triangle. Then, for any point P on the side
AC, there are two points Q,R (Q on AB and R on BC) such that the line-
segments PQ,QR, RP divide ABC into 4 acute triangles.

Proof. Let M be the midpoint of AC. If P = M, then we can take as @, R, the
midpoints of AB and BC, respectively. So, we may assume that P lies between
A and M. Let @Q be the point on AB such that QP is parallel to BC, see Figure
2. Let P, Q1 be the points on BC such that PPy || AB and Q@ || AC. Then,
since P lies between A and M, the line-segments PP, and Q@)1 intersect. Let
X be the intersection point, and let R be the foot of perpendicular from X to
BC. Then, it will be easy to see that the triangles APQ, BQR,CRP, PQR are
all acute triangles. O

P R Q.

Fig. 2.

Corollary 2 Let ABC be a triangle, and let P be a point on the side AC. If
/LB is acute, then there is an acute triangulation T of ABC with size at most 7
such that P is the only side vertex lying on AC. O

4 Quadrilaterals

Theorem 3 For any quadrilateral ABCD, f(ABCD) < 10 holds.

Proof. For any rectangle, there is an acute triangulation of size 8 [3] such as

. Hence we assume that ABCD is not a rectangle. Then it has at
least one acute corner, say, B. (If ABCD is a concave quadrilateral, we assume
that B is an acute corner neighboring to the concave corner.) Then the diagonal
AC divides ABCD into two triangles.

(1) First suppose that /D > 7/2.

Let P be the foot of perpendicular from D to AC. Since /B is acute, Corol-
lary 2 implies that there is an acute triangulation of ABC with size at most
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7 such that P is the only vertex lying on AC. Thus ABCD can be triangu-
lated into at most 9 non-obtuse triangles among which the triangles other than
ADP,CDP are all acute triangles. Now, slide the point P slightly in the direc-
tion DP. If the movement of P is sufficiently small, then by Lemma 3, we get an
acute triangulation of ABC'D into at most 9 triangles. Notice that in this acute
triangulation, no vertex appears on the side C'D, and on the side DA.

(2) Suppose that /D is acute. We may assume that C'D is not shorter than
DA. Choose a point D; on CD so that AD;D is an acute triangle. Then in
the quadrilateral ABC' Dy, D1 is an obtuse corner. Hence, by the argument in
(1), there is an acute triangulation of ABCD; whose size is at most 9, and no
vertex appears on C'D;. Since C' D1 D is an acute triangle, we have then an acute
triangulation of ABCD into at most 10 triangles. O

Theorem 4 There is a concave quadrilateral ABCD such that f(ABCD) > 10.

Proof. Let ABCD be a concave quadrilateral such that AB = AD, BC =
CD and

LA =2tan '3 (~143.1°), /C =27 — 2tan ' 5 (=~ 202.6°).

Then, C' is the concave corner. We are going to show that f(ABCD) > 10.

Suppose that there is an acute triangulation 7 of ABCD whose size is less
than 10. Since /A is obtuse, there must be an edge emanating from A into the
quadrilateral ABCD. The line segment AC' is not an edge of 7, for otherwise,
the size of 7 is at least f(ABC)+ f(ACD) =7+ 7 > 10. Since C' is the obtuse
corner of both triangles ACB and ACD, there must be an edge from C' into the
triangle ABC and also an edge from C into the triangle ACD. Thus, if 7 has
no interior vertex, then an edge emanating from A and an edge emanating from
C would cross each other. Therefore 7 has at least one interior vertex. Since the
size of T is at most 9 by assumption, the number of interior vertices of 7 is at
most 2.

(1) First suppose that 7 contains a single interior vertex P. Then, by Lemma
2, T is isomorphic to the graph illustrated in Figure 3. Since deg A > 3,degC' > 4

A

BN
WAVAVAN

R C

Fig. 3.

in 7, we may assume that A, B,C,D are assigned as in Figure 3. Label the
remaining vertices with P, @, R, S so that AQBRCDS is the outer cycle of the
graph 7.
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Now, let us consider the geometric shape of the quadrilateral ABCD in Eu-
clidean plane. We may suppose that C' = (0,0), A = (0,10), and D has a positive
abscissa. Let X be the foot of perpendicular from C to the edge AD, see Figure
4. Then X = (3,9). Since ZCSD is acute, S lies between A and X. Let Y, Z
be the intersection points of the circle with diameter C X and the line passing
through A, parallel to CX. Then /CYX = /CZX = 7/2. Since the equations
of the line and the circle are y = 3z + 10, (x — 3/2)% + (y — 9/2)% = 90/4,
respectively, we have

v (—3+\/5711+3\/5>’Z: (3\/57113\/5).

2 2 2 2

Let U be the intersection of the line AZ and the side BC, V be the intersection
of the line CZ and the side AB, and W be the intersection of the line X Z and
the side BC', then

g (25 =5 |, _ (555 225V5 1035 - 755
S\ T) 122 ’ 122 ’

38 38
A

W (975 — 5255 195 — 105\/5>

X

w /U

Fig. 4.

Since /SAP = /X AP is acute, P must lie in the trapezoid AXCU. Since
/XPC < /SPC and /SPC is acute, P must lie outside the circle with diameter
CX. Thus, P must lie either in the triangle AY X, or in the triangle CZU. Now,
since /PCR = /PCU and since CY - CU = (20 — 40y/5)/14 < 0, P cannot lie
in the triangle AY X. Hence P lies in the triangle CZU. Since @) must lie in the
same side as R with respect to the line CP (for otherwise, one of /RPC, /RPQ
is not acute), @ must lie between B and V. Similarly, since R must lie in the
same side as C' with respect to the line SP, R must lie between W and C. Then,
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since VB - VW = A(=3,-1)- VW ~ —2.16 \ for some A\ > 0, /BVW is obtuse,
and hence ZBQ@R cannot be acute, a contradiction.

(2) Suppose that 7 has two interior vertices Py, P». Then they are adjacent,
for otherwise, the size of 7 is > 10. Since v +v3 < 3, v, <2 1in 7, it is not be
difficult to see that 7 is isomorphic to the graph illustrated in Figure 5. Since only

Fig. 5.

B or D can have degree 2, we may assume that the vertices A, B, D, P;, P» are
assigned as in Figure 5. Then C is either X or Y in Figure 5. Now, (considering
the geometric shape of the quadrilateral ABCD) since /AP>D < /2, P> must
lie in the triangle ABC'. In this case, however, it follows that ZP.Y' D > /2, a
contradiction.

This completes the proof. O

From Theorems 3, 4, we have the following.
Corollary 3 f(4) =10. O

Remark. Tt is not difficult to prove that for every convez quadrilateral I'y, f(I'y) <
9 holds. But I could not find any convex quadrilateral that requires 9 acute
triangles.

Problem. Does f(Iy) < 8 hold for every convex quadrilateral I'y?
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Abstract. A common geometric problem in computer graphics and ge-
ographic information systems is to compute the arrangement of a set
of n segments that can be colored red and blue so that there are no
red/red or blue/blue crossings. We give a sweep algorithm that uses the
minimum arithmetic precision and runs in optimal O(nlogn + k) time
and O(n) space to output an arrangement with k vertices, or O(nlogn)
time to determine k. Our initial implementation in Java can be found at
http:\\www.cs.unc.edu\ snoeyink\demos\rbseg.

1 Introduction

Important cases of the problems of polygon clipping in computer graphics [4],
boolean operations in 2D computer-aided design (CAD/CAM) [19, 23], and map
overlay in geographic information systems (GIS) [7] can all be abstracted as the
problem of building an arrangement of n red and blue line segments in which
there are no red/red or blue/blue crossings.

This problem is often attacked by first finding all & intersections of line
segments, then building the arrangement, which require sorting intersections
along each line if that was not done in the first step. Several algorithms have
been developed that approach or achieve the optimal, output-sensitive running
time of O(nlogn+ k) in the general (uncolored) case for finding intersections [1,
2,5,9] and for computing arrangements [3,6, 7,10] and in the red/blue case for
finding intersections [8,11, 12, 21].

It is surprisingly difficult to guarantee correct implementations of these algo-
rithms. One reason is a large number of degenerate cases, in which an endpoint
of one line segment lies inside another or the intersection of two line segments
is a segment rather than a point. A second reason is that classical segment in-
tersection algorithms use primitives with relatively high algebraic degree [6]. In
general, if line segments are specified by the coordinates of their endpoints, then
computing an arrangement requires four times the input precision, and comput-
ing a trapezoidation of the arrangement, as in the Bentley-Ottman sweep [3],
requires five times the input precision. Floating point implementations of these
algorithms will encounter roundoff error, occasionally resulting in inaccurate
comparisons and incorrect results.
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In developing a new algorithm, therefore, our primary aims were to minimize
arithmetic precision and the effort to handle degeneracies. Note that double
precision is the lower limit finding intersections by any means, since testing a pair
of segments requires the evaluation of an irreducible quadratic polynomial [6].
In the red/blue case, Chan’s trapezoid sweep [8] can compute intersections with
only three times input precision. Boissonnat and Snoeyink [5] sketch one way to
reduce the precision requirements of Chan’s algorithm. In this paper, we describe
a more symmetric variant of that algorithm that produces the arrangment, not
just the intersections. It handles degeneracies by breaking segments exactly.

Most segment intersection algorithms, whether for the general case or the
red/blue case, aim for an output-sensitive running time of O(nlogn+k) to com-
pute k intersections of n segments. The hereditary segment tree techniques [11,
21] can count intersection in O(nlogn) time but do not compute an arrange-
ment. Mairson and Stolfi [18] count and compute a bundled representation of an
arrangment, but run in suboptimal O(n(logn + v/k)) time. Our algorithm can
count intersections and compute a bundled form of the arrangement in optimal
O(nlogn) time.

2 Preliminaries

Our algorithm uses a plane sweep, which turns the static 2D problem of line
segment intersection into a dynamic 1D problem of maintaining the list of seg-
ments that intersect a vertical sweepline as the sweepline moves from left to right
across the plane.

We first recall the invariants maintained by Bentley and Ottmann’s [3] sweep
algorithm, then define witness points which play an key role in the invariants
for our algorithm.

2.1 The Bentley-Ottmann sweep

Bentley-Ottmann’s classic sweep algorthm [3] maintains two invariants as it
moves a sweepline from left to right across the plane: that the y coordinate order
of the segments intersecting the sweepline is known, and that all intersections
to the left of the sweepline have been reported. Intersections between segments
reveal themselves as changes in order, so these invariants must be updated when
the sweepline encounters a segment endpoint or intersection point.

Their algorithm maintains two data structures: L, a list ordered by y coordi-
nate of the segments that intersect the sweepline, and @), a priority queue ordered
by x coordinate of all segment endpoints and the intersection points right of the
sweepline that are defined by adjacent segments in L. When the sweepline en-
counters the left endpoint of a line segment, it can search L to determine where
to add that segment, then update ) to have only the intersections between ad-
jacent segments in L. For a right endpoint, a segment is removed from L and @
is updated. For an intersection point, the segments involved are swapped in L,
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and again @ is updated. If L and @ support logarithmic time search, insertion,
and deletion, then the algorithm runs in O((n + k) logn) time.

To maintain the list L, it is sufficient to be able to test whether an endpoint
lies above or below a line, which is a degree two polynomial when the segments
are specified by their endpoint coordinates. For ), however, one must compare
x coordinates of endpoints and intersection points, which is a degree three test,
and x coordinates of interseciton points, which is a degree five test.

2.2 Witnesses to intersection

By limiting our computation to double precision, we lose the ability to compare
x coordinates of intersections to either intersections or endpoints. We can only
compare x coordinates of endpoints, and test whether an endpoint is above or
below a given segment.

In fact, we can deform the input line segments,
as long as they remain monotone and do not pass
over any endpoints. The tests we use cannot dis-
tinguish a difference [5,6]. Figure 1 illustrates that
deformation can move the intersection point of two
segments, a Nb, so our algorithms cannot rely on or-
dering intersections by = coordinates. Figure 1 also
illustrates, however, that if we deform segments a
and b to push their intersection point as far to the
right as possible, this intersection point must stop Fig. 1. Point p witnesses
before it reaches the leftmost point in a wedge be- aNb
tween the two segments. We call this point (p in the figure) the witness for the
intersection of a and b, because it is the first point that certifies that these seg-
ments have swapped from their initial order. Note that the right endpoints of
segments will serve as witnesses if there are no earlier points in the wedge, so
every intersection between a pair of segments has exactly one witness point.

Under different terminology, witnesses also play an important role in Bois-
sonnat and Preparata’s lazy sweep [6]. In their paper, a pair of segments is called
prime for p, when p is the witness of their intersection.

2.3 From the general to the red/blue case

In the general case, we cannot hope to build an arrangement in double preci-
sion. The main reason is that quadruple precision is needed to determine the
orientation of a triangle formed by three segments. Also, for curve segment in-
tersection, there is a family of lower bound examples [5] with n segments and
k total intersections that require @(n\/E) operations to count all intersections,
where the hidden constant is independent of n and k.

The special case of red/blue segment intersection, in which the segments can
be colored red and blue with no red/red or blue/blue crossing pairs, we do have
hope. Without red/red crossings, for example, any deformation of segments may
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change the locations where a single blue segment intersects the reds, but will
not change the intersection order. We exploit this in the next section.

3 Optimal red/blue segment intersection

We turn now to the special case of red/blue segment intersection, where we
can compute the arrangement using only double precision tests. We describe
the invariants, events, data structure, and processing for an algorithm to count
the intersections or report the arrangment explicitly. The analysis of running
time is simple. We also comment on computing a compact representation of the
arrangement, and on the handling of degeneracies.

3.1 Invariant and events

Our algorithm performs a sweep, maintaining the invariants that all intersections
whose witnesses are left of the sweepline have been reported, and that the order
of segments along the sweepline is consistent with pushing all intersections as
far right as possible.

The events during this sweep occur only at the endpoints of
segments. This gives the potential for a practical advantage
over a Bentley-Ottmann sweep: we can pre-sort the events
and avoid a dynamic priority queue. On the other hand, our
structure containing the segments ordered along the sweepline
becomes correspondingly more complex, since it must use an
order consistent with a deformation, and not an order given
by actual segment positions.

3.2 Data structure and processing

The data structure that stores the ordered list of segments
crossing the sweepline consists of three pieces, which are illus-
trated schematically in Figure 2.

First, we group segments into red and blue bundles, which
are the maximum consecutive sequences of segments of the
same color. Notice that since there are no crossings between
segments of the same color, segments within a bundle will
remain ordered even if they are deformed. Each bundle stores
the segments in a small balanced tree structure, and keeps Fig. 2. Bundles
pointers to the top-most and bottom-most. Each bundle must
support insert, delete, split, and merge operations.

Second, we place all bundles into a doubly-linked list in order. Bundles will
alternate colors.

Third, we organize red bundles into a bundle tree, a balanced search tree
supporting split and merge operations.
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We now describe the event processing when the sweepline reaches endpoint p.
We include the handling of degenerate cases, such as segments sharing or con-
taining endpoints.

First, we locate p among the red bundles using the bundle tree. We will find
either that p is between two red bundles, inside one red bundle, or inside at most
two red bundles with any intermediate red bundles consisting of segments that
all end at p. If we search and split the at most two bundles that contain point p,
then each red bundle is either ‘above,” ‘ending,” or ‘below’ at p.

Next, we locate p among the blue bundles using the linked list, again splitting
at most two blue bundles so that each blue bundle is either ‘above,” ‘ending,’
or ‘below’ at p. Although this is a linear search, the bundles involved will be
merged in the next step, so we can charge the search cost to the merging.

Once we know all bundle positions relative to p, we can look for adjacent
bundles, one red and one blue, that are in the wrong positions. These bundles
have intersections witnessed by p. For example, if a red ‘above’ bundle R is below
a blue ‘ending’ or ‘below’ bundle B, then every pair in R x B has an intersection
that is witnessed by p. We can report these intersections, then move R up and
past B by merging R with the red bundle immediately above, merging B with
the blue bundle below, and repairing the bundle tree and linked list to reflect
the actions to bundles R and B.

Finally, after all bundles are in the correct relative positions, we remove those
ending at point p, and, if needed, form new bundles for segments starting at p.
If p lies exactly on a segment, then we break that segment into two, so that one
ends and one starts at p. This completes the processing at p.

3.3 Analysis

We claim that, if the data structures are implemented correctly, then the algo-
rithm correctly maintains the invariants, and therefore correctly computes all
intersections.

The analysis of running time is not difficult. Each endpoint causes a constant
number of tree searches and splits, each of which can be carried out in O(logn)
time. Because each merge joins two trees that were created by a segment insertion
or a split, the total number of merges is also O(n). List searches can be charged
to bundle merges, as can the counting of intersections. Therefore, all operations
take a total of O(nlogn) time. The reporting of intersections can be charged to
output complexity, giving a total of O(nlogn + k) time if the arrangement is
reported explicitly.

In our implementation, we use splay trees [22] for the bundles and bundle
trees. It is not hard to extend an amortized analysis for splay trees [15] to the
merges and splits used by our algorithm.

3.4 Compact representation of the arrangement

By using an idea from persistent data structures [13] we can record intersections
in bundles using O(nlogn) time and space, even if there are quadratically many
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intersections. Each time we are to split or merge a bundle, we copy the root-
to-leaf path that is to change, and make our modifications to the copy. This
preserves access to the old bundle, and the intersections can be recorded by
recording at each endpoint p which bundles intersections were witnessed by p.

Mount developed a data structure for storing a planar subdivision of size
n on a polyhedron of size n in O(nlogn) space, while still supporting point
location [20]. He decomposes the arrangement of their overlay into grids where
bundles of subdivision and polyhedron edges all cross. He notes that it would be
interesting to compute this bundle structure directly to avoid a quadratic worst
case in applications such as computing the Voronoi diagram on the surface of
a polyhedron. Although our computation does give a bundle structure directly,
we cannot use it for point location as Mount does. Our structure represents a
deformation of the arrangement, and if a new query point is considered, then
the deformation may need to change to accomodate it.

3.5 Degeneracies

We close with one observation on how we have handled degenerate cases. In
an intersection algorithm, new points are calculated along segments. The im-
plementer is faced with a choice of whether to break line segments at these
new intersection points, or to hold the original segments as sacred and use the
new points primarily for display. The decision usually depends on whether the
implementer trusts the floating point arithmetic, or has been burned in the past.

Our approach is to break segments, but only when the endpoints are repre-
sentable in single precision. Specifically, if an endpoint lies on a segment, which
we can test exactly in double precision, then we can break the segment. Thus,
the only remaining degeneracy is the case of overlapping segments with same
start and end points.

4 Conclusion

We have given an algorithm building an arrangement of red/blue line segments
that is optimal in not only time and space but also in the algebraic degree
of its predicates. This makes it possible to guarantee correct results using only
double the precision of the input coordinates. Our initial Java implementation, in
Figure 3, can be found at http:\\www.cs.unc.edu\"snoeyink\demos\rbseg.

Intersections in the resulting arrangement are represented by pointers to their
segments, as in [7]. Representing their coordinates requires rational numbers with
numerators of degree three and denominators of degree 2. In future work, we will
apply snap rounding ideas [17,14, 16] to consistently round the output back to
single precision.
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Fig. 3. Intersection of roads and hydrography data in our Java applet
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Abstract. We study accuracy guaranteed solutions of geometric prob-
lems defined on convex region under an assumption that input points are
known only up to a limited accuracy, that is, each input point is given
by a convex region that represents the possible locations of the point.
We show how to compute tight error bounds for basic problems such
as convex hull, Minkowski sum of convex polygons, diameter of points,
and so on. To compute tight error bound from imprecise coordinates, we
represent a convex region by a set of half-planes whose intersection gives
the region. Error bounds are computed by applying rotating calipers
paradigm to this representation.

1 Introduction

The accuracy of computed results is determined by two factors: arithmetic error
and input error. In a sense they are similar because both affect computed values.
However, they are essentially different. We can reduce arithmetic error as much
as we need by a sophisticated algorithm that involves less intermediate arithmetic
errors or a high-precision arithmetic. On the other hand, any improvement of
algorithm or arithmetic can not remove the entire effect of input error. The best
we can do is to carefully analyze the effect of input error and guarantee the
accuracy of computed results.

Geometric computation with imprecise data has been studied in problems
such as convex hull[4], visibility information inside a simple polygon [3], and so
on. Epsilon Geometry[5] gives a framework to implement geometric algorithms
from approximate primitives. An algorithm that computes approximate convex
hull based on the framework is known[6].

In this paper, we show accuracy-guaranteed solutions of geometric problems
defined on convex object with imprecise coordinates. We assume that each in-
put point is known only up to a limited accuracy, which means that a point is
given by a convex region that represents the possible locations of the point. Such
points are considered to contain errors in coordinates, or to move arbitrarily in

* This work is supported by the Grant in Aid for Scientific Research of the Ministry

of Education, Science and Cultures of Japan.

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 252-263, 2001.
© Springer-Verlag Berlin Heidelberg 2001



Tight Error Bounds of Geometric Problems on Convex Objects 253

restricted areas. Our concern is efficient computation of tight error bound in
each problem instance. For example, a tight error bound of convex hull is given
by the intersection and the union of all possible convex hulls as we proposed
in [8]. In this paper we generalize input model and show how to compute accu-
racy guaranteed solutions for problems: convex hull, Minkowski sum of convex
polygons, the diameter of a set of points, and so on.

To derive tight error bound, we first consider to represent a convex region by
a set of half-planes whose intersection gives the region instead of by its boundary.
Under this representation, which we call half-plane representation, the convexity
of a region is always established. Then, based on rotating calipers paradigm[11],
we characterize the solution of a problem by half-plane representation, and derive
accuracy guaranteed solution of it.

The organization of this paper is as follows. In Section 2, basic geometric
terms are introduced. In Section 3, we introduce half-plane representation of
a convex region. In Section 4, we consider geometric problems with imprecise
input, and show how to compute accuracy guaranteed solutions based on half-
plane representation.

2 Preliminaries

For a directed line I, h (1) and h(l) denote the closed left and the closed right
half-plane of [ respectively. By h(l),h (I) we denote the open left and right
half-planes. For a region R in the plane, a directed support [ of R is called left
supportif it contains R in h. (1), or called right support if it contains R in hg (1).
Directed lines t. (R, 0) and tr (R, 6) are the left and the right support of R whose
angles with respect to x-axis are  respectively. For a real-valued function d(f)
and an angle w, I(d,w) denotes directed line : (sinw,—cosw) - (z,y) = d(w),
where - represents inner product. The convex hull conv(P) of a set P of points
in the plane is the smallest convex region that contains all points in P. The
inverse of Ackermann’s function is denoted by a(n).

3 Half-plane Representation of a Convex Region

In this section, we introduce half-plane representation(HPR) of a convex region
in the plane. We show that operations on HPR give intersection, convex hull,
Minkowski sum, and Minkowski difference between convex regions.

Definition 1. (Half-Plane Representation(HPR) of a Convex Region)
Let R be a convex region in the plane. A real-valued function f(6) is a
half-plane representation (HPR) of R if it satisfies both f(6 + 27) = f(6) and

R = nO§0<27rh£(l(f7 6))

The idea is that we represent a convex region by a set of half-planes whose
intersection gives the region; computation of a convex region is reduced to that
of a corresponding set of half-planes. Any convex region R has an HPR of it: R
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is equal to NMo<o<arhr(to(R,6)). In addition, a convex region has many HPRs
corresponding to it. For example, see the regular triangle in Fig. 1. Since a
triangle can be represented by the intersection of three half-planes, the periodic
discrete function in Fig. 2 is an HPR of the triangle. On the other hand, the
triangle has infinitely many left supports shown as dashed lines in Fig. 1. Thus
the periodic continuous function shown in Fig. 3, that is composed of three pieces
of sinusoidal curves, is also an HPR of the triangle. Among HPRs of a convex
region R the HPR d(6) that satisfies I(d,0) = t-(R,0) for all 8 is called the
normalized half-plane representation of R, which is denoted by d(R,6).

Fig. 1. A regular triangle given by the intersection of half-planes.

d 0 (0=0+2n7)
de) =1 V3/2 (0 =2/37 +2nx )
0 ©=4/37+2nn)
Y B @
% % ° -
0 2/3® T 4/3® om 9

Fig. 2. A half-plane representation of a triangle by a discrete function.

The normalized HPR of a convex region R gives right supports as well as left
supports; right support tx (R, 0) is given by (sin6, — cos8) - (z,y) = —d(R,0 + )
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d sind ( 0+2n* =0 < 2/37 +2n7 )
doO)=!1/2sind - V' 3/2 coso (2/1837" +2n7% =0 < 4/3™ +2n7 )
0 (437 +2nm <0 < 27 +2n7 )

T w
0 w/22/3n% T  4/37W om O

Fig. 3. A half-plane representation of a triangle by a continuous function.

because t,(R, 6 + 7), which has the opossite direction to tr(R,#), is given by
(sin(6+7), —cos(@+ 7)) - (z,y) = d(R, 0 + 7). The property is essential to apply
rotating calipers paradigm to HPR.

Lemma 2. Let ly,l3,l3 and ly be directed lines xsinf — ycosf = a, xsinf —
ycosf =b, xsinf—y cosf = min{a, b}, zsin @ —y cosd = max{a, b} respectively.
Then, he(lh) Nhe(ly) equals he(l3) and he(ly) U he(lo) equals he(ly).

Proof. Omitted. O

Theorem 3. Let f(6) and g(0) be HPRs of P and Q respectively. Then, the
pointwise minimum function min{f(8),g(8)} is an HPR of PN Q.

Proof. Note that PN Q equals (nogww he(l( f,a))) N (nOSK% hg(l(g,G))),
that corresponds to (No<geor (he(l(f,0)) N he(l(g,0))). Hence, by Lemma 2,
No<o<an (he(l(min{f, g},6))) is an HPR of PN Q. O

Theorem 4. For convez regions P and Q, let R be conv(P U Q). The pointwise
mazimum function max{d(P,0),d(Q,0)} is the normalized HPR of R.

Proof. Since R is the convex hull of PUQ, h.(tz(R,6)) equals he(ts(P,6)) U
he(te(Q,0)). Hence, by Lemma 2, max{d(P, 6),d(Q,0)} gives d(R,6). O

For regions P and @, the Minkowski sum of P and @, denoted by P & @,
is Ugeo{p + ¢q|p € P}. Because Minkowski sum of convex regions is also convex,
we can represent the sum by HPR.

Theorem 5. For convex regions P and @Q, the normalized HPR of P & Q is
d(P,0) + d(Q,0).

Proof. First, consider two points p,q. By a simple arithmetic we have:

d(p®q,0) = d(p,0) + d(g,0). (1)
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Next, consider P&¢. From Theorem 4, max,cp{d(p & ¢,0)} gives d(P & ¢,0),
which equals max,e p{d(p, 6)+d(g,8)} by (1). Because d(P, 8) is max,ecp{d(p,0)},
we have d(P @ ¢,0) = d(P,0)+d(q, #). Similarly, we can show that d(P & Q,60) =
d(P,0) + d(Q,6). O

For region P and @, the Minkowski difference of P and @, denoted by P& Q,
is Ngeg{p — ¢q|p € P}. We can prove a similar theorem on Minkowski difference.

Theorem 6. For convez regions P and Q, the function d(P,6) — d(Q,6) is an
HPR of P& Q.

Proof. From the observation that d(p © ¢,6) = d(p,6) — d(q,8), where p and ¢
are points, we can prove the theorem by a similar argument in Theorem 5. O

We give examples of HPRs for basic geometric objects, and show how the
HPR in Fig. 3 is obtained.

Ezample 1. The normalized HPR of a point P(a,b)
The left support t.(P,6), which passes through P, is given by zsinf —
ycosh = asin® — bcosh. Hence, d(P,0) = asinf — bcosb.

Ezample 2. The normalized HPR of a circle C of radius r with center (a,b)
Observe that the left support t.(C,8) contacts C' at point (a + rcos(f —
m/2),b+ rsin(f — 7/2)). Then, the normalized HPR of C is given as follows.

d(C,8) = (a+rcos(f —n/2))sinh — (b+ rsin(f@ — 7/2)) cos
=asinf —bcosf +r

Ezxample 3. The convex hull of a set P of points py,...,pn
From Theorem 4, we have d(conv(P),6) = maxi<i<n{d(p:,0)}. Let (a;,b;)
be the coordinates of p;, then the HPR d(conv(P),#) is expressed as follows:

d(conv(P),0) = max {a;siné — b; cosh}. (2)

1<i<n

Observe that the normalized HPR in Fig. 3 satisfies the above equation.

3.1 Region Construction from Half-plane Representation

Once we have the boundary representation of a convex polygon P, its HPR is
constructed from (2). Now consider to translate an HPR to its corresponding
convex region.

In the paper, we consider only a class of HPRs : HPRs derived from HPRs
of circles by operations min, max, 4+, and —. This class of HPR is enough for our
purpose since it can represent variety of convex regions: circle, point (which is a
circle of radius zero), convex polygon (which is the convex hull of its vertices),
the intersection and the Minkowski sum/difference of these.

As long as this class of HPR is concerned, each piece of an HPR is given
by a sinusoidal curve of the form: d(6) = asin® — bcos6 + r, which we call
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primitive HPR (if r > 0, this is the normalized HPR of a circle of radius r with
center (a,b)). Hence, the construction of corresponding convex region is reduced
to the construction of region Ny<o<phs(l(asin® — bcosé +r,6)), which we call
primitive region. Without loss of generality, we assume 3 — a < 7. In case of
B —a > m, we can divide the construction of primitive region into two steps: one
for a < @ < (a + (3)/2 and the other for (a +3)/2 < 8 < 3.

The shape of primitive region is classified according to the sign of . In case of
r > 0, the region is unbounded and surrounded by two half-lines and a circular
arc (see the left case in Fig. 4). In case of r < 0, the region is unbounded and
surrounded by two half-lines. (see the right case in Fig. 4).

7

Fig. 4. Two types of primitive regions.

Hence, the corresponding convex region of an HPR in this class can be con-
structed by intersecting two types of primitive regions. Since half-planes in an
HPR are sorted in increasing order of angles, this construction can be done in
O(k) time, where k is the number of primitives in an HPR.

Theorem 7. The corresponding convez region of an HPR that is composed of k
pieces of primitive HPRs can be constructed in O(k) time.

4 Accuracy Guaranteed Solutions

In this section, we show accuracy-guaranteed solutions of geometric problems
on convex object with imprecise coordinates. Error bounds are introduced for
problems: convex hull of points, Minkowski sum of convex polygons, diameter
of points. Tight error bounds of these problems are represented by HPR. We
are based on the idea that once we have an HPR of convex hull, we can apply
rotating calipers paradigm[11] to it.
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4.1 Input Model

An e-Point is a convex region that represents the possible locations of a point,
which is a model of a point whose coordinates are imprecise but known up to
some accuracy. Input is given by a set S of e-Points. They are allowed to have
different shapes, and to intersect each other. We use the notation ~ (e.g. p,§) for
e-Points.

Intuitively, a set of e-Points represents all possible sets of points. The formal
definition is as follows.

Definition 8 (Possible sets of points). Let S be a set of e-Points py, .. ., Pn.
A set T of points g, . . ., g, is a possible set of points of S if there is a one-to-one
function fr : S = T st. fr(p:) = g¢; iff ¢; € p;. We call each g; a possible point
of pi- A(S) denotes the set of all possible sets of points.

Note that each point is considered to occupy exactly one location in any
possible set of points, which makes a sense to derive tight error bounds. A
possible geometric object refers to a geometric object that can be realized in a
possible set of points.

4.2 Convex Hull of Points

Let CH(S) denote the set of all possible convex hulls of S, that is, CH(S) =
{conv(P)|P € A(S)}. Consider region conv(S) given by Ncecn(s)C, that is the
intersection of all possible convex hulls, and conv(S) given by Ucecr(s)C, that
is the union of all possible convex hulls. Because any possible convex hull C
satisfies conv(S) C C C conv(S), conv(S) and conv(S) give tight error bound
of any possible convex hulls; this is the same formalization as in our previous
work([8].

Theorem 9. The function maxpes{—d(p,0 + m)} is an HPR of conv(S).

Proof. We refer the elements of S by py, ..., p,. First, observe that

conv(S) = ﬂ C= ﬂ conv <U{pl}> (3)

CeCH(S) i EP;
From Theorem 3 and Theorem 4, an HPR d(6) of conv(S) is given by:
(6) = min { max {d(p:,6)}). @
Since p1,...,p, are independent each other, we can exchange the order of
min and maz in (4). In addition, miny, ¢z, {d(p;, 0)} equals —d(p;, 6 + ) because
he(ming, e, {d(pi,6)},60) corresponds to he(tr (i, 6)). Hence, d(6) can be sim-
plified to maxlSiSn{—d(p}, 0+ 71')} O

Theorem 10. The function maxzes{d(p,0)} is the normalized HPR of conv(S).
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Proof. We refer the elements of .S by pi, ..., Pn. Since conv(S) is convex as we
proved in [8], it is expressed as follows:

conv(S) = conv(conv(S)) = conv U conv (0{1)1}) . (5)

PiEP;

From Theorem 4, the normalized HPR d(6) of conw(S) is given by:

d(9) = max{ max {d(p;, 0)}} (6)

Since p1,...,p, are independent each other, we can exchange the order of
maxs in (6). In addition, max,, ez {d(p;,0)} equals d(p;,0) because half-plane
hg(maxy, e, {d(p;,6))} corresponds to he(t,(p:,0)). Hence, d(6) can be simpli-
fied to maxlSiSn{d(ﬁi,G)}. O

We refer the HPRs introduced in Theorem 9 and Theorem 10 by conv(.S, 0)
and cono(S, 0) respectively.

Corollary 11. For a set S of e-Points given by convex polygons that have n
vertices, the boundary of conv(S) and conv(S) can be constructed in O(nlogn)
time. In case that e-Points are given by n circles, the same running time applies.

Proof. Because conv(S,6) and conv(S, #) are envelopes of HPRs of e-Points, their
complexities depend on geometric object we use as e-Point. In case that e-Point is
given by convex polygon, their complexities are O(na(n)) (by a similar argument
in [2]) and O(n) respectively. Hence, the HPRs can be constructed in O(nlogn)
time [7], and the boundaries of conv(S) and conv(S) can be constructed in
additional O(na(n)) and O(n) time respectively.

In case e-Points are given by n circles, the HPRs have complexity of O(n),
and can be constructed in O(nlogn) time. Hence, conv(S) and ¢onv(S) can be
constructed in additional O(n) time. |

Remark. If accuracy guaranteed convex hull is going to be used in following
computations, it is better to keep it in HPR form. Theorem 9 suggests that if we
have conv(V,0) and conv(W, ), we can construct conv(V U W, 60) by computing
max{conv(V, ), conv(W,8)} while the convex hull of conv(V') and conv(W) does
not necessarily give conv(V UW) (for example, consider a case that W has
possible points that are collinear). Translation of an HPR to its corresponding
boundary will cause additional error.

4.3 Minkowski Sum of Convex Polygons

Let P be a convex polygon with vertices V' that are specified by e-Points, and
let @ be one with W. We define the set M S(P,Q) of all possible Minkowski
sums of P and Q by MS(P,Q) ={P' @ Q'|P' € CH(V),Q' € CH(W)}, where
@ denotes Minkowski sum. In this definition, we use possible convex hulls of
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P and @ instead of possible polygons of them to preserve the convexity of the
Minkowski sums.

Let P®Q denote Ngeys(p,q) R, the intersection of all possible Minkowski
sums, and let P®Q denote Ugre s s(p,g) R, the union of all possible Minkowski
sums. As in convex hull problem, P&Q and P&Q give a tight error bound of
PaQ.

Lemmal2. Let P be a convexr polygon with vertices V' that are specified by
e-Points, and let Q be one with W. The union of all possible Minkowski sums
PoQ is convex.

Proof. Observe that P&Q equals conv(V) & conv(W). From the convexity of
conv(V') and conv(W) (for detail, see [8]), PBQ is also convex. O

Theorem 13. Let P be a convex polygon with vertices V' that are specified by
e-Points, and let Q be one with W. Functions d(conv(V'),0)+d(conv(W),0) and
d(cono(V'),0) + d(conv(W),68) are HPRs of P®Q and P®Q respectively.

Proof. By Lemma 12, there exists an HPR of P&Q. From Theorem 3, Theorem
4, and Theorem 5, an HPR d(#) of P@Q is calculated as follows.

d(0) = mingerrs(p,0){d(R,0)}
=minp conv),gecaw){d(P’,0) +d(Q',0)}
= minprcopv){d(P',0)} + mingecnw){d(Q',0)}
= d(conv(V'),0) + d(conv(W),0)

Similarly, we have d(P®Q,0) = d(conv(V), 6) + d(conv(W),0). |

Corollary 14. Let P be a convex polygon with vertices V' that are specified by
e-Points, and let Q be one with W. From HPRs d(conv(V),0), d(conv(W),6),
d(conv(V'),0) and d(conv(W), 8) whose complezities are K, L, M, N respectively,
the boundaries of P®Q and P®Q can be constructed in O(K + L) time and
O(M + N) time respectively.

4.4 Diameter of Points

By applying rotating calipers paradigm[11] to HPR, the diameter diam(R) of
a convex region R can be represented by diam(R) = maxo<g<a-{w(R,0)},
where w(R,8) is d(R,0) — (—d(R,0 + 7)), the distance between t.(R,0) and
tr(R,0). Let width(S,0) denote mingecw(s){w(C,0)} and let width(S,0) de-
note maxcecn(s){w(C,0)}. Error bound of diameter can be computed similarly.

Theorem 15. The minimum diam(S) and the mazimum diam(S) of possible
diameters are given as follows:

diam(S) = Oggﬂ{wzdth(s, 0)}, diam(S) = Og‘lﬁ}éw{wzdth(s, 0)}. (7)
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Proof. The first equation is obviously true. We give a proof of the second equa-
tion. Let d(p, §) denote the minimum of possible distances between p and §, that
is, minyep qe4{d(p, ¢)}. We denote by r the value of max; 5 s{d(p, §) }. Note that
diam(S) equals r because diam(S) could not be smaller than r and could not be
greater than it, which can be proved by contradiction, but details are omitted
here.

The rest we have to prove is maxo<g<2-{width(S,0)} = r. First, observe that
each local maximum of width(S, ) in range [0, 27] corresponds to minimum of
possible distances between e-Points. We prove that the maximum of width(S, 8)
equals r, which establishes our claim, by showing that there is a possible convex
hull C* that satisfies w(C*, a) = width(S, @) = r at some angle a.

Let 9, be e-Points such that d(?,w) = r, and v,w be the possible points
of them that satisfy d(v,w) = d(0,%). We denote by [, the left support of ¢
perpendicular to segment vw, by [,, the right support of @ similarly.

We show that no e-Point is in h7(ly) by contradiction. Assume that an
e-Point p is in h;(l,), and let p,w’ be the possible points of p,w such that
d(p,w") = d(p,w). Because segment pw’ acrosses the strip between [, and L.,
d(p,w') is greater than d(v,w). It means that d(p,w) is greater than d(0,®),
which is a contradiction. Similarly, we can show that no e-Point is in hx ().
By these argument, there is a possible set A of points where all possible points
except v, w lie between [, and [,,. The convex hull C* of A satisfies w(C*, ) =
width(S, a) = r at some angle «.

O

In the literature of convex hull algorithm for discs[9], D. Rappaport essen-
tially mentioned about maxo<s<ar{width(S,0)} as a different measure of the
diameter of S in case that S is given by circles. From our analysis, the geometric
meaning of the measure is proved to be the minimum of possible diameters.

Theorem 16. width(S,0) = max{conv(S,8) + conv(S,0 + 7),0}.

Proof. We denote by f(6) the function conv(S, 6), that is, maxzes{—d(p,6 + 7)},
and by g(6) the function —conv(S,6 + 7), that is, minges{d(p,0)}. For an angle
w, lo and [l; denote I(f,w) and l(g,w) respectively.

By Lemma 2, [ is a right support of some e-Point 9, and [; is a left support of
w. Note that [y is the rightmost among the right supports of e-Points with angle
wj; similarly I is the leftmost among left supports. It means that all e-Points p
satisfies:

pNhe(le) ZOANPpOhr(ly) # 0. (8)

Hence, width(S,w) is determined by ¥ and .

In caseof I} C he(lg) ie. g(w) < f(w), ¥ and w are seperated by Iy and ;. The
value of width(S,w) equals the distance between [y and [;, that is, f(w) — g(w).
In case of lg C he(l1) ie. g(w) > f(w), any line ! that lies in hg(lo) N he(ly)
stabs all e-Points, which implies width(S,w) = 0. O
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Note that to find an angle w s.t. width(S,w) = 0 is equivalent to find a com-
mon transversal [2]. Our approach is also related to the thinnest strip transversal
problem. The problem is equivalent to compute ming<g<aor{width(S, )}, the pos-
sible minimum width. J.Robert and G.Toussaint solved this problem by using
rotating calipers paradigm and the dynamic maintenance of convex hulls[10]. Our
analysis shows that the same problem can be solved by envelope construction.

In the following, we denote the kth maximum value as max(®) (if the kth
maximum value does not exist, the value of max(¥) is defined to be —o0).

Theorem 17. For n > 2, consider a set S of e-Points p1,...,Pn, and func-

tions f(0) = maxi<i<n{d(p;,0)}, f2(0) = maX1<1<n{d(pz7 )}, and the mapping
M) : R 2N s.t. M(0) = {i|ld(p;,0) = f(6)}.
Then, width(S,8) is given by the following equation:

f(0) + f(0+m)

_ B (if M(8) # M@ +7)V|M(@#)| > 2)
width(S,0) = max{f(0) + f2(0 + ), f(0) + f2(0 +m)}
(if M(0) = M0 +7) A M) =1).

Proof. Remember that width(S, #) should be determined by two distinct e-Points.
From the observation of width(S,0) = maxi<; j<n,iz;{d(P:,0) + d(p;,0 + )},
the value of width(S, ) is given as claimed. O

Corollary 18. For a set S of e-Points given by convex polygons that have n
vertices, diam(S) can be computed in O(nlogn) time and diam(S) can be com-
puted in expected O(na(n)logn) time. The same running time applies for a case
that e-Points are given by n circles.

Proof. We can compute diam(S) once we have conv(S,6) that can be con-
structed in O(nlogn) time. To compute diam(S), we need conv(S,d) and the
1-level in the arrangement of normalized HPRs of e-Points, that can be com-
puted in expected O(na(n)logn) time [1]. O

4.5 Other Problems

If an HPR of a convex object is given, we can apply rotating calipers paradigm
because support lines, which is calipers, can be computed from the HPR. As we
have seen in computation of diameter, we can consider that HPRs of conv(S)
and convu(S) give accuracy guaranteed calipers.

For example, consider to compute the minimum distance dist(P, Q) from con-
vex polygon P to Q. The distance is given by maxg<g<o-{—d(Q,0+m)—d(P,0)}
(observe that if dist(P, Q) is negative, P intersects Q). Hence, the maximum
of possible minimum distances between convex polygons whose vertices are
specified by sets T,U of e-Points is given by maxg<g<or{—conv(U,0+ 7) —
conv(T,6)}. Similarly, other problems can be solved in accuracy guaranteed
form by applying rotating calipers paradigm. However, we must be careful when
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multiple calipers are used at the same time. Consider ming<g<a~{width(S,6) -
width(S,0 + w/2)}. Although it gives a lower bound of the area of the smallest
enclosing rectangle, the same e-Point would contribute to both width(S,w) and
width(S,w + 7/2) at some angle w; this results in underestimation of the area.

5 Conclusion

In this paper, we have considered geometric problems defined on convex objects
under an assumption that input points are known only up to a limited accuracy.
The main tools that we use are half-plane representation and rotating calipers
paradigm. The problems are solved in accuracy guaranteed form by them. Error
bounds presented in this paper can be computed efficiently in each problem
instance. They are tight even when input contains different sizes of error.
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Abstract. A triangle contact system S is a geometrical object on the
plane consisting of finite number of triangular disks {si1,...,s,} in a
triangle A bounded by three segments A, B and C such that every vertex
of each s; coincides with an inner point of either A, B, C' or a segment of
some s;. An orthogonal plane partition P is a geometrical object on the
plane consisting of a finite number of horizontal segments ay, ..., a, and
vertical segments b1, ...,bq in a rectangle R bounded by four segments
A,B,C and D with A horizontal such that every endpoint of each a;
coincides with an inner point of either B, D or some b; and that every
endpoint of each b; coincides with an inner point of either A, C' or some
aj. From § and P, we can construct a plane triangulation and a plane
quadrangulation according to the adjacency of elements in S and P,
respectively. In this paper, we give a survey for triangle contact systems,
orthogonal plane partitions and their graphs constructed from them.

1 Introduction

Consider aset S = {S1,. .., S;} of k circular disks arranged in the plane, in which
any two circular disks intersect at most one point. According to the adjacency of
the circular disks, we can construct the graph Gs whose vertex set corresponds to
S. It is easy to see that Gs can be drawn in the plane without edge crossing. For
any arbitrarily given graph G on the plane, does there exist such an arrangement
S of disks such that G = Gs? This problem has been affirmatively solved in [1,
6]. There are several researches concerning the problem whether a given graph
on the plane can be represented as a geometrical object arranged in the plane
[5,4,10]. In this paper, we also consider such a problem.

Let G be a simple graph (i.e., without loops and multiple edges) which is
embedded in the plane so that any two edges don’t intersect except their ends.
Such a graph is called a plane graph. We denote the vertex set, the edge set
and the face set by V(G), E(G) and F(G), respectively. A vertex v or an edge
e of a plane graph G is said to be outer (resp., inner) if v or e is (resp., is not)
incident to the infinite region. A k-cycle means a cycle of length exactly k. A
plane triangulation is a plane graph with each face bounded by a 3-cycle while a
plane quadrangulation is a plane graph with each face bounded by a 4-cycle. It is
easy to see that every quadrangulation on the plane is bipartite, i.e., its vertices

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 264-273, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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can be colored black and white so that any two adjacent vertices have different
colors. We deal only with plane triangulations and plane quadrangulations.

In this paper, we introduce geometrical objects arranged in the plane, called
triangle contact systems and orthogonal plane partitions, corresponding to plane
triangulations and plane quadrangulations, and describe its relations from a
graph theoretical point of view. They have already been dealt in the papers [3,
7,8] independently. This paper plays a role to put these results together and add
a further observation for them.

2 Triangle ContactSystems and Plane Triangulations

Let T be a triangle in the plane with outer three straight segments A;, A> and
As. Suppose that triangular disks T73,..., T, are placed in the interior of T so
that each vertex of every T; coincides with an inner point of a segment of some
T; with j # i or an inner point of some Ay. (In this case, we say that 7; hits T or
T; hits Ag.) Let T = {A1, A, A3, T4, ..., T} Then, such an arrangement of 7 is
said to be a triangle contact system. We often regard the set 7 a triangle contact
system. We regard two triangle contact systems as the same if they have the same
combinatorial structure with respect to the adjacency of Ay, As, Az, T1,...,Ty.

A partially oriented plane graph G with vertex set {a1, az,as,t1,...,tn} is
said to be the hit graph of T if there exists a bijection b : V(Gr) — {41, Aq,
Az, Th,..., T} such that

(i) b(aj) =A; for j=1,2,3and b(t;) =T; fori =1,...,n,
(ii) Gt has exactly three nonoriented edges {ajaz, azas, ajas} forming the outer

triangle, and for any =,y € V(Gr1), G7 has an oriented edges zy if and only
if b(x) hits b(y).

Proposition 1. (Fraysseix, Mendez and Rosenstiehl [3]) The hit graph of
a triangle contact system 7T is a plane triangulation in which each inner edge

is oriented so that every inner vertex has outdegree exactly 3. For example, see
Fig. 1.

We call an orientation of a plane triangulation with each inner vertex outde-
gree exactly 3 an inner 3-orientation. A plane triangulation associated with an
inner 3-orientation is called an inner 3-oriented plane triangulation.

The hit graph G7 is a plane graph with exactly 3 outer nonoriented edges
and exactly 3(|]V(G7)| — 3) inner oriented edges (since each inner vertex has
outdegree exactly 3). Hence Gr has exactly 3+ 3(|V(G7)|—3) =3|V(G1)| -6
edges. On the other hand, we know by Euler’s formula that every plane graph G
has at most 3|V (G)|— 6 edges and the equality holds when G is a triangulation.
Thus, G7 is an inner 3-oriented plane triangulation.

The converse of Proposition 1 also holds as in the following theorem.

Theorem 1. (Fraysseix, Mendez and Rosenstiehl [3]) For every trian-
gle contact system S, there exists a unique inner 3-oriented plane triangulation
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Fig. 1. Triangle contact system 7 and its hit graph G

which is the hit graph of S. Conversely, for every inner 3-orientated plane tri-
angulation G, there exists a unique triangle contact system S whose triangle
contract graph is G.

We give a sketch of a proof of the later part since the first part has been
descried in Proposition 1.

Suppose that an inner 3-oriented plane triangulation G has outer vertices
a, b, c and n inner vertices. We label the inner vertices by vy, va, . . ., vy, as follows.
Let 777 denote an edge oriented from z to y, or this symbol means that z is
oriented to y. Let G,, be a partially oriented plane graph obtained from G by
removing c. For i =n,n —1,...,1,0, we successively define the subgraphs G D
G, D -+ D Gy. To do so, we observe the following claim.

Claim. Let Ry be a 2-cell region of G bounded by a (not necessary oriented)
closed walk W of length k. Then Ry has exactly k—3 edges oriented from vertices
on W toward the interior of Ry.

By Euler’s formula, we can conclude that if there are m vertices in the interior
of Ry, then Ry has exactly 3m + k£ — 3 inner edges. Since each inner vertex in
Ry has outdegree 3, there are k — 3 oriented edges incoming from W. Thus the
claim holds.

Suppose that G; has a boundary walk s ---s;, where a = s1 and b = sy.
Since the vertices a and b have no outgoing edges, we have 5357 and 3;_15;.
Hence there exists a vertex s; with 2 < j <t — 1 such that 5;5;°7 and 5;5;7.
Let v; be such s; and let G;_; = G — v;, for i = n,n —1,...,1. Note that all
edges incident to v; in G;, except v35;,_1 and ¥;5;41, are oriented to v;. Clearly,
each G; has precisely i 4 2 vertices.

Now we construct a triangle contact system Sg with outer three segments
A, B, C corresponding to a,b,c and triangular disks T1,...,T, corresponding
to v1,..., Uy, respectively. Draw two half lines A : y = x and B : y = —x
in R% = {(z,y) € R? : 7,y > 0} from the origin. These two lines A and B
correspond to the vertices a and b, respectively. Clearly, this corresponds to
Go. Suppose that the vertex v; has neighbors vs,,...,vs, (t > 2) in G; in the
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clockwise order (where v;05,,U;05, and U5, v; for j = 2,...,t — 1), and v; is
oriented to v, ¢ V(G;) in G.

Suppose that the arrangement S, _, consisting of A, B, Th,---,T;—1 has al-
ready been constructed. Put a triangular disk T; as shown in Fig. 2 to construct
Sa, so that

(i) one segment L of T; is on a line y = 4,
(ii) both two ends of L are on S7 and S; which correspond to s; and s,
(iii) the third vertex (called the top) of X; not on S; and S, has y-coordinate k,
where v; is oriented to vy in G with vi, ¢ V(G,).

Since the tops of Sa, ..., S;—1 have y-coordinate exactly i and the tops of T, and
T, have y-coordinate strictly greater than i, we can place T; as in (ii). Finally,
put a horizontal segment C on a line y = n corresponding to the outer vertex c.

Fig. 2. Construction of S¢ from G

Corollary 1. Let {2 be the set of all triangle contact systems. Let I' be the
set of all inner 3-orientated plane triangulations. Then, there exists a bijection
b: 2 — I such that for any T € 2, b(T) is the hit graph of T.

Theorem 2 (Fraysseix, Mendez and Rosenstiehl [3]). Every plane trian-
gulation has an inner 3-orientation.

The authors in [3] have proved Theorem 2 by construction. There is another
proof of Theorem 2 by induction on the number of vertices [7].

Let T be a plane triangulation and D; be an inner 3-orientation of 7T'. If
D has an oriented cycle C, then we can obtain another inner 3-orientation
of T, denoted by D5, by changing the direction of the edges of C. We call
this operation a cycle reversal. Actually, if D; and Ds are different inner 3-
orientations of the same plane triangulation 7', then we can define the subtraction
D = D;—D3 to be the spanning oriented subgraph of Dy such that V(D) = V(T')
and E(D) = {ay € E(D1) : yr € E(D3)}. Then, for any vertex v € V(D),
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the outdegree of v in D equals its indegree in D since each vertex has the same
outdegree in D1 and Ds. Hence D is an edge-disjoint union of several euler tours.
This means that D; and Ds can be transformed into each other by a repeatedly
application of cycle reversals. Here, we would like to consider whether or not D,
and Ds can be transformed into each other by the reversals of only 3-cycles. A
cycle reversal of a cycle of length n is called an n-cycle reversal.

Theorem 3 (Nakamoto, Ota and Tanuma [7]). Let Dy and D, be inner
3-orientations of the same plane triangulation with n vertices. Then, Dy and Do
are equivalent to each other.

In order to prove Theorem 3, it suffices to show that a reversal of an k-cycle
C with k£ > 4 in an inner 3-oriented plane triangulation D can be obtained by a
sequence of only 3-cycle reversals.

Using Euler’s formula, we can conclude that there is an oriented path P
through the interior of C' from x € V(C) to y € V(C), as follows.

Let Ry be the 2-cell region bounded by C. By Claim 2, let v be a vertex on C'
which has an oriented edge toward the interior of C'. Consider all oriented paths
from v passing through only inner oriented edges of Ry, and cut Ry along all
such oriented paths from v. If there is such an oriented path reaching to a vertex
on C' other than v, then we are done, and hence we may suppose that there is
no such path. Thus, all the outer vertices of Ry lie on the same region, say R,
among the several regions obtained from Ry by cutting. Clearly, R is bounded
by a (not necessarily oriented) closed walk of length strictly greater than k, but
R has no incoming edge toward the interior from the boundary. This contradicts
Claim 2 and hence there exists a required P.

Then P and one of oriented path, say P;, on C between z and y form an
oriented cycle bounding a less number of faces than C'. By induction hypothesis,
the oriented cycle P U P, can be reversed. And, the reversed P and the another
oriented path on C' between x and y also form an oriented cycle bounding a less
number of faces than C. This can be reversed similarly. In the resulting oriented
graph, only the direction of C' has been reversed since the oriented path P was
reversed twice. Therefore, we are done.

Theorem 2 clarifies the relation between triangle contact systems and inner
3-oriented plane triangulations. By Theorem 3, this relation can be translated
into the relation between some equivalence class of triangle contact systems and
nonoriented plane triangulations, as follows.

Let 7 and 7' be two triangle contact systems. Suppose that their hit graphs
G and G+ (which are inner 3-orientated plane triangulations by Proposition 1)
can be transformed into each other by reversing a 3-cycle ¢;¢;; into txt;¢;. This
means that 7 has three triangular disks 73,7 and 1} such that 13,1}, T} hit
T;, Ty, T;, respectively, and changing the adjacency of T;, T}, T, as shown in Fig.
3 (fixing the adjacency of other triangular disks) transforms 7 into 7’. (Note
that we don’t know whether 7 and 7" can isotopically be transformed into each
other.) We say that two triangle contact systems 7 and 7" are equivalent and
denoted by 7 ~ 7" if they can be transformed into each other by a sequence of
the above deformations among three triangular disks.
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Tk T

Fig. 3. Changing the adjacency of T;,T; and T}

Let T be a nonoriented plane triangulation and D be an inner 3-orientation
of T. If D is the hit graph of a triangle contact system 7, then T is said to be
a hit nonoriented graph of 7T .

Corollary 2. Let {2 be the set of all triangle contact systems. Let II be the set of
all nonoriented plane triangulations. Then, there exists a bijection ¢ : 2] ~— II
such that for any T € 2/ ~, ¢(T) is the hit nonoriented graph of T.

Now consider how many 3-cycle reversals are needed to transform two inner
3-orientations of a plane triangulation. Let G be a plane triangulation and let
D, and D; be two inner 3-orientations of G. Let d(D1, D2) be the minimum
number of 3-cycle reversals needed to transform D; and Ds. Let d(G) be the
minimum of d(Dj, D3), where D; and D ranges all inner 3-orientations of G.

Theorem 4 (Nakamoto, Ota and Tanuma [7]).

1 25
d(G) < =n? —5n + =,
(G) < 2n n+ 5
Proposition 2 (Nakamoto, Ota and Tanuma [7]). There exists a plane
triangulation T with two inner 3-orientations D1 and Dy such that

1 17
§n2—3n+§ (n=9,12,15,..))
d(Dy1,Ds) =
( 1, 2) N 20 '
3" - 3n + 5 (otherwise)

By Theorem 4 and Proposition 2, the order of d(G) cannot be improved. We

conjecture that the coefficient of the upper bound is %

3 Orthogonal Plane Partitions and Plane quadrangulations

We also introduce a geometrical object, called an orthogonal plane partition,
which has a relation to a plane quadrangulation associated with a similar par-
tially orientation. Many results for these objects follow parallel to triangle con-
tact systems and their corresponding partially orientations.
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An orthogonal plane partition P = {A,B,C, D, a1, ...,ap, b1,...,by} is a ge-
ometrical object on the plane consisting of a finite number of horizontal segments
ai,...,ap and vertical segments by, ..., b, in a rectangle R bounded by four seg-
ments A, B,C and D with A horizontal such that every endpoint of each a;
coincides with an inner point of either B, D or some b; and that every endpoint
of each b; coincides with an inner point of either A, C or some a;. For two seg-
ments a and b, if an endpoint of a coincides with an inner point of b, then the
segment a is said to hit b. Observe that for any ¢ and j, a; doesn’t hit a; and
b; doesn’t hit bj. We regard two orthogonal plane partitions P and P’ as the
same if they have the same the adjacency of segments which induces a bijection
between the set of rectangles of P and that of P’.

there exists a bijection between the set of rectangles of P and that of P’.

A partially oriented plane graph Gp with vertex set {a,b,c,d,z1,...,zp,
Y1, - .-, Yq} is said to be the hit graph of P if there exists a bijection ¢ : V(Gp) —
P such that

(1) ¢(a) = Aa¢(b) = B,¢(C) = Ca¢(d) = D’ b(xl) = a; for i = L...,p and
b(y;) =b; fori=1,...,q,
(ii) G has exactly four nonoriented edges ab, be, cd, ad forming the outer quadri-
lateral, and for any z,y € V(Gr), G has an oriented edge zy € E(Gr) if
and only if b(z) hits b(y),
(iii) if G7 has a face bounded by a 4-cycle zyz'y’ where z,2" € {a,c,z1,...,2,}
and y,y" € {b,d,y1,...,Yq}, then there is a rectangle which is bounded by 4
segments ¢(z), d(y), ('), #(y') in this order and whose interior is empty.

The third condition is actually needed though the corresponding condition
for triangle contact systems was not needed. It is known that a 3-connected
planar graph is uniquely embeddable in the plane [11]. A plane triangulation is
always 3-connected while a plane quadrangulation is not necessarily 3-connected
and might have different embeddings. Thus, it is important that one specified
embedding of some planar bipartite graph corresponds to a fixed orthogonal
plane partition.

The hit graph Gp is a plane quadrangulation in which each inner edge is
oriented so that every inner vertex has outdegree exactly 2 [7]. We call this
orientation an inner 2-orientation. (For example, see Fig. 4.) A plane triangu-
lation associated with an inner 2-orientation is called an inner 2-oriented plane
triangulation. The following theorem has been proved.

Theorem 5 (Nakamoto and Watanabe [7]). For every orthogonal plane
partition P, there exists a unique inner 2-oriented plane quadrangulation which
is the hit graph of P. Conversely, for every inner 2-orientated plane quadrangu-
lation G, there exists a unique orthogonal plane partition P whose hit graph is

G.

Corollary 3. Let ¥ be the set of all orthogonal plane partitions. Let 3 be the set
of all inner 2-orientated plane quadrangulations. Then, there exists a bijection
b: W — X such that for any T € ¥, b(T) is the hit graph of T.
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Fig. 4. Orthogonal plane partition P and its hit graph G»

Theorem 6 (Nakamoto and Watanabe [8]). Every plane quadrangulation
has an inner 2-orientation.

Let G be a plane quadrangulation and D; be an inner 2-orientation of G.
Applying a cycle reversal, we can obtain a different inner 2-orientation of G.
Similarly to the case for plane triangulations, we can obtain the following theo-
rem.

Theorem 7 (Nakamoto and Watanabe [8]). Let Dy and D3 be inner 2-
orientations of the same plane quadrangulation. Then, D1 and Dy are equivalent
to each other.

Theorem 6 clarifies the relation between orthogonal plane partitions and
inner 2-orientations of plane quadrangulations.

Let P and P’ be two orthogonal plane partitions. Suppose that their inner
2-orientations Gp and Gp can be transformed into each other by one 4-cycle
reversal changing x;y;x,y; into y;xxy;2:. This means that P has inner segments
ai, bj, ag, by such that a;, by, ag, by hit b, ak, by, a;, respectively, and changing the
adjacency of a;, b;, ar, by as shown in Fig. 5 (fixing the adjacency of other trian-
gular disks) transforms P into P’. (Notice that we don’t know whether 7; and
T, can isotopically be transformed into each other.) We say that two triangle
contact systems 7 and 7’ are equivalent and denoted by 7 ~ 7' if they can
be transformed into each other by a sequence of the above deformations among

foury §¢8eRESy nonoriented plane quadrangulation and let D be an inner 2-
orientation of G. If D is the hit graph of an orthogonal plane partition P, then
G is said to be a hit nonoriented graph of P.

By Theorems 7, 6 and the equivalence of orthogonal plane partitions, the
relation between ¥ and X in Corollary 3 can be translated into the relation
between the equivalence classes of orthogonal plane partitions and plane quad-
rangulations.

Corollary 4. Let ¥ be the set of all orthogonal plane partitions. Let A be the
set of all nonoriented plane quadrangulations. Then, there exists a bijection c :
U/ ~— A such that for any P € 2/ ~, c(P) is the hit nonoriented graph of P.
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bj bl

a; Ak

by ak a; b;

Fig. 5. Changing the adjacency of a;, b;, ar and b;

4 Remarks

In this paper, we mentioned the results on triangle contact systems and or-
thogonal plane partitions. And we described that these corresponds to inner
3-orientations of plane triangulations and inner 2-orientations of plane quadran-
gulations, and that every plane triangulation and every plane quadrangulation
have an inner 3-orientation and an inner 2-orientation, respectively.

Observe that every plane graph G can be transformed into a triangulation T’
by joining a vertex to each non-triangular face. Thus, G clearly has an orientation
such that each inner vertex of G has outdegree at most 3 though the outdegree for
each vertex cannot be specified. In general, a necessary and sufficient condition
for a graph G to have an orientation of outdegree specified for each vertex is
known as in the following proposition.

Proposition 3 (Frank [2]). Let G be a graph and let f : V(G) — {0,1,...}
be a function such that for each v € V(G), 0 < f(v) < degg(v). Then G has
an orientation such that each vertex v of G has outdegree f(v) if and only if for

any S C V(Q),
> F) = [E([S))],

veSs

where [S] denotes the subgraph of G induced by S.

Theorems 2 and 6 can be proved by Proposition 3, as follows. We shall show
that a plane triangulation G has an orientation such that each inner vertex has
outdegree exactly 3 and each outer vertex has outdegree exactly 1. Consider any
S C V(G) and the subgraph [S] of G induced by S. By Euler’s formula, we
have E([S]) < 3|S| — 6 since [S] is a plane graph. On the other hand, we have
Y wes f() = 3(|S] —3) +3 x 1 = 3|S| — 6 since S contains at most 3 outer
vertices. Thus, by Proposition 3, G has a required orientation. Finally, removing
the orientation from the outer edges, we can obtain an inner 3-orientation of
G. We can similarly prove Theorem 6 using the fact that every bipartite plane
graph of n vertices has at most 2n — 4 edges.

Since every plane graph G is an induced subgraph of some plane triangula-
tion as described above, G can be represented by a sub-arrangement of a triangle
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contact system. However, this representation might have a free vertex of a tri-
angular disk (i.e., a vertex not touching others) since it has been obtained from
a triangle contact system by removing several triangular disks and outer edges.

Now we turn attention to plane bipartite graphs. Every plane bipartite graph
G is an induced subgraph of some plane quadrangulation. Hence G has an ori-
entation with each inner vertex outdegree at most 2 (though the outdegree for
each vertex cannot be specified) and G can be represented as a sub-arrangment
of an orthogonal plane partition which might have free ends of several segments.

When we want to consider a geometrical arrangement with the same polygons
and with no free vertex, only segments (i.e., an orthogonal plane partition) and
triangles (i.e., a triangle contact system) are possible. If there is an arrangement
consisting of n k-gons (k > 4) in the interior of a k’-gon with no free vertex,
then the corresponding partially oriented plane graph has exactly n+ k' vertices
and nk + k' > 4n + k' edges. However, a plane graph with m vertices have at
most 3m — 6 edges. Thus, &’ must depend on n and we cannot fix &’
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Note on Diagonal Flips and Chromatic Numbers
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Abstract. We shall show that if two quadrangulations on a closed sur-
face with sufficiently large representativity can be transformed into each
other by a sequence of diagonal flips, then they have the same chromatic
number.

1 Introduction

A quadgrangulation G on a closed surface F? is a simple graph embedded on
F? 50 that each face of G is bounded by a cycle of length 4. A diagonal slide of
uous in G is to replace an edge uous with ujuy (or usus) in a hexagonal region
uguiusususus while a diagonal rotation around a vertex v of degree 2 is to replace
two edges vug and vus with vu; and vus in a quadrilateral region ugujusus.
We call these two kinds of local deformations diagonal flips collectively. Two
quadrangulations on F? are said to be equivalent under diagonal flips if they
can be transformed into each other, up to homeomorphism, by a sequence of
diagonal flips. There have been a lot of studies [2-6, 8] on the equivalence over
quadrangulations on closed surfaces under diagonal flips. However, there has
never been any paper written on the relationship between diagonal flips and
“colorings” of quadrangulations on closed surfaces.

A coloring of a graph G is an assignment f : V(G) — {1,2,3...} of colors
to vertices such that f(u) # f(v) for each edge uv € E(G) and is called a k-
coloring if |f(V(G))| < k. The chromatic number is defined as the minimum
k such that G admits a k-coloring. Consider a quadrangulation G on a closed
surface F'2 which is colored by a suitable k-coloring f : V(G) — {1,2,3,...} and
look at the situation around an edge uguz. Then f(ug) # f(us) while f(u1) may
be equal to f(uy). If f(uy) = f(uyg), then f cannot be used as a k-coloring of
the quadrangulation G’ obtained from G by a diagonal slide of ugus. Even if G’
admits a k-coloring, it is hardly possible to get it only by deforming f locally.

So one might not expect the connection between diagonal flips and the chro-
matic numbers of quadrangulations on closed surfaces. However, we shall show
a surprising fact, as follows. A graph G embedded on a closed surface F? is
said to be r-representative if any essential simple closed curve on F2 meets G in
at least r points. The maximum r such that G is r-representative is called the
representativity of G. (See [9] for the details of “representativity”.)

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 274-279, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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Theorem 1. For any closed surface F2, there exists a natural number R =
R(FQ) such that if two R-representative quadrangulations G1 and Go on F? are
equivalent under diagonal flips, then x(G1) = x(G2).

Figure 1 presents two 2-representative quadrangulations on the torus, each of
which can be obtained from each rectangle by identifying two pairs of its parallel
sides. It is clear that they can be transformed into each other by a single diagonal
flip. However, the left one has chromatic number 3 while the right one has 4,
as the numbers at vertices suggest. Thus, the assumption on representativity in
the above theorem is actually needed.

Fig. 1. Two quadrangulations on the torus

The coincidence of chromatic numbers does not imply the equivalence of two
quadrangulations under diagonal flips in general even if they have sufficiently
large representativity. However, if we confine the surfaces to be orientable, then
we can prove the following theorem:

Theorem 2. For the orientable closed surface S, of genus g, there exists a
natural number Ry = Ry (g) such that two R -representative quadrangulations
G1 and Gz on Sy are equivalent under diagonal flips if and only if x(G1) =
X(Ga).

On the other hand, the same statement for nonorientable closed surfaces as
above does not hold actually. We can prove only the following theorem for them:

Theorem 3. For the nonorientable closed surface Nogie of genus 2k + € with
e = 0 or 1, there exists a natural number R— = R_(2k + €) such that two
R_ -representative quadrangulations G1 and G2 on Nk, are equivalent under
diagonal flips if x(G1) = x(G2) =2 or =4 —¢.

Both diagonal flips and the chromatic numbers can be said to be combinato-
rial objects. However, we shall introduce an algebraic invariant called the “cycle
parity” in Section 2. The cycle parity will mediate between those combinatorial
objects in our proofs of the theorems, which will be given in Section 3. These
theorems must be very mysterious for the reader who does not know the deep
results in [4] and [7].
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2 Cycle Parities

The cycle parity was defined first in [8] for studies on the equivalence over quad-
rangulations under diagonal flips and has been developed in [7] for studies on col-
orings of quadrangulations. We shall review the theory of cycle parities given in
the latter here. We denote the fundamental group by 71 (- ) and the 1-dimensional
homology groups with coefficient R by H; (- ; R), assuming that the reader knows
those basic objects in algebraic topology.

Let F be a closed surface. We call any homomorphism p : 71 (F?) — Z3 a
cycle parity over F2. A closed curve ¢ is said to be even (or odd) under a cycle
parity g if p([¢]) = 0 (or = 1), where [{] denotes the homotopy class to which ¢
belongs. In particular, a cycle parity p is said to be trivial if p([(]) = 0 for all £.
Two cycle parities p and p’ are said to be congruent if there is a homeomorphism
h : F? — F? which induces an automorphism h. : m1(F?) — w1 (F?) with
ﬁh* = ﬁl-

A graph G embedded on a closed surface F? is said to be evenly embedded
on F? if each face is an open 2-cell and is bounded by a closed walk of even
length. It is easy to see that two closed walks in an evenly embedded graph G
have the same length modulo 2 if they are homotopic to each other on F2? and
that closed walks in G generate 7 (F2). Thus, a cycle parity pg can be defined
by pc([W]) = |W| mod 2 for each closed walk W in G, where |W| stands for the
length of W. We call this pg the cycle parity of G. The cycle parities pg and pa-
of two graphs G and G’ are congruent if there is a homeomorphism h : F2 — F?2
with py(a) = per. It is clear that pg is trivial if and only if G is bipartite.

Let p: w1 (F?) — Hy(F% Z) and p: H1(F?; Z) — H1(F?; Z5) be the canoni-
cal reductions. Any cycle parity j : w1 (F?) — Z3 factors through Hy(F?; Z) and
Hy(F?; Z5) naturally. That is, there are two homomorphisms p : Hy(F?; Z) —
Zyand p: Hi(F?; Zy) — Zy such that p = p-p and p = p-p. Thus, p and p can
be determined uniquely by the reduction p : Hy(F?; Z5) — Z3, which belongs
to the Zs-cohomology group H!(F?; Z5) formally. It may be preferable to call
p or p the cycle parity, rather than p when we discuss them very roughly.

Let S, denote the orientable closed surface of genus g, which can be ob-
tained as the sphere with g handles. Choose ¢ pairs of simple closed curves
{ai, b} on Sy, each corresponding to one of the g handles, so that a; and b,
cross exactly once transversely for ¢ = 1,...,¢ and each of a; and b; crosses
no other a; and b; with ¢ # j. The system {ai,b1,...,a4,by} presents a base
of Hy(S4;Z) and any cycle parity p (and also p and p) can be determined

by p(la1]), p([b1]); - -, p([ag]), p([bg]). Thus, we denote p = (p([a1]), p([b1]); - -
p([ag)), p([bg])), which is a sequence of 0’s and 1’s.

Theorem 4. Any non-trivial cycle parity p on Sy with g > 1 is congruent to
(1,0,...,0).

Let Nj denote the nonorientable closed surface of genus k, which can be
obtained from the sphere by adding k crosscaps. However, we should classify the
nonorientable closed surfaces into two classes, depending on the parity of their
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genera. The “odd type” Naiy1 can be regarded as the orientable closed surface
Sk with one crosscap added. We choose a 1-sided simple closed curve z along the
crosscap and pairs of simple closed curves {a;, b;} on Sy, as well as in the previous,
so that z crosses no a; and no b;. Then the system {x,ay,by,...,ax, b} forms
a base of Hy(Nyyy1; Z) and [z] is a unique element of order 2 in Hy(Nag11; Z).

We express a cycle parity p as (p([z]), p([a1]), p([b1]), - - -, p([ak]), p([bk]))-

Theorem 5. Any non-trivial cycle parity p on Napy1 with k > 1 is congruent
to exactly one of A= (1,0,0,...,0), B=(1,1,0,...,0), and C = (0,1,0,...,0).

The “even type” Naji can be separated into one Klein bottle and the ori-
entable closed surface Si—_; Choose a pair of simple closed curves {m,{} on
the Klein bottle so that m is 2-sided and cuts open the Klein bottle into an
annulus and ¢ crosses m transversely exactly once. Then we have a system
{m, €, a1,b1,...,a5_1,b_1} of simple closed curves on Nyi. This forms a base
of Hy(Nak; Z) and [m] is a unique element of order 2 in H;(Nay; Z). We write

p = (p([ml), p([€]); p([a1]), p([b1]); - - - p([ar-1]), p([br-11]))-

Theorem 6. Any non-trivial cycle parity p on N, with k > 2 is congru-
ent to exactly one of D = (0,0,1,0,...,0), E = (0,1,0,0,...,0) and F =
(1,0,0,0,...,0). For the Klein bottle Na, p is congruent to either E = (0,1)
or F =(1,0).

A cycle parity over Ny is said to be of type A, B, C, D, E or F if it is
congruent to each of the cycle parities A to F' in Theorems 5 and 6.

3 Proof of theorems

We shall prove Theorems 1, 2 and 3 through this section, introducing some
known results we need in order.

The following theorem presents a fundamental result in the theory of diagonal
flips in quadrangulations on closed surfaces, proved by Nakamoto in [4]. This
implies that the cycle parity is a complete invariant for the equivalence over
quadrangulations with sufficiently large representativity.

Theorem 7 (Nakamoto [4]). For any closed surface F2, there exists a natural
number M = M (F?) such that two quadrangulations G1 and G2 on F? with
|[V(G1)| = |[V(G2)| > M are equivalent under diagonal flips if and only if they
have congruent cycle parities.

On the other hand, Hutchinson [1] has proved that there exists a natural
number H = H(g) such that every H_ -representative quadrangulation on Sy
is 3-colorable. Thus, such a quadrangulation is either bipartite or 3-chromatic.
Since there are only two congruence classes of cycle parities over an orientable
closed surface, these two alternatives must correspond to a trivial cycle parity
and a nontrivial cycle parity, respectively. Thus, Theorem 2 holds with R (g) =
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max{M(Sy),H;(g)} since an R -representative graph has at least R vertices.
Theorem 1 follows from it.

For nonorientable closed surfaces, we need the following theorem, which char-
acterizes the chromatic numbers of quadrangulations with sufficiently large rep-
resentativity in terms of cycle parities:

Theorem 8 (Nakamoto, Negami and Ota [7]). There exists a natural num-
ber H_ = H_(k) such that any H_-representative quadrangulation G on Ny is
4-colorable and:
(i) G is 2-chromatic if and only if pg is trivial.
(ii) G is 3-chromatic if and only if pc is of either type C, D or E.
(iii) G is 4-chromatic if and only if pa is of either type A, B or F.

Since two equivalent quadrangulations have congruent cycle parities, Theo-
rem 1 holds with R(Ny) = H_(k). By Theorem 8, an H_-representative quad-
rangulation on Naii1 has a cycle parity of type C if it is 3-chromatic, while
such a quadrangulation on Noi has a cycle parity of type F if it is 4-chromatic.
This implies that two H_(2k + ¢)-representative quadrangulations G and G
have congruent cycle parities if x(G1) = x(G2) = 4 — €. Furthermore, if they are
R_-representative with R_ (k) = max{M (Ny), H_(k)}, then they have at least
M (Ny,) vertices and hence they are equivalent under diagonal flips by Theorem
7. Thus, Theorem 3 follows. O

Remark. We have concluded that two R,- or R_-representative quadrangu-
lations GG; and G2 can be transformed into each other by a sequence of diagonal
flips. However, the quadrangulations appearing in such a sequence may not be
Ry- or R_-representative and their chromatic numbers may not be equal to
those of G; and G>.
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Abstract. Cauchy’s “Arm Lemma” may be generalized to permit non-
convex “openings” of a planar convex chain. Although this (and further
extensions) were known, no proofs have appeared in the literature. Here
two induction proofs are offered. The extension can then be employed to
establish that a curve that is the intersection of a plane with a convex
polyhedron “develops” without self-intersection.

1 Introduction

Cauchy used his famous “Arm Lemma” to establish the rigidity of convex poly-
hedra [Cro97, p. 228]. Cauchy’s lemma says that if n — 2 consecutive angles of a
convex polygon of n vertices are opened but not beyond 7, keeping all but one
edge length fixed and permitting that “missing” edge e to vary in length, then e
lengthens (or retains its original length). This lemma has numerous applications,
including at least one to curve development [OS89]. Here we describe an appar-
ently little-known generalization of Cauchy’s lemma to permit opening of the
angles beyond 7, as far reflex as they were originally convex. The conclusion re-
mains the same: e cannot shorten. We then apply this extension to another result
on curve development, that “slice curves” develop without self-intersection.

The first part of this paper (Section [Z)) concentrates on the generalization of
Cauchy’s lemma. The issue of self-intersection is addressed in Section Bl and the
curve development result is discussed in Section €l

2 Cauchy’s Arm Lemma Extended

Let A = (ao,a1,...,a,) be an n-link polygonal chain in the plane with n fixed
edge lengths ¢; = |a;a;41], ¢ = 0,...,n — 1. We call the vertices a; the joints
of the chain, ag (which will always be placed at the origin) the shoulder, and
an the hand. Define the turn angle «; at joint a;, ¢ = 1,...,mn — 1 to be the
angle in [—m, «] that turns the vector a; — a;—1 to a;41 — a;, positive for left
(counterclockwise) and negative for right (clockwise) turns.

* Supported by NSF grant CCR-9731804.
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Define an open polygonal chain A to be convex if its joints determine a
(nondegenerate) convex polygon, i.e., all joints are distinct points (in particular,
an /=ap), all joints lie on the convex hull of A and they do not all lie on a line.
Note there is no chain link between a, and ag. The turn angles for a convex
chain all lie in [0, 7); but note this is not a sufficient condition for a chain to be
convex, for it is also necessary that the angles at ag and a, be convex.

We can view the configuration of a polygonal chain A to be determined by two
vectors: the fixed edge lengths L = ({o,...,¢,—1) and the variable turn angles
a = (a1,...,a,_1), with the convention that ag is placed at the origin and a,,
horizontally left of ag. Let Cr.(«r) = A be the configuration so determined. We use
« to represent the angles of the initial configuration, and 8 and ~ to represent
angles in a reconfiguration.

Let D(A) be the open disk of radius |anag| (the length of the “missing” link)
centered on the shoulder joint ag. We will call D(A) the forbidden (shoulder)
disk. We may state Cauchy’s arm lemma in the following form:

Theorem 0. Cauchy’s Arm Lemma. If A = Cr(«) is a convex chain with fized
edge lengths L, and turn angles «, then in any reconfiguration to B = Cr(f)
with turn angles = (61, ..., Bn—1) satisfying

Bi €10, o] (1)

we must have |bybg| > |anagl|, i.e., the hand cannot enter the forbidden disk
D(A).

Cauchy’s lemma is sometimes known as Steinitz’s lemma, because Steinitz
noticed and corrected an error in the proof a century after Cauchy [Cro97 p. 235].
Many proofs of Cauchy’s lemma are now known, e.g., [SZ67/Sin97] and [AZ98|
p. 64].

Our generalization of Cauchy’s lemma replaces the 0 in Eq. () by —a;, and
is otherwise identical:

Theorem 1. Cauchy Extension. If A = Cy () is a convex chain with fized edge
lengths L, and turn angles «, then in any reconfiguration to B = Cr(8) with
turn angles 8= ((1,...,0n—1) satisfying

Bi € [—ai, a] (2)

we must have |b,bo| > |anaol, i.e., the hand cannot enter the forbidden disk
D(A).

The intuition, illustrated in Fig. [T, is perhaps best captured by Chern [Che67,
p. 36]: “if an arc is ‘stretched,” the distance between its endpoints becomes
longer.” See also our Java applet illustrating the theorem and its corollaries[]
Although the chain may become nonconvex, Eq. (@) ensures that the movement
constitutes a form of straightening. Note that Theorem [l makes no claim about

! http://cs.smith.edu/ orourke/Cauchy/| .
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Fig. 1. A reconfiguration of a 4-link convex chain A to chain B, satisfying Eq. (@),
leaves b,, outside the forbidden disk (shaded). The valid angle ranges are marked
by circular arcs.

steadily increasing hand-shoulder separation during some continuous movement
to Bj; indeed a continuous opening could first increase and later decrease the
separation. Rather the claim is that a final configuration satisfying Eq. (2)) cannot
place the hand in the forbidden disk.

As with Cauchy’s arm lemma, one may expect many different proofs of such
a fundamental result. We sketch three proofs of Theorem [ here; for full details,
see [O’RO0J. First we discuss a proof by S. S. Chern, followed by two induction
proofs.

2.1 Chern’s Proof of Theorem [

There are three possible generalizations of Cauchy’s Theorem to smooth
curves, to space curves, and to nonconvex angles. All three generalizations hold,
and there is some confusion in the literature on when each was established.
Certainly the primary source is acknowledged to be a 1921 paper by Axel
Schur [Sch21]. Connelly mentions in [Con82, p. 30] that Schur generalized
Cauchy’s lemma to the smooth case. Some other mentions of Schur’s theorem in
the literature, e.g., in [Gug63] p.31], phrase it as the smooth, planar equivalent
of Cauchy’s lemma, which does not capture the nonconvexity permitted in the
statement of Theorem [I] But others, notably the exposition by Chern [Che67],
state it as a generalization also to space curves, and employ the absolute value
of curvature, implicitly permitting nonconvexity.
Schur states his main result as follows:

SATZ: “Verbiegt man eine ebene doppelpunktlose Kurve, die mit ihrer
Sehne einen konvexen geschlossenen doppelpunktlosen Linienzug bildet,
so wird dabei die Sehne langer.”
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Roughly: “If one deforms a simple curve in the plane that (together with
its chord) forms a convex simple closed curve, then the chord becomes
longer.”

Later he makes clear that his “deformation” is deformation into space without
changing the curvature: “By deformation of a curve, we mean that after de-
forming the tangent planes the lengths and angles of the line segments should
remain unchanged. If the curvature of the curve is continuous, then this is equal
to demanding that the curvature doesn’t change.” It seems, then, that Schur
did not generalize the opening aspect of Cauchy’s lemma (to which he does not
refer), but rather extended to deformations into space without angle changes.
Moreover, it appears his proof (and claim) are for polygonal curves, not smooth
curves.
Chern states Schur’s theorem as follows [Che67, p. 36]:

THEOREM: Let C be a plane arc with the curvature k(s) which forms a
convex curve with its chord AB. Let C* be an arc of the same length
referred to the same parameter s such that its curvature k*(s) < k(s).
If d* and d are the lengths of the chords joining their endpoints, then
d<d*.

He makes clear that by “curvature” he means the absolute value of the curva-
ture, thus explicitly including nonconvex openings. Although he attributes the
theorem to Schur, neither his theorem statement, and certainly not his proof,
match Schur’s. Let us then refer to this full generalization of Cauchy’s theorem
as the Chern-Schur theorem.

Chern’s proof is carried out largely in the domain of the “tangent indica-
trixes” of C' and C*, and relies on smoothness of the curves. He claims the
theorem for “sectionally smooth curves” [p. 39], e.g., for polygonal curves, but
without proof. Thus, as far as I can determine, no proof of Theorem [1] has ap-
peared in the literature.

However, Chern’s differential geometry proof may be specialized to our pla-
nar, nonsmooth instance, and although some of its elegance is lost, it can be
carried through to establish Theorem [[] [O’R00]. Therefore Theorem [ follows in
spirit if not in fact from the Chern-Schur theorem.

The next section proves the theorem via an induction proof that makes ex-
plicit many relationships only implicit in Chern’s proof.

2.2 First Induction Proof of Theorem [1]

Although we impose no restriction on self-intersection of the chain, we will show
in Theorem Blthat the chain remains simple. Note that, because we fix ag to the
origin, and the first turn angle is at joint a1, in any reconfiguration the first edge
of the chain is fixed.

The first induction proof of Theorem [M requires a few preparatory lemmas,
whose proofs may be found in [O’R00]. We start with the simple observation
that negating the turn angles reflects the chain.



284 Joseph O’Rourke

Lemma 1. If a chain A = Cr(«) is reconfigured to B = Cr,(08) with 5; = —a,
i=1,...,n—1, then B is a reflection of A through the line M containing apay,
and |bpbo| = |anao|. O

Call a reconfiguration B = Cr,(8) of a convex chain A = Cy,(«) which satisfies
the constraints of Eq. @) a valid reconfiguration, and call the vector of angles 3
valid angles. Define the reachable region Ry («) for a convex chain A = Cr(«) to
be the set of all hand positions b,, for any valid reconfiguration B = Cr,(). One
can view Theorem ] as the claim that Ry (a)ND(A) = 0. (Again, see our applet’
for an illustration of this claim.) It is well known [HIJW84][O’R98| p. 326] that
the reachable region for a chain with no angle constraints is a shoulder-centered
closed annulus, but angle-constrained reachable regions seem unstudied.

For the first proof we need two technical lemmas.

Lemma 2. The configuration of a chain A = Cr(a) is a continuous function of
its turn angles . O

Lemma 3. Rp(a) is a closed set. O

We use this lemma to help identify, among potential counterexamples, the
“worst” violators. Define a configuration B = Cr(8) to be locally minimal if
there is a neighborhood N of 3 such that, for all 3’ € N, the determined hand
position b}, is no closer to the shoulder: |b/,ag| > |bnaog|. Thus the hand’s distance
to the shoulder is locally minimal.

Lemma 4. Let B = Cr(8) be a reconfiguration of convex chain A = Cr(«) with
b, € D(A). Then either b,, = ag, or there is some locally minimal configuration
B’ =Cp(0') with b, € D(A). O

The above lemma will provide a “hook” to reduce n in the induction step. We
separate out the base of the induction in the next lemma.

Lemma 5. Theorem [ (Cauchy Extension) holds for n = 2.

Proof: A 2-link chain’s configuration is determined by single angle at a;. The
reachable region is a single circular arc exterior to D(A), centered on aj, of
radius ¢;. See Fig.[2. O

We now prove Theorem [l by induction.

Proof: Lemma [l establishes the theorem for n = 2. Assume then that the
theorem holds for all chains of n — 1 or fewer links. We seek to establish it for an
n-link chain A = Cr(«), n > 2. Assume, for the purposes of contradiction, that
A may be reconfigured so that the hand falls inside the forbidden disk D(A).
We seek a contradiction on a shorter chain. By Lemma4], one of two cases holds:
the hand reaches ag, or there is a locally minimal configuration.

1. Suppose B = Cr,(f3) is such that b, = ao, as illustrated in Fig. B(b). We know
that £,_1 = |ap—1an| < |an—1a0| by the triangle inequality: By definition,
A forms a nondegenerate convex polygon, so the triangle A(ag, an—1,a,) is
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Fig. 2. Ry («a) for a 2-link chain is a circle arc centered on a; = b;.

nondegenerate (see Fig. Bl(a)). Now consider the chains A’ and B’ obtained
by removing the last links a,_1a, and b,_1b,. First, A’ is a convex chain
of n — 1 links, so the induction hypothesis applies and says that A’ cannot
be validly reconfigured to place b,_; closer to ag than a’ = |an—1a9|. B’
places b,_1 at distance ¢,,_; from ag, which we just observed is less than
a’. It remains to argue that B’ is a valid reconfiguration of A’, i.e., that it
satisfies Eq. (). However, this is satisfied for ¢ = 1,...,n — 2 because these
angles are not changed by the shortening, and after shortening there is no
constraint on 3,_1. Thus B’ is a valid reconfiguration of A’ but places the
hand in the forbidden disk D(A’), a contradiction.

(b)
Fig. 3. Case 1: b, = ao. (Drawing (b) is not accurate.)
2. We may henceforth assume, by Lemma H] that there is a locally minimal

configuration B = Cr(8) that places b, € D(A). Again we seek to shorten
the chain and obtain a contradiction.
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First we establish that at least ond? 0; is at the limit of its valid turn range:

B; = ta;. Suppose to the contrary that all §;, i = 1,...,n — 1, are strictly

interior to their allowable turn ranges: 8; € (—«;, ;). Let M be the line

containing byb,,. Consider two cases:

(a) Some b;, i = 1,...,n — 1, does not lie on M. Then because (; is not
extreme, the subchain (b;4+1,...,b,) may be rotated about b; in both
directions. Because b; is off M, one direction or the other must bring b,,
closer to by, contradicting the fact that b, is locally minimal.

(b) All b; lie on M. Then there must be some b; which is extreme on M. For
this b;, 8; = 7. But o; € [0, 7): the nondegeneracy assumption bounds
«; away from 7, and so bounds (§; away from +7.

Henceforth let b; be a joint whose angle 3; is extreme. If §; = —a;, then

reflect B about bgb, so that (3; = «a; is convex. By Lemma [dl, this does not

change the distance from b, to the shoulder, so we still have b,, € D(A).

We are now prepared to shorten the chains. Let A’ and B’ be the chains

resulting from removing a; and b; from A and B respectively:

A/:(ao,al,...,ai_l,ai+1,...,an) (3)
B/:(bo,bl,...,bi_l,bi+1,...,bn) (4)
A crucial point to notice is that |b;—1b;41| = |a;—1a:+1] because 3; = «;; this

was the reason for focusing on an extreme (3;. Therefore B’ is a reconfigura-
tion of A’. Of course both A’ and B’ contain n — 1 links, so the induction
hypothesis applies. Moreover, because ¢+ < n — 1, the b; removed does not
affect the position of b,. So b, € D(A) by hypothesis. To derive a contra-
diction, it only remains to show that B’ is a valid reconfiguration of A’, i.e.,
one that satisfies the turn constraints (2).

Let aj ., be the turn angle at a;11 in A’. We analyze this turn angle in detail,
and argue later that the situation is analogous at a;_;. Let 6 be the angle
of the triangle A\; = A(a;,a;41,a;—1) at a;1+1; see Fig. [d(a). Because A is a
convex chain, cutting off /A; from A increases the turn angle at a;41 in A’

Ay =0+ i (5)

Now consider the turn angle 3;,, at b;;1 in B’. Although here the turn could
be negative, as in Fig. @(b), it is still the case that the turn is advanced by
0 by the removal of A;:

Biz1 =0+ Bita (6)
We seek to prove that §;,, € [—aj,,aj,]. Substituting the expressions
from Eqgs. (@) and (B) into the desired inequality yields:

— i1 — 20 < Bip1 < i (7)

And this holds because 6 > 0 and ;41 € [—a;+1, @it+1] (because B is a valid
reconfiguration of A). The intuition here is that the nesting of the turn angle

2 In fact I believe that all must be extreme, but the proof only needs one.
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(a) (b)

Fig. 4. (a) Shortening the chain A by removal of a; determines new, larger turn
angles aj,, and o ; at a;;1 and a;_; respectively. (b) Here the turn angles
Bit1 and 3, are negative.

ranges at a;41 in A and A’ (evident in Fig. B{a)) carries over, rigidly attached
to /\;, to B, so that satisfying the tighter constraint in B also satisfies the
looser constraint in B’'.
Although the situation is superficially different at a;_; because our definition
of turn angle depends on the orientation of the chain, it is easily seen that
the turn constraint is identical if the orientation is reversed.
We have thus established that B’ is a valid reconfiguration of A’. By the
induction hypothesis, the hand b, of B’ cannot enter the forbidden disk
D(A"). By assumption b,, € D(A). But note that D(A”) = D(A), because, as
mentioned above, deleting a; and b; does not affect the positions of a,, and b,
respectively. This contradiction shows that our assumption that b, € D(A)
cannot hold, and establishes the theorem.

O
The following corollary extends the distance inequality to every point of the

chain.

Corollary 2 Let A = Cr(a) be a convex chain as in Theorem[d, and let p1, pa €
A be any two distinct points of the chain. Then in any valid reconfiguration B,
the points q1, g2 € B corresponding to p1 and pa satisfy |q1qz| > |p1pz2l, i-e., they
have not moved closer to one another. O

2.3 Second Induction Proof of Theorem [1]

We now sketch a second proof, which avoids reliance on locally minimal con-
figurations. Unlike the previous proof, this one employs Cauchy’s Arm Lemma
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(Theorem[[), rather than proving it along the way. The proof is again inductive,
by contradiction from a shortened chain, and relies on the same detailed argu-
ment concerning the turn angle ranges. None of those details will be repeated.
Proof: Let A = Cr(a) be the given convex chain, and C = Cp(y) a valid
reconfiguration that places ¢, € D(A), in contradiction to the theorem. We
first construct an “intermediate” configuration B = Cr(8) with 8; = |v;| for all
i=1,...,n—1,ie., Bis a convex chain formed by flipping all turns in C to be
positive. Note that, because « is a valid angle vector for A, 7; € [—a;, ], and
so B; € [0, «;]. As this is exactly the Cauchy arm opening condition, Eq. (), we
may apply Theorem [ to conclude that b = |b,bo| > |anao| = a.

Now we focus attention on chains B and C. Because v; = +05;, v; € [—05;, Bi].
Therefore, C' is a valid reconfiguration of B. But here is the point: every angle
v; of C' is extreme with respect to B, and so there is no need to invoke local
minimality.

Choose an i and remove b; from B and ¢; from C, obtaining shorter chains
B’ and C’. Applying the argument from the previous section verbatim, we con-
clude that C’ is a valid reconfiguration of B’. But because B’ has n — 1 links,
the induction hypothesis applies and shows that ¢,, cannot enter the forbidden
disk D(b), with b = |b,bo|. Because b > a, ¢,, cannot be in D(A) either. This
contradicts the assumption and establishes the theorem. O

3 Noncrossing of Straightened Curve

Define a polygonal chain to be simple if nonadjacent segments are disjoint, and
adjacent segments intersect only at their single, shared endpoint. By our nonde-
generacy requirement, convex chains are simple. In particular, any opening of a
convex chain via Cauchy’s arm lemma (Theorem [ remains simple because it
remains convex. We now establish a parallel result for the generalized straight-
ening of Theorem [[1 We generalize slightly to permit the convex chain to start
with the hand at the shoulder.

Theorem 3. If A = (ao,...,an) =Cr(a) is a closed conver chain with n fized
edge lengths L and turn angles «, closed in the sense that a, = ag, then any
valid reconfiguration to B = Cr,(8) is a simple polygonal chain.
Proof: Suppose to the contrary that B is nonsimple. Let g2 be the first point
of B, measured by distance along the chain from the shoulder by, that coincides
with an earlier point ¢ € B. Thus ¢; and ¢y represent the same point of the
plane, but different points along B. See Fig. Bl Because B is nonsimple, these
“first touching points” exist, and we do not have both ¢ = by and ¢ = b,
(because that would make B a simple, closed chain). Let p; and ps be the points
of A corresponding to ¢; and g¢o.

Corollary [2 guarantees that |q1g2| > |pip2|.- But |¢1g2] = 0, and because
the ¢’s do not coincide with the original hand and shoulder, |p1ps| > 0. This
contradiction establishes the claim. a
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One could alternatively prove this theorem by induction on the length of the
chain, showing that in a continuous motion to B, the first violation of simplicity is
either impossible by the induction hypothesis, or directly contradicts Theorem [I1

Corollary 4 A walid reconfiguration of an open convex chain remains simple.
Proof: The proof of Theorem [3] guarantees that even the final missing edge is
not crossed, so the corollary is obtained by simply ignoring that last edge. O

bo
Fig. 5. Violation of Theorem [ Fig.6. I' is the intersection of a
q1 = qo is the first point of self- plane (not shown) with polyhedron
contact; the initial portion of B, up P.

to g2, is highlighted.

4 Application to Curve Development

Although the intersection of a plane IT with a convex polyhedron P is a convex
polygon @Q within that plane, on the surface of P, this slice curve (Fig.[6]) can be
nonconvex, turning both left and right. The “development” of a curve on a plane
is determined by its turning behavior on the surface. Thus slice curves develop (in
general) to nonconvex, open chains on a plane. An earlier result is that a closed
convex polygonal curve on a convex polyhedron, i.e., one whose turns are all
leftward on the surface, develops to a simple polygonal chain [OS89]. That proof
relied on Cauchy’s Arm Lemma (Theorem [). We claim that slice curves also
develop without self-intersection, despite their nonconvexity. The proof relies on
Theorem [T} the extension of Cauchy’s lemma.

Let I'" be an oriented slice curve on the surface of P. Let ¢, c1, ..., ¢, be the
corners of I', the points at which I' crosses a polyhedron edge with a dihedral
angle different from 7, or meets a polyhedron vertex. Define the right surface
angle 0(p) at a point p € I' to be the total incident face angle at p to the right
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of the directed curve I' at p. Only at a corner ¢; of I' is the right surface angle
0; different from w. Note that 8; could be greater or less than m, i.e., the slice
curve could turn right or left on the surface.

Define the right development of I' to be a planar drawing of the polygonal
chain I' as the chain B = (bg, by, ...,b,) with the same link lengths, |b;b; 11| =
|cicit1| for i = 0,...,n — 1, and with exterior angle 6; to the right of b; the
same as the surface angle to the right of I" at ¢; on P, foralli=1,...,n — 1.
Left development is defined similarly, with any curve “between” considered a
development of I'. If I" avoids all polyhedron vertices, then the left and right
developments are identical, and so the development of I" is unique.

In [O’ROT] I prove that the developed chain B is a valid reconfiguration (in
the sense used in Section 2] i.e., satisfies Eq. (2])) of the chain A representing
Q@ in I1. Via Corollary M, this leads to:

Theorem 5. A slice curve I' = PN II, the intersection of a convex polyhedron
P with a plane II, develops on a plane to a simple (noncrossing) polygonal curve.

Because the Chern-Schur Theorem encompasses smooth curves, Theorem [l
should generalize to slice curves for any convex body B.
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On the complexity of the union
of geometric objects
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Abstract. Given a family C of regions bounded by simple closed curves
in the plane, the complezity of their union is defined as the number of
points along the boundary of UC, which belong to more than one curve.
Similarly, one can define the complexity of the union of 3-dimensional
bodies, as the number of points on the boundary of the union, belonging
to the surfaces of at least three distinct members of the family. We survey
some upper bounds on the complexity of the union of n geometric objects
satisfying various natural conditions. These problems play a central role
in the design and analysis of many geometric algorithms arising in motion
planning and computer graphics.

1 Introduction

Given a family C of polygons in the plane (or, a family of polyhedra in R?),
the number of sides of their union (resp., the total number of its faces of all
dimensions) is called the combinatorial complexity, or, simply, the complexity
of UC. This notion can be easily generalized to families of other simply shaped
geometric objects with piecewise smooth boundaries. The complexity of a set is
closely related to its description size, i.e., the number of parameters needed for
its description.

Many basic problems in computational geometry related to motion planning
[39, 40, 41], range searching [22, 18], computer graphics [1], and geographic
information systems [6] lead to questions about the complexity of the boundary
of the union of certain geometric objects. This was the motivation behind a lot of
research during the past 15 years, establishing upper bounds for the complexity
of the union of various objects.

We mention three simple examples.

1.1. Linear programming. Given a family C of n half-spaces in R?, we want to
maximize a linear function on the boundary of their union, Bd(UC). The running
time of the simplex algorithm, as well as many other naive solutions to this
problem, is proportional to the total number of vertices of Bd(UC). According
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Scientific Research (Hungary). e-mail: pach@cims.nyu.edu
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to McMullen’s Upper Bound Theorem [31], this number cannot exceed

(n fd%ﬂ) " (n i i(d_ —[((11)72?/2])’

with equality for cyclic polytopes and for all other simplicial neighborly poly-
topes.

1.2. Motion planning amidst obstacles. Let R be a “robot,” i.e., a convex polyg-
onal object with a small number r of sides, which is free to translate amidst a
collection of n convex polygonal obstacles, Cy,Co, ..., C,. Fix a reference point
O (the origin) within R. In order to decide whether the robot can be moved from
a fixed position to another without colliding with any of the obstacles, and to
plan such a motion if it exists, we want to describe the space F' of free placements
of R, i.e., the locus of all positions of the reference point which correspond to
placements of the robot, in which it does not intersect any C; (see Fig. 1). It is
easy to see that R intersects C; if and only if the corresponding reference point
belongs to the “expanded obstacle” C; = C; @ (—R), where @ stands for the
Minkowski sum, i.e.,

Ci={c—r|ceCiyre€R}.

Figure 1: The space of free placements of the robot R.

In other words, the space F' of free placements of the robot is equal to the
complement of U, Ci. Therefore, the running time of any algorithm for the
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description of F' is at least the number of vertices of the union of the expanded
obstacles, and there are a number of efficient algorithms which almost achieve
this time bound.

The above approach was initiated by Lozano-Pérez and Wesley [29], and it
can also be applied to the situation when the robot is allowed to rotate [25],
moves in three dimensions [4], has many arms [17], etc.

1.8. Owverlay of maps. In most geographic information systems the data is stored
in several thematic maps, each representing only one kind of information. E.g.,
there are separate maps for average temperature, for average precipitation, al-
titude, etc. A face of a map corresponds to a region where the given parameter
is roughly constant. One often has to combine the information, i.e., to compute
the overlay of two or more maps. This procedure results in a new map, more
complex than the original ones. Consider, for example, two maps, and put their
faces in a single list Fy, Fa, ..., Fy,. Let F; denote a region obtained from F; by
very slightly shrinking it. It is easy to see now that the total number of vertices
of the new combined map is proportional to the complexity of the boundary of

7.1 F}. Indeed, each vertex of the overlay will give rise to a “hole” determined
by the F.

2 An example — Translational motion planning

First we make some simple observations related to the motion planning problem
stated above (1.2). Two curves, 71 and 2, are said to cross each other at a point,
if at this point v; passes from one side of 7, to the other.

Lemma 2.1. ([24]) Let C1, C2, and R be convez bodies in the plane, and assume
that Cy and Cy are disjoint. Then the boundaries of the Minkowski sums C] =
C1 ® (—R) and C) = C2 & (—R) cross at most twice.

Let C = {C4,Cs,...,Cp} be afamily of simply connected regions in the plane
bounded by simple closed curves. Assume, for simplicity, that these curves are in
general position, i.e., any two of them cross only a finite number of times, no two
touch each other, and no three pass through the same point. If any two distinct
curves Bd(Cj;) and Bd(C}) cross at most twice, then C is usually called a family
of pseudo-disks. A maximal connected piece of the boundary of UC = UlL,C},
which belongs to the boundary of a member of C, is said to be an elementary
arc.

Theorem 2.2. ([24]) Let C = {C1,Cs, ..., CyL} be a family of n > 3 pseudo-disks
in the plane.

Then the boundary of U}_,C; consists of at most 6n — 12 elementary arcs.
This bound cannot be improved.

In the case when each Cj is a disk, the proof of Theorem 2.2 is straightforward
(see Fig. 2). Assign to each Cj its center, p;, and connect p; to p; by a straight-
line segment if and only if Bd(C;) and Bd(C};) cross each other, and at least
one of their crossing points belongs to Bd(UC). It is easy to verify that no two
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segments cross each other, i.e., the resulting graph G is planar. Therefore, G
has at most 3n — 6 edges, each of which corresponds to at most two crossings
between the circles that belong to Bd(UC). Therefore, the number of crossings
on Bd(UC), and hence the number of elementary arcs is at most 6n — 12. Using

the terminology introduced in the first paragraph of this paper, we obtain that
the complexity of UC is at most linear in n.
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Figure 2: The proof of Theorem 2.2 for disks.

One can combine a well known algorithm of Bentley and Ottmann [7] for
reporting all intersections in a collection of line segments with some standard
divide-and-conquer techniques to obtain the following

Corollary 2.3. There is an O(nr log® n))-time algorithm for describing the space
of free placements of a convex polygonal robot with r sides among a set of polyg-
onal obstacles with a total of n sides, and for computing a collision-free path
between any two given positions of the robot, if such a path exists.

Leven and Sharir [27] reduced the log® n factor in the last result to logn.

3 Allowing 3 intersections — Ackermann’s function

What happens if we somewhat weaken the condition in Theorem 2.2, by as-
suming that the boundaries of any two members of C cross at most three times,
rather than twice? At first glance this problem seems to be foolish, because if
two closed curves are in general position, then they can cross only an even num-

ber of times. However, by a slight modification we obtain a meaningful question
with a surprising answer.
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Construct recursively an infinite sequence of integer-valued functions A; (n),
As(n),... on the set of positive integers, as follows. Let A;(n) = 2n for every
n. If Ay, has already been defined for some k > 1, then let Ajy;1(n) = A;c")(l).
In other words, we n times iterate the function Ay, and take its value at 1. The
function A(n) = A,(n) is called Ackermann’s function. It grows so fast that
A(4) is a tower of 65536 2’s! Consequently, the inverse of Ackermann’s function
is an extremely slowly growing funtion, whose all “practical” values are smaller
than 4. For basic properties of these functions, see [43].

Theorem 3.1. ([11]) Let {v1,72,---,Vn} be a family of simple curves in general
position in the upper half-plane. Assume that the endpoints of each curve are on
the z-axis, and that any two curves cross at most three times. Let C; denote the
bounded region enclosed by v; and the x-axis.

Then the boundary of U, C; consists of at most O(na(n)) elementary arcs,
where a(n) is the inverse of Ackermann’s function. This bound is asymptotically
tight.

Let {f1, f2,---, fn} be a collection of real-valued functions, each defined on a
subinterval of R. For any = € R, consider the set I(x) of all indices ¢, for which
fi(z) is defined, and let

flz) = max fi(z).
This partially defined function (and its graph) is called the upper envelope of the
functions f; (and of their graphs).
Perhaps the most important special case of the last theorem is the following
result of Hart and Sharir, which answers a question of Atallah [5].

Theorem 3.2. ([20]) The upper envelope of n non-vertical straight-line segments
in the plane consists of at most O(na(n)) linear pieces.

To verify that this result follows from Theorem 3.1, it is sufficient to notice
that by attaching to each segment two vertical rays pointing downwards, one at
each of its endpoints, we obtain a family of two-way infinite curves, any pair of
which cross at most three times.

Wiernik and Sharir [46] showed that Theorem 3.2 is asymptotically tight.

A sequence of integers a(i) € {1,2,...,n} (i =1,2,...) is called a Davenport-
Schinzel sequence (of order 3) if no two consecutive elements are the same, and
there is no alternating subsequence of length 5, i.e., there are no indices i1 <
ig < ... < i5 such that a(il) = a(i3) = a(i5), a(ig) = a(i4), but a(il) 75 a(ig).

In fact, Hart and Sharir proved that the length of any such sequence is at
most O(na(n)). Theorem 3.2 can be easily deduced from this result. Indeed, if we
order the linear pieces of the upper envelope of the segments sy, s2,. .., s, from
left to right, and replace each piece by the index ¢ of the segment s; it belongs
to, we obtain a Davenport-Schinzel sequence (see Fig. 3). To see this, we have
to check only that this sequence has no alternating subsequence of length 5.
However, this immediately follows from the fact that any two segments cross at
most once.
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1 2 1 3 1 32 4 252545 3

Figure 3: The upper envelope of segments and
the corresponding Davenport-Schinzel sequence.

4 'Well-behaved intersections — The role of parity

If we try to further weaken the condition in Theorem 2.2, assuming only that
the boundaries of any two members of C cross at most four times, then the
situation completely deteriorates. Consider a collection of n pairwise crossing
line segments, no three of which pass through the same point, and enclose each
of them in a very narrow triangle whose width is at most € > 0. If ¢ is small
enough, then every pair of triangles intersect in precisely four points, and all
4(}) intersection points belong to the boundary of their union (Fig. 4).

\
S
\\\

a

=
SN

Figure 4: n pairwise crossing triangles with 2(n?) intersections
on the boundary of their union.

As Whitesides and Zhao [45] discovered, if we exclude certain types of cross-
ings between the members of C, it is possible to give a linear upper bound on
the complexity of UC, even if two members of C may intersect in more than
two points. A family C of simply connected regions bounded by simple closed
curves in general position in the plane is called k-admissible, if any two members
C1,C5 € C have at most k boundary points in common and C; \ Cs is connected
(see Fig. 5). Clearly, we can restrict our attention to the case when k is even,
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because the members of C are in general position, i.e., their boundary curves
cannot touch each other, so any two of them intersect in an even number of
points.

Theorem 4.1. ([45]) Let C = {C1,Cy,...,Cy} be a k-admissible family of n > 3
simply connected regions in general position in the plane.

Then the boundary of U, C; consists of at most k(3n — 6) elementary arcs,
and this bound cannot be improved.

(a) (b)

Figure 5: A pair of regions belonging to some
(a) 4-admissible, (b) non-admissible family.

In case k = 2 Theorem 4.1 reduces to Theorem 2.2.
It was pointed out in [35] that Theorem 4.1 can be easily deduced from the
following remarkable result of Chojnacki (alias Hanani) [9] (see also [44, 28]).

Lemma 4.2. ([9]) Suppose that a graph G can be drawn in the plane so that any
two of its edges not incident to the same vertex cross an even number of times.
Then G is planar.

This result can be regarded as a far-reaching generalization of the elementary
fact that if two points of the plane can be connected by an arc crossing a fixed
simple closed curve v an even number of times, then they can also be connected
by an arc which does not cross v at all.

To see that Lemma 4.2 implies Theorem 4.1, it is enough to bound the
number of points on Bd(UC), which belong to the boundary of more than one
member of C. For every C; which contributes at least one arc to Bd(UC), fix a
point p; in the interior of such an arc. For any pair C;,C; € C which has an
intersection point ¢ € Bd(UC), draw an edge (but only one!) between p; and pj,
as follows. Starting from p;, follow Bd(C;) to ¢ in clockwise direction, and from
there follow Bd(C;) to p; in counter-clockwise direction. It is not hard to verify
that any two edges of this graph not incident to the same vertex cross an even
number of times. Thus, the graph has at most 3n — 6 edges. That is, there are
at most 3n — 6 pairs {C;,C;} contributing intersection points to Bd(UC), and
each of them can contribute at most k points.
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5 Counting special intersections

Theorem 2.2 can be regarded as an upper bound on the number all intersection
points between the curves Bd(C;), which lie on the boundary of U2, C;. Another
way to generalize this result is to drop the condition that any pair of boundary
curves intersect in at most two points, but to count only those intersections on
Bd(U?_, C;), which belong to such pairs.

If two members of C have precisely two boundary points in common, then
these points are called regular intersection points. All other intersection points
between boundary curves are called irregular.

Theorem 5.1 ([35]) Given a family C of n > 3 convez regions in general position
in the plane, let R and I denote the number of regular and irregular intersection
points of their boundaries, resp., which belong to BA(UC).

Then we have R < 21 4+ 6n — 12.

The last result is sharper than Theorem 2.2 in the sense that to obtain a 6n —
12 upper bound on the number of elementary arcs (the number of intersection
points) on Bd(UC), we do not have to exclude all irregular intersections. It is
sufficient to assume that no such intersection occurs on Bd(UC). However, for
some technical reasons, we have been unable to establish Theorem 5.1 without
the additional assumption that all members of C are convezx. We conjecture that
this assumption can be dropped.

It is not hard to show that the coefficient of I in Theorem 5.1 cannot be
replaced by any constant smaller than 2.

If we want to get a non-trivial (i.e., subquadratic) upper bound on R, we
have to limit the number of times two boundary curves are allowed to cross
each other. But even under such an assumption we cannot expect a linear upper
bound. There is a family of n disks and rectangles in general position in the
plane satisfying R = 2(n*/?). The best positive result in this direction is the
following.

Theorem 5.2. ([3]) Let C be a family of n simply connected regions in the plane.
Suppose that they are bounded by simple closed curves in general position, any
two of which intersect in at most s points, where s is a constant.

Then there exists 6 = 6(s) > 0 such that the number R of regular intersection
points on BA(UC) satisfies

(i) R = 0(n*"°);

(i) R = O(n'*¢) for any € > 0, provided that every member of C is convex.

6 The union of fat triangles — Counting holes

The construction at the beginning of Section 4, showing that the union of n
triangles may have quadratic complexity, uses extremely narrow triangles. It was
proved in [30] that if we restrict how narrow the triangles can be, we can still
establish a nearly linear upper bound on the complexity of their union. For any
6 > 0, a triangle is said to be J-fat if each of its angles is at least J.
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Theorem 6.1. ([30]) For any fized § > 0, the boundary of the union of n d-fat
triangles in the plane consists of at most O(nloglogn) elementary arcs.

By a slight modification of the construction of Wiernik and Sharir [46] cited
after Theorem 3.2, one can easily give an example of n equilateral (7/3-fat) tri-
angles, whose union has a slightly superlinear boundary complexity (£2(na(n))).

Given a family C of simply connected regions in the plane, a connected com-
ponent of the complement of UC is called a hole determined by C. The proof of
Theorem 6.1 is based on the fact that every family of n J-fat triangles in the
plane determines at most a linear number of holes. The strongest known bound
of this type is the following.

Theorem 6.2. ([36]) Any family of n d-fat triangles in the plane determines
O (%1log %) holes. This bound is tight up to the logarithmic factor.

This result can be used to establish a more general upper bound for the
number of holes determined by a family of triangles with given angles.

Theorem 6.3. ([36]) Let C = {C1,Cy,...,Cn} be a family of n > 1 triangles in
the plane, and let a; denote the smallest angle of C; (1 < i < n). Suppose 0 <
a1 <ag <--- < ay, and let k < n be the largest integer satisfying Ele a; <.

Then C determines O(nklogk) holes. Furthermore, there exists a family C' =
{C1,Cs,...,C}}, where C} is isomorphic to C; and C' determines 2(nk) holes.

If we consider infinite wedges (i.e., convex cones) rather than triangles, then
the same bound holds not only for the number of holes, but also for the complezity
of the boundary of the union. The following result strengthens some earlier
bounds in [14].

Theorem 6.4. ([36]) Let C be a family of n wedges in the plane with angles
0<a <ay <--- < a, <n. Let k < n be the largest integer satisfying

Zle a; < T.
If k > 2, then the boundary complexity of UC is O(nklogk). Furthermore,
there exists a family of n wedges with angles ay,as,...,ay,, which determines

0 ((r — an)nk) holes.

The concept of d-fatness, as well as Theorem 6.2, has been extended to ar-
bitrary polygons by van Kreveld [26]. For other extensions and generalizations,
see [38],[37],[15], [13], and [12].

7 Fat objects in space

Many of the theorems in previous sections have natural generalizations to higher
dimensions. In this section, we mention only a few 3-dimensional results. Given a
family C of 3-dimensional bodies, an edge of their union is defined as a maximal
connected arc on Bd(UC), which belongs to two distinct members of C. A point
of Bd(UC), belonging to three distinct members of C is called a vertez. A maximal
connected 2-dimensional piece of BA(UC), which belongs to a single member of
C, is a face. The complezity of the boundary of UC is defined as the total number
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of vertices, edges, and faces of the boundary. These numbers are related to one
another via Euler’s Formula.

Let C be a collection of topological balls in IR? such that the intersection of
any two of their surfaces is either empty or is a simple closed curve, and the
intersection of any three surfaces consists of at most two points. Then C is called
a family of pseudo-balls. Taking the intersection of the surface of each member
of C with all the other members, and applying Theorem 2.2 to the resulting
2-dimensional arrangements, we obtain

Corollary 7.1. ([24]) The complexity of the boundary of the union of n pseudo-
balls in RR? is O(n?). This bound is asymptotically tight.

Another generalization of Theorem 2.2 provides an upper bound on the com-
plexity of the space of free placements of a convex polyhedral robot which is
allowed to translate amidst polyhedral obstacles in 3-space.

Theorem 7.2. ([4]) Let {C1,Cs,...,Cn} be a family of pairwise disjoint convex
polyhedral “obstacles” in IR® with a total of N faces, and let R be a convex
polyhedral “robot,” whose number of faces is a constant.

Then the complexity of the union of the “expanded obstacles” Ci ® (—R),
Co®(—R),..., Cp, ®(—R) is O(nNlogn). In the worst case this bound cannot
be improved, apart from the logarithmic factor.

For the case, when the robot is a ball, we have a similar result.

Theorem 7.3. ([2]) Let {C1,C>,...} be a family of pairwise disjoint convex
polyhedral “obstacles” in R® with a total of N faces, and let R be a ball-shaped
“robot.”

Then the complexity of the union of the “expanded obstacles” C1 ® (—R),
Cy® (=R),..., Cp, ® (=R) is O(N?*¢) for every e > 0.

In particular, the last result shows that the complexity of the union of n
congruent infinite cylinders in IR? is only at most slightly superquadratic. No
non-trivial (subcubic) upper bound is known for infinite cylinders with arbitrary
radii.

Theorem 3.2 has the following analogue.

Theorem 7.4. ([34]) The complexity of the upper envelope of n non-vertical
triangles in R® is O(n?a(n)). This bound is asymptotically tight.

A somewhat weaker form of the last result is true in a much more general
setting: the complexity of the upper envelope of n (d — 1)-dimensional algebraic
surface patches in R?, satisfying some natural conditions, is O(n?=1+¢) for every
g > 0 (see [19, 42]).

It seems likely that the results of Section 6 also generalize to higher dimen-
sions. The intersection of two (three) half-spaces in general position in 3-space
is called a dihedral (resp., trihedral) wedge. A wedge (tetrahedron) is called d-fat
if its dihedral angle (resp., each of its solid angles) is at least §.

We conjecture that the complexity of the union of any family of §-fat tetra-
hedra in IR® is at most slightly superquadratic in n. To prove this conjecture
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for congruent tetrahedra, it would be sufficient to show that the same statement
holds for §-fat trihedral wedges. We can prove only a weaker result.

Theorem 7.5. ([33]) The complexity of the boundary of the union of n §-fat
dihedral wedges in R® is O(n?>t*) for every e > 0.

We do not know the answer to the following simple question: is it true that
the complexity of the union of n cubes in IR? is o(n?)? In fact, we do not even
know whether n cubes in IR® always determine at most o(n?) holes.

It is not hard to show that the complexity of the union of axis-parallel cubes
is O(n?) and that this bound is asymptotically tight. In the case of congruent
axis-parallel cubes, this bound can be improved to linear [8]. For congruent, but
not necessarily axis-parallel cubes, we have the following recent result.

Theorem 7.6. ([33]) The complezity of the boundary of the union of n congruent
cubes in R® is O(n**°) for every e > 0.

8 Fat wedges — Extremal hypergraph theory

It was shown by Katona and Kovalev [21, 23] that for any family C of convex sets
in R?, the number of holes, i.e., connected components of R? \ UC, is at most
E?:o (’:), with equality only if C consists of hyperplanes or parallel strips in
general position. In fact, if any d members of C have only a bounded number, s,
of boundary points in common, then the complezity of UC is also O(n?), because
each vertex p of the union is determined by d members, whose boundaries pass
through p.

The aim of this section is to sketch a proof of the following weak (but non-
trivial) version of Theorem 7.5.

Proposition 8.1. There is an € > 0 such that the complexity of the boundary
of the union of n 8-fat wedges in R® is O(n3~¢).

Let K®)(m) denote a complete 3-uniform hypergraph with 3 disjoint m-
element vertex classes, consisting of all triples containing exactly one element
from each class. As in [34], our basic tool is Erdos’s result from extremal hyper-
graph theory.

Lemma 8.2. ([16]) Let H be a 3-uniform hypergraph on n vertices containing
no subhypergraph isomorphic to K® (m). Then H has at most n3—1/m’ triples.

Three l-membered families of half-spaces, H1, Ha, Hs C R? are said to meet
regularly if their arrangement, restricted to the convex hull of the points

{Bd(h1) N Bd(h2) NBd(hs) | h1 € H1,h2 € Ha, hs € Hs},
is combinatorially isomorphic to the arrangement
H ={{(z,y,2) e R’ :w <i} |1 <i <},
H = {{(z,9,2) e R 1y <5} [1<5 <},
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Hy = {{(z,y,2) e R : 2 <k}, |1 <k <1},
restricted to the cube [1,1]3. (See Fig. 6.)

|
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Figure 6: The boundary planes of three 3-membered families of
regularly meeting half-spaces.

Lemma 8.3. ([34]) For any l, there exists L = L(I) such that any three L-

membered families of half-spaces in R® contain three l-membered subfamilies
which meet regularly.

Obviously, it is sufficient to prove Proposition 8.1 in the special case when
the angle of every wedge is precisely §, because every wedge can be obtained
as the union of at most [7/d] such wedges. Color the wedges with a constant
number of colors so that the directions of the (infinite) edges and the directions
of the corresponding faces of any two wedges of the same color differ from each
other by less than 1 degree.

Assume, in order to obtain a contradiction, that there is a family W of n
dihedral wedges whose union has at least n®—¢

vertices on its boundary, for
some ¢ > 0. Combine the last two lemmas. We obtain that if ¢ = £(I) > 0

is small enough, there exist three pairwise disjoint /-membered monochromatic

subfamilies Wy, Wa, W3 C W such that, expressing every wyg € W, as the
intersection of two half-spaces, hs N A,

(1<s<3,1<Lt<L1), the families of
half-spaces

Hy o= {h | 1< i <1},
Ha = {hg; [1 <5 <1},
Mz o= {ha | 1<k <1}
meet regularly, and every point of the set
S :={Bd(h1;) N Bd(hy;) N Bd(hax) | (1 <4, 5,k <1)}

belongs to the boundary of UW. Note that any two half-spaces belonging to the
same family H are almost parallel. We can also assume without loss of generality
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that the isomorphism between H;, Ha, Hs and H?, HI, HJ takes each half-space
hli (resp,, th; h3k) to {($7y7z) € ]R,3 HE RS Z} (resp., {(w,y,z) € ]R'B 1y < J}J
{(z,y,2) € R®: 2 < k}).

It follows from the fact that any two wedges belonging to the same W;
have the same color, that their edges are almost parallel. Therefore, we can
choose a plane P such that the angle between P and the edge of every wedge
w € Wi U W, U Ws is larger than, say, 30 degrees. This implies, for example,
that wN P is §/2-fat (in the plane). Translating P parallel to itself, if necessary,
we can assume without loss of generality that it does not pass through any
vertex of Bd(UW), and that P cuts the set S into two parts as equally as
possible. Let R (and B) denote the set of elements of S on one side of P (on the
other, resp.). Color any point (4,4, k) € [1,1]® red or blue according to whether
Bd(hi;) N Bd(ha;) N Bd(hsg) belongs to R or B, and denote the sets of red and
blue points by R’ and B’, resp.

A set X of points with integer coordinates is called convez in a given direction
if, for every segment xy parallel to this direction, both of whose endpoints belong
to X, all other integer points of zy also belong to X. We obviously have

Claim 8.4. R' and B' are convez in the directions of all three coordinate azes.

Connect a point (i, 7, k) € R' to (i',j', k') € B' by a directed edge, whenever
their distance is 1, i.e., when they differ only in one of their coordinates, and
in this coordinate their difference is 1. Using the fact that |R'|,|B’| > [13/2], it
follows by standard isoperimetric inequalities that the number of directed edges
is at least 12/2. We can assume, by symmetry, that at least [2/12 of them are
parallel to the z-axis and are pointed upwards. Let D denote the orthogonal
projection of these edges to the (z,y)-plane, i.e.,

D :={(i,j) € [1,1]* | 3k such that (i,5,k) € R and (i,j,k + 1) € B'}.
In view of Claim 8.4, we have

Claim 8.5. The set D C [1,1]? is convex in the directions of both coordinate
azes, and |D| > [?/12.

The last claim easily implies that D contains all integer points within an
axis-parallel square, whose side length is at least [/50.

Switching back to the original picture, this means that there are two subfam-
ilies Hi C Hi1,Hb, C Ha, each of size I’ :== [1/50], whose cross-sections on the
plane P “meet regularly,” i.e., are combinatorially isomorphic to the arrange-
ment

Hx,y) eR*:z<i}|1<i<l'},

{(z,y) eR* 1y <j}|1<j <Y,
restricted to [1,1']2. Consider now the I’-membered families of wedges, Wj C Wi
and W) C W, corresponding to the members of H] and H), resp.

It follows from the definitions that, for every h; € Hj, ha € Hb, the point
Bd(h1) N Bd(hs) N P belongs to the boundary of

PN (M) U (UNy)).
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Consequently, the complexity of the union of all planar wedges w N P (w €
(UW)) U (UWS)) is at least (I')2.

Recall that, by the choice of the direction of P, the intersection of every
element of WjUW), with P is (6/2)-fat planar wedge. Thus, according to Theorem
6.1, the complexity of their union cannot exceed O(I' log!'). This contradicts the
conclusion of the last paragraph, provided that I’ = [1/50] is sufficiently large
(and € = £(I) > 0 is sufficiently small). This completes the proof of Proposition

8.1.
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Abstract. We study intersection properties of systems of segments in
the plane. In particular, we show that there exists a constant ¢ > 0 such
that every system S of n straight-line segments in the plane has two at
least cn-element subsystems S1,S2 C S such that either every segment
in S; intersects all elements of Sz, or no segment in S; intersects any
element of S2. We also propose a fast approximate solution for reporting
most intersections among n segments in the plane.

1 Introduction

The problem of detecting and reporting intersections among straight-line seg-
ments in the plane is one of the oldest and most extensively studied topics in
computational geometry. It is a basic ingredient of many hidden surface removal
algorithms, and has numerous other applications in computer graphics, motion
planning, geographic information systems, etc. The first efficient techniques were
developed by Shamos and Hoey [SH76] and Bentley and Ottmann [BO79] more
than twenty years ago. The running times of the best known algorithms, due to
Balaban [B95] and Chazelle and Edelsbrunner [CE92], are O(nlogn + I), where
n and I denote the number of segments and the number of intersections, resp.
(See also [PS91].)

In the present paper, we discuss some structural properties of intersection
graphs of segments, i.e., graphs that can be obtained by assigning a vertex to
every element of a system of segments S in the plane, and connecting two of
them by an edge if and only if their intersection is non-empty. Throughout this
paper, we assume that the elements of S are in general position, i.e., no two
segments are parallel and no three of their endpoints are collinear. In particular,
if two elements of S intersect, then they determine a proper crossing.

We prove the following Ramsey-type result.
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Theorem 1. There exists a constant C > 0 such that every system S of
n segments in the plane has two disjoint subsystems S1,S2 C S such that
|S1],]S2| > Cn and

(i) either every segment in Sy crosses all segments in Sa,

(ii) or no segment in Sy crosses any segment in Ss.

In the sequel, A stands for an absolute constant smaller than 10%. Theorem
1 is a direct corollary of the following two complementary results.

Theorem 2. Any system S of n segments in the plane with at least cn? crossings

A
(¢ > 0) has two disjoint subsystems, 81,82 C S, such that |Si|, |Sa| > (26%)0
and every segment in Sy crosses all segments in S.

n

Theorem 3. Any system S of n segments in the plane with at least cn® non-
crossing pairs (¢ > 0) has two disjoint subsystems, S1,S2 C S, such that |S1], |Sz|

(e/5)*
Z CBSO

n and no segment in Sy crosses any segment in Sa.

The above results, combined with Szemerédi’s Regularity Lemma [S7]], can
be used to establish a fairly strong structure theorem for intersection graphs of
segments. We say that two sets have almost the same number of elements if their
sizes differ by at most a factor of 2.

Theorem 4. For any € > 0, there exists an integer K = K (¢) with the property
that any system S of segments in the plane can be partitioned into K + 1 sub-
families, So,S1,...,Sk such that |So| < €|S|, all other subfamilies have almost
the same size, and for all but at most eK? pairs 1 <i,j < K,

(i) either every segment in S; crosses all segments in S,

(i1) or no segment in S; crosses any segment in S;.

Fix an element s; in each S;. For any s € S, let f(s) := s; if and only if s
belongs S; (0 < ¢ < K). We can think of f(s) as the segment representing s.
According to Theorem 4, with a very small error, two randomly selected elements
s,t € S cross each other if and only if f(s) N f(t) is non-empty.

A geometric graph is a graph whose vertices are points in general position in
the plane (i.e., no three points are on a line) and whose edges are straight-line
segments connecting these points. Our last two results are easy corollaries to
Theorems 2 and 3, respectively.

Theorem 5. Any geometric graph G with n vertices and at least cn? edges
(¢ > 0) has two disjoint sets of edges Ev,Ey C E(G) such that |Ei|,|E2| >
(c/32)4+3 (;L) and every edge in Fy crosses all edges in Fs.

Theorem 6. Any geometric graph G with n vertices and at least cn’® edges
(¢ > 0) has two disjoint sets of edges Er,Ey C E(G) such that |E1|,|E2| >
(c/34)AF3 (;L) and no edge in Fy crosses any edge in Fs.

The rest of the paper is organized as follows. In Section 2, we establish
Theorems 2 and 3. Theorem 4 is proved in Section 3. The last section contains
the proofs of Theorems 5 and 6, as well as some concluding remarks.
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2 Proofs of Theorems 2 and 3

Three sets of points in the plane are said to be separable if each of them can
be separated from the other two by a straight line. Given three separable sets,
there is no straight line which intersects the convex hull of all of them.

Lemma 1. Fvery set of n points in general position in the plane has three
separable subsets of size [n/6].

Proof. Assume without loss of generality that n is divisible by 6, and let P be
an n-element point set. Choose two lines that divide the plane into 4 regions,
containing n, 2n,n, and 2n points of P in their interiors, in this cyclic order. Let
Py, P>, P3, and P, denote the corresponding subsets of P. By the ham-sandwich
theorem, there is a line ¢ which simultaneously cuts P» and P, into two halves of
equal size (see Fig. 1). Then ¢ avoids either the convex hull of P; or that of Ps.
Assume, by symmetry, that P; is ‘above’ £. Then P; and the parts of P, and Py
‘below’ £ are three separable sets. [

P
1
P P4
2
[
P
3
Fig. 1.

Lemma 2. Let S and 7 be two systems of segments in general position in
the plane. Then there are two subsystems §* C S, T* C T such that |S*| >
LIS1/330], [T%| = [|T1/330], and

(i) either every segment in S* crosses all segments in T*,

(ii) or no segment in S* crosses any segment in T*.

Proof. Let |S| = m,|T| = n, and suppose, for simplicity, that both m and n are
multiples of 330. Let P be the set of endpoints of all segments in S. By Lemma 1,
there are three separable m/3-element subsets, Py, P2, P3 C P. Color a segment
t € T with color ¢ if its supporting line does not intersect the convex hull of
P; (i =1,2,3). Let 7; denote the segments of color i. At least one third of the
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elements of 7 get the same color, so we can assume with no loss of generality
that |71 > n/3.

If there are at least m/330 segments in S, both of whose endpoints belong
to P;, then we are done, because these segments are disjoint from all elements
of 77.

Hence, we can assume that at least (1/3 —2/330)m = 18m/55 elements of
S have precisely one of their endpoints in P;. Let @ denote the set of other
endpoints of these segments. Let us choose three separable subsets @1, @2, Q3 C
@, each of size at least |Q|/6 = 3m/55. Just as before, color a segment t € 7; with
color i if its supporting line does not intersect the convex hull of Q; (i = 1,2, 3).
Again, at least |77|/3 > n/9 elements of 77 get the same color, say color 1; they
form a subsystem 77, C 7;.

Let S11 denote set of all elements of S with one endpoint in P; and the other
in Q1. Clearly, we have |S11] = |@1] > 3m/55.

Let us repeat now the whole procedure with 7771 in the place of S and Sy1 in
the place of 7. We obtain two subsets, 7' C 771 and &’ C 811, satisfying

[Suil o
9 - 165

T
S17ul , n S| >

T >
7= 55 T 165

We can assume that at least half of the supporting lines of the elements of
T’ cross the convex hull of &, for otherwise we would obtain two non-crossing
systems of at least |77|/2 and |S’| segments. The set of all elements of 77, whose
supporting lines cross the convex hull of & is denoted by 7*. Similarly, we can
assume that the supporting lines of at least half of the elements of S’ cross the
convex hull of 7*; otherwise, we could find two non-crossing systems of at least
|7*| and |S’|/2 segments. Let S* denote the set of all elements of &', whose
supporting lines cross the convex hull of 7*. It follows from the definitions that
every element of §* crosses all elements of 7* and that

s/ m

7V
=== 550 2
2 = 330

15 =52 5

7"

Given any system of segments, S and 7, in general position in the plane,
define their crossing density, 6(S,T), as the number of crossing pairs (s,t), s €
S, t € T divided by [S]| - |T|. Clearly, we have 0 < §(S,7) < 1.

Theorems 2 and 3 readily follow from the next result.

Theorem 7. There exists a constant A < 10° satisfying the following condi-
tion. Let S and T be any sets of segments in general position in the plane, and
suppose that their crossing density is at least ¢ > 0. Then there are two disjoint
subsystems S’ C S, T' C T such that

8" > ==

\5|7 7’ IT\

330 1z 330

and every segment in S’ crosses all segments in T'.
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Proof. Let |S| = m, |T| = n, and suppose first that both m and n are powers of
330. According to our assumption, §(S,7) > c.

Applying Lemma 2, we obtain two subsystems, $* C S, 7* C 7, such that
|S*| = m/330,|7*| = n/330, and §(S*,T*) is either 1 or 0. In the first case we
are done, so assume §(S*,7*) = 0. Then we have

329 329 3292
< = — — * _ * - _ * _ * .
c<46(S,7T) 33025(8,7 T+ 33025(8 S T)+ 33025(8 ST -T%)
Therefore, at least one of the crossing densities §(S,7 — T*), §(S — S*,7),
0(S —8*,T — T*) exceeds

3307
R
In other words, there exist two subsystems, S C S, 71 C 7, with |S1]| > m/330,
|71] > n/330 such that 6(S1,71) > ¢1.

Applying Lemma 2 to §; and 77, we obtain two subsystems S** C S1, 7** C
71, such that |S**| > m/330%, |T**| > n/330%, and §(S**,7**) is either 1 or 0.
Again, we can assume that §(S**, 7**) = 0, otherwise we are done. As before, we
can find two subsystems, So C Si, To C 71, with |Sa| > m/330%, |T5| > n/3302

such that )
3302
T5) > cy = e
5(82a 2) = C2 C<3302_1>

Since the crossing density between any two sets is at most 1, after some

log 1
k< <
log 35)320 i1

steps, this procedure will terminate. That is, when we apply Lemma 2 for the
k-th time, we obtain two subsystems S’ C S, 7/ C 7 such that |S’| > m/330%,
|T'| > n/330%, and 6(S’,7") = 1. Thus, every element of S’ crosses all elements
of 7', and |S'| > ¢Am, |T'| > ¢n, where
log 330
As 3302

log 33027

< 108,

This completes the proof of Theorem 7 in the case when m and n are powers of
330. Otherwise, using an easy averaging argument, we can find S C S, 7y C 7T,
whose sizes are powers of 330, |So| > m/330, || > n/330, and §(Sp, 7o) > c.
Applying the above argument to Sg and 7y, the result follows. [J

Proof of Theorem 2. Assume, for simplicity, that n is even. Given a system of n
segments in general position in the plane, which determine at least en? crossings,
one can partition it into two equal parts so that the crossing density between
them is at least 2¢ (see e.g. [PA95]). Applying Theorem 7 to these parts, the
result follows. [
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Theorem 3 can be established analogously, by repeated application of Lemma
2. However, here we deduce it from Theorems 2 and 3.

Proof of Theorem 3. Let S be a set of n segments in general position in the plane
with at least cn? non-crossing pairs. For any s € S, let £(s) denote the supporting
line of s. The set ¢(s) \ s consists of two half-lines; denote them by hq(s) and
hao(s) . Let Hy := {hi(s) : s € S}, Ha := {ha(s) : s € S}, T := SUH;1 U Ha.
Further, for any h € H; U Ha, let s(h) be the unique segment s € S, for which
hi(s) or ha(s) is equal to s.

Note that if two segments s,t € S do not cross each other, then the crossing
between their supporting lines, ¢(s) and £(t), gives rise to a crossing between a
pair of elements of 7, involving at least one half-line. Therefore, the number of
crossing pairs in 7 involving at least one half-line is at least cn?. There are three
possibilities:

1. for some i = 1,2, the number of crossing pairs in H; is at least cn?/5;
2. the number of crossing pairs between H; and Hs is at least cn? /5;
3. for some i = 1,2, the number of crossing pairs between H; and S is at least
2
en® /5.

In Case 1, applying Theorem 2 to H;, we obtain two subsystems, H;1, Hio C
‘H, whose sizes are at least (22/65)A n > (C?{;(%A, and every half-line in H;; crosses
all half-lines in H;2. Then Sy := {s(h) : h € Hu} and Sa := {s(h) : h € Hso}
meet the requirements in Theorem 3.

In Case 2, apply Theorem 7 to obtain H} C Hi, H), C Ha, whose sizes are

at least (c?{?‘?gA n, and every element of H} crosses all elements of Hj. Setting
S1:={s(h): h € H}, and Sy := {s(h) : h € H,}, the result follows. Case 3 can

be treated similarly. O

3 Proof of Theorem 4

The proof is based on a variant of Szemerédi’s Regularity Lemma, which was
discovered by Komlds (see [KS96]) and can be established by an elegant argu-
ment.

For any graph G and for any disjoint subsets X,Y C V(G), let E(X,Y) C
E(G) denote the set of edges of G running between X and Y. Clearly, we have
|E(X,Y)| <|X||Y]|. For any ~,d > 0, we call the pair (X,Y) (v, §)-superregular
if for every X’ C X and Y’ CY satisfying

X'| > ~|X|, Y| =A]Y],

we have
|E(X",Y")| > 3| X|]Y].

Lemma 3. ([KS96|) Let v > 0 be a sufficiently small constant, and let § > 0.
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Then any graph with n vertices and at least dn? edges has a (7, §)-superregular
pair (X,Y) with
1X| = Y| > Y n.

First we establish

Theorem 8. For every § > 0, there exists an integer k = k(§) > 0 with the
following property. The intersection graph G of any system of n segments in the
plane has k bipartite subgraphs, which altogether cover all but at most dn? edges

of G.

Proof. Set Gy := G, and let 8 be a small positive constant to be specified later.
Suppose that for some i > 1 we have already defined G;_1. If G does not have
a complete bipartite subgraph H;, which contains at least 4n? edges of G;_1,
then stop. Otherwise, pick such a subgraph H;, and let G; denote the graph
obtained from G;_; by the deletion of all edges belonging to H;. Obviously, this
procedure will terminate in

[E(G)]

) <
T

1
< —
=33
steps, with a graph Gj;.

We claim that G; has fewer than dn? edges, provided that 3 is sufficiently
small. Suppose that this is not true. Then, according to Lemma 3, G; has a
(v, §)-superregular pair (X,Y") with

X| = Y] =8 n,
where v := %. Let Sx and Sy denote the corresponding families of segments.
In view of Theorem 7, there are two disjoint subsystems 7y C Sx and 7y C Sy
with

5A
>
— 330
such that every segment in Tx crosses all elements of 7y-. Let X’ and Y’ denote
the subsets of X and Y, corresponding to 7x and 7y, resp. Then X’ and Y’
induce a complete bipartite subgraph in G. Furthermore, using the fact that
(X,Y) is a (7, 6)-superregular pair in G;, we obtain that at least

Tx| = |Tv| [ X[ =~[X]| =Y

SIX'|[Y!| > 67262/ n?

edges between X’ and Y’ belong to G;. Therefore, if we choose § so small that
this last quantity exceeds Sn2, then we could continue our procedure and define
the next graph G41. This contradiction completes the proof. ]

Obviously, a similar result holds for G, the complement of a segment inter-
section graph G.
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Theorem 9. For every § > 0, there exists an integer k = k(§) > 0 with the
following property. The complement G of the intersection graph G of any system
of n segments in in the plane has k bipartite subgraphs, which altogether cover
all but at most on? edges of G.

Now we are in a position to prove Theorem 4. Let G denote the intersection
graph of S. Let 0 be a small positive constant which will be specified later. By
Theorems 8 and 9, there is a family

F ={A1,B1,A2, By, ..., Agy, Ba}
of subsets of V(G) such that

1. A; and B; are disjoint (1 <14 < 2k); _
2. A; x B; is contained either in E(G) or in E(G) (1 <i < 2k);
3. all but at most 26n? pairs {u,v} C V(G) are covered by U?%, A; x B;.

We say that two vertices of V(G) are of the same type, if every member of F
contains both or neither of them. The number of different types is at most 32*.
A given type is negligible, if fewer than

en
5= 3ok
vertices have it. Letting Vy denote the set of all vertices with negligible types,
we have |Vp| < en.
Divide the elements of V(G) — Vj into groups Vi, Va, ..., Vi of almost the
same size: for every 1 <1i < K, let s < |V;] < 2s. Clearly, we have

(I—-e)n

<K<
2s - -

» |3

A pair (i,7), 1 <i# j < K is called exceptional, if V; x V; is not contained in
U2k, A; x B;. For every non-exceptional pair (i, j), V; and V; induce a complete
bipartite subgraph either in G or in G.

Let m denote the number of exceptional pairs. The total number of pairs
{u,v} C V(G) for which u € V;, v € V; for some exceptional pair (i, j) is at
least ms2. On the other hand, by condition 3 above, this number cannot exceed
26n?. Thus, we obtain that

mo_ 20m? < 20m? 452 8
K2 = $2K2 ~ s2 (1—¢)2n2 (1—¢)%

This is smaller than ¢, if § is sufficiently small, so the partition of S corresponding
to Vo UV U. ..U Vg meets all the requirements of Theorem 4.
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4 Concluding Remarks

First we show how Theorems 5 and 6 follow from the previous results.

Proof of Theorem 5. Let G be a geometric graph with n vertices and at least cn?
edges. The next result of Ajtai, Chvétal, Newborn, Szemerédi [ACNS82] and,
independently, Leighton [L83] (see also [PA9S], [PT97]) implies that there are at
least —62 crossings pairs of edges.

Lemma 4. Let G be a geometric graph with n vertices and e > 4n edges, for
3
some ¢ > 0. Then G has at least gi— crossing pairs of edges.

Thus, we can apply Theorem 2 to the system & = E(G). We obtain two
subsets Fy, Ey € E(G) such that every edge in E; crosses all edges in Fo, and

1| = |[Ba| > 82002 > (¢/32)442(7). O

Theorem 6 can be proved similarly. The only difference is that, instead of
Theorem 2 and Lemma 4, we have to use Theorem 3 and

Lemma 5. ([P91]) Let G be a geometric graph with n vertices and e > 3n/2

edges, for some ¢ > 0. Then G has at least % pairs of edges that do not cross
and do not share an endpoint.

The above theorems can also be established using Szemerédi’s Regularity
Lemma [S78]. However, then the dependence on ¢ of the sizes of the homogeneous
subsystems whose existence is guaranteed by our results gets much worse.

According to an old theorem of K&véri, Sés, and Turdn [KST5H4], every graph
with n vertices and at least cn? edges has a complete bipartite subgraph with
c’ logn vertices in its classes, where ¢’ > 0 is a suitable constant depending on
c. This immediately implies that Theorem 2 holds with the much weaker bound
c’ logn instead of ¢'n.

For some computational aspects of recognizing intersection graphs of seg-
ments, see [KM94].
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Abstract. Suppose that the terminals to be interconnected are situated
in a rectangular area of length n and width w and the routing should be
realized in a box of size w’ X n’ X h over this rectangle (single active layer
routing) where w’ = cw and n < n’ < n + 1. We prove that it is always
possible with height h = O(n) and in time t = O(n) for a fixed w and
both estimates are best possible (as far as the order of magnitude of n is
concerned). The more theoretical case when the terminals are situated
in two opposite parallel planes of the box (the 3-dimensional analogue
of channel routing) is also studied.

1 Introduction

Traditionally, the detailed routing phase of the design of VLSI (Very Large Scale
Integrated) circuits was considered as a 2-dimensional problem, gradually
extended to 2,3,... layers. Even within this problem single row routing and
channel routing (where the terminals to be interconnected are on one side, or
on two opposite sides, respectively, of a rectangle) are the better understood
subproblems, where the inputs are essentially one-dimensional (one or two lists
of terminals, of length n, also called the length of the channel). Here the main
aim is to realize the routing, and since its "horizontal’ size is given, its 'vertical’
size, or width, w should be minimized. An important quantity is the density of
the problem: the maximum number d so that there exists a vertical straight line
cutting d nets into two.
In case of the 2-layer Manhattan model

— (1) single row routing is always possible in O(n) time with w = d, see [12,[17],

— (2) channel routing is NP-hard [I8, [26],

— (3) but this latter becomes always possible in O(nd) time with w = O(d) if
we may extend the length of the channel by introducing additional columns
[3, 6] [14]. In fact, the number of these additional columns may be as large
as O(y/n), see 3} pp. 212-213].

In spite of (2), there are plenty of practically effective algorithms available,
which can solve ’difficult’ problems (of length 150...200) with width around 20
(177, [10]). In case of switchbox routing (where the terminals are on all the four
sides of a rectangle — a real 2-dimensional problem) instances with length 23 and
width 15...16 are already ’difficult’ problems on 2 layers [5], [8, [15] [22].

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 318-829] 2001.
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If more than two layers are permitted, both channel and switchbox routing
become easier, see for example [7] and [4, 25], respectively.

As technology permits more and more layers, a 'real’ 3-dimensional ap-
proach becomes reasonable. There are plenty of deep results in this area, see
[ 2, @ 11, 13, 19, 20, 21], 23] 24], for example. Most of them embed certain
‘universal-purpose’ graphs (like n-permuters, n-rearrangeable permutation net-
works, shuffle-exchange graphs) into the 3-dimensional grid, ensuring that pairs
of terminals can be connected, moreover, in some papers along edge-disjoint
paths. Our result below is of much simpler structure but it allows multiterminal
nets as well, and ensures vertez disjoint paths (or Steiner-trees) for the intercon-
nections of the terminals within each net.

Throughout, except in the last section, we restrict ourselves to the single
active layer case (all the terminals are on a single plane and the third dimension
(above this plane, with height h) is for interconnections only). The terminals
occupy certain gridpoints of an n X w rectangle. Henceforth we will use ’vertical
direction’ to refer to the direction of & (that is, to the direction perpendicular
to this n x w rectangle) and not for the direction of w.

One can easily see even in small instances like 4 x 1 that a routing is usually
impossible unless either the length n or the width w may be extended by in-
troducing extra rows or columns between rows and columns of the original grid
(compare with (3) above). If it is allowed to introduce both extra rows and extra
columns then there is a trivial upper bound of h = O(wn) for the height of the
routing; see Lemma [l below.

Our main result is that if w is fixed and n becomes large, a routing of height
O(n) can be attained not only in the aforementioned trivial way, but even if
the new length n’ satisfies n < n’ < n + 1 and only w is extended to w' = cw,
where ¢ is a suitably chosen constant (we will show that ¢ > 8 suffices). In view
of Lemma Pl this linear bound is best possible. Moreover, our algorithm realizes
this in O(n) time, which is also essentially best possible.

Throughout this paper we are going to think of w as fixed and try to obtain
bounds for the height as a function of n only.

2 Definitions and Main Results

The vertices of a given (planar) grid of size n x w are called terminals. A net
N is a set of terminals. A single active layer routing problem is a set N =
{N1, Na,..., N;} of pairwise disjoint nets. n and w are the length and the width
of the routing problem, respectively.

By a spacing of sy, in direction w we are going to mean that we introduce
sw — 1 pieces of extra columns between every two consecutive columns (and also
to the right hand side of the rightmost column) of the original grid. This way
the width of the grid is extended to w’ = s,, - w. A spacing of s, in direction n
is defined analogously.

A solution with a given spacing s, and sy of a routing problem N = {7y,
Noy...,Ni}is a set T = {T1,Ts,..., Tt} of pairwise vertex—disjoint Steiner—



320 Andréas Recski and Dévid Szeszlér

trees in the cubic grid of size (w - s4) X (n - s,) X h (above the original planar
grid containing the terminals) such that the terminal set of T; is N; for every
1 <i<t. his called the height of the routing.

Since w is fixed, one can also imagine the input as w rows of terminals (each
of length n) or as a set of (“’) channel routing problems, each with length n and

2
with a given density. Let D be the maximum of these densities. Clearly, D < n.

Theorem 1. If s,, > 8 then for any fived value of w and for any n a single
active layer routing problem can always be solved in time t = O(n) and with
height h = O(n) such that the length n is preserved or increased by at most one.
Both linear bounds are best possible.

Our algorithm gives t = O(w®n) and h = O(wD).

3 Straightforward Bounds

Lemma 1. If sy, > 2 and s, > 2 then every routing problem can be solved with
height h < %n

Proof. We assign a separate layer to each net. For every terminal we introduce
a vertical wire segment to connect the terminal with the layer of its net. The
interconnection of the terminals of each net can now be performed trivially on
its layer using the extra rows and columns guaranteed by the spacing in both
directions.

Since 1-terminal nets can be disregarded, the number of nets is at most %nw
thus h < %n follows immediately.

Lemma 2. For any given n there exists a routing problem that cannot be solved

with height h smaller than 52—.

Proof. Let, for simplicity, the width and the length be even, let w = 2a and
n = 2b. Consider the following example (the idea is very similar to those in
Ml [16]). Suppose that each net consists of two terminals in central-symmetric
position as shown in Figure [Tl

The number of nets is an. Since each net is cut into two by the central vertical
line e, any routing with width w’ = s,w and height h must satisfy w'h > an.
Therefore h > (w/2w')n, hence h > 52—

Since in the above example D = n, this also proves the lower bound h =
(D).

The straightforward lower bound for the time is the length of the input, that
is, t = 2(wn).
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4 Two Simple Steps

1. Suppose at first that w = 1. Then what we have is essentially a single row
routing problem with density d. Each net determines an interval of length at most
n and these intervals can be packed in a vertex-disjoint way into d parallel lines,
usually called tracks, using the ’left-edge algorithm’ [12] [17]. Using the classical
2-layer Manhattan model, we can arrange the tracks in a horizontal plane, as
shown in the top of Figure B thus realizing a routing with w’ = d and h = 2.
However, alternatively these tracks can occupy either a vertical plane, leading to
w' =2 and h = d, or two vertical planes, leading to w’ = 3 and h = [d/2], see
the middle and the bottom drawing of Figure ] respectively. (Theoretically one
can pack the tracks to more vertical planes and thus ensure h = [3d/(2w’)] for
larger values of w’ as well but it does not seem to be interesting.) Throughout
in Figures 2l Bl and [l continuous lines denote wires while dotted lines are for the
indication of coplanarity only.

Similarly, if w = 2 then we have a channel routing problem with density d
and using the same linear time algorithm we can always realize a routing with
w =d+1and h =3 or with w’ = 3 and h = d + 1, see Figure Bl This method
is also well-known, it dates back at least to [7].

The right hand side of Figure B shows the essential idea of our algorithm:
immediately at the level of the terminals (when leaving the ’single active layer’)
we increase the width from w to w’ = s,w in order to make enough space
'between the rows of the terminals’ for the vertical plane(-s) containing the
interconnecting wires. The same process is illustrated for w = 6 in Figure Bl
below.
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Later we shall need the following observation: if a larger horizontal area is
available, we can decrease the height to h = 2[d/(w’ — 2)] + 2. For this we can
arrange the tracks in [d/(w’ — 2)] parallel horizontal planes — however, we need
an ’empty’ plane between two consecutive planes of tracks to ensure that the
endpoints of the intervals can always reach the terminals, even if they are ’in the
wrong side’, as terminals to and t3 in Figure[3l Therefore the basic quantity hw’
can be upper bounded by essentially 3d/2 for w = 1 but only by 2d for w = 2.

2. Let us turn now to the general problem with width w. Since the terminals
occupy certain gridpoints of an n X w rectangle, we consider them as a collection
of w parallel rows, each of length n. We wish to solve (g’) channel routing prob-
lems one after the other. Figure Hlillustrates this for w = 6. At first (going from
the bottom of the figure to the top) we solve those w — 1 channel routings where
the rows are adjacent (first "floor’), then those w — 2 ones where the distance of

two rows is two (second ’floor’) etc.
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The w — 1 channel routings at the first floor (actually the w — 1 vertical
planes containing the wire segments of these channel routings) do not interfere
with one another (these are illustrated by the w — 1 empty dots in the bottom
horizontal line of the figure).
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On the other hand, the w — 2 channel routings at the second floor do not
have this property hence this floor will have two levels, one for the row pairs 1
and 3, 3 and 5, etc and one for the row pairs 2 and 4, 4 and 6 etc. In general,
floor f contains Iy levels where Iy = fif 1 < f < |w/2] and Iy = w — f if
|lw/2] < f <w-—1. Solid dots illustrate the rows, the vertical lines in the figure
show that the terminals within a row may appear at different floors. Empty dots
indicate the areas where these two rows can be interconnected. Hence such an
empty dot may indicate a contribution of at most D to the final height (compare
with the right hand side of Figure ).

Observe that there are two empty dots between two solid ones in the second
floor, three empty dots between two solid ones in the third floor etc. Hence
the total height requirement is not D x 2}0;11 lf = O(w?D) but only 2D x
Z;ﬁ:ll %l = O(wD). The extra constant 2 is due to the necessary empty planes
between the consecutive planes of tracks, as explained in the last remark in Step
1 above, concerning the empty plane between the consecutive planes of tracks.

In the introduction we mentioned that the width of the input must be ex-
tended to w’ = s, w. Figure[d might give the wrong impression that s,, = 2 suf-
fices. However, as we shall see in the next section, the realization of the ’crossings’
in the figure requires much more space, leading to s,, = 8.

5 The Real Routing

For future reference we are going to introduce the following terminology. By a
w-plane we are going to mean a plane that is perpendicular to the width of the
routing, that is, to the 'vector’ w of Figures B] Bl and [6. Analogously, h—planes
and n—planes are planes perpendicular to the height and the length of the routing
(or to the vectors h and n), respectively. Similarly, by a w—wire segment we are
going to mean a wire segment that is parallel to the width of the routing or
to the vector w. h—wire segments and n—wire segments are defined in the same
way. (Note that for example an h-plane is a horizontal plane, while an h-wire
segment is a vertical wire segment.)

In the previous section Figure [ illustrated the order how the (g’) channel
routing problems are routed one above the other. (Of course it is possible that
the terminals in row ¢ and those in row k& do not share any net and therefore a
whole level within a floor is missing.)

However, Figure Hlmay alternatively be considered as a ’cross-section’ of the
routing by an n-plane of size w’ x h (and then there are n copies of these cross-
sections, one behind the other). In this sense an empty dot in a particular level
indicates a whole w—plane of length n and of height at most 2[ D/ f] containing
several wires one above the other for that channel routing. Hence a horizontal
line in Figure @ between a solid and an empty dot indicates a wire segment going
towards this plane — but it may go for a wire segment running in this plane or
it may wish to avoid it and go for a wire segment in one of the other parallel
planes (that is, towards one of the further empty dots).
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It is very important to realize, therefore, that there are two types of ’crossings’
which have to be avoided if we wish to realize the final 3-dimensional routing
along the n—planes one after the other:

— Type 1 — A vertical line, connecting two solid dots, and a horizontal line,
connecting two empty dots, may cross each other in Figure @

— Type 2 — A horizontal line which passes through an empty dot in Figure M
may, in fact, not use that particular n-wire (which is perpendicular to the
actual n—plane).

The basic point is that crossings of Type 2 can be avoided by a detour
within the actual n—plane (increasing the height by one and the width by two)
but crossings of Type 1 can be avoided outside the n—plane only. Therefore we
must use the adjacent n—plane as well. But what happens if in this latter n—
plane there is another vertical line interconnecting two solid dots (or in the real
routing: a h—wire segment coming from a terminal) blocking the detour?

We avoid this problem in the following way: Since w’ > w, we must, in
any case, start the routing in each n—plane by ’expanding’ the w terminals into
larger distances. This increases the height by w/2 and can be performed like in
either of the ways shown in Figure[Bl Now, if we use the two kinds of expansions
alternatively then the terminals within a single row will form a zigzag pattern and
hence two h—wires that ’should’ block each other in two consecutive n—planes,
will actually be shifted by two units away.

L = ]
L = ]

Fig. 5.

This way we have ensured that a Type 1 detour will not be blocked by an
h—wire segment coming from a terminal. However, one difficulty remains to be
solved: A Type 1 detour can still cross a w—wire segment that goes in the same
h—plane one unit behind (connecting two w-planes within a level). In order to
handle this, let us number the n—planes from ’front’ to ’back’ with the numbers
1,2,...,n and the h—planes form 'bottom’ to 'top’ with the numbers 1,2,...,h.
Now let us declare the following rule: If a w—wire segment goes in an n—plane
numbered with an even number, then it must go in an hA—plane also numbered
with an even number; similarly, if a w—wire segment goes in an n—plane numbered
with an odd number, then it must go in an h—plane also numbered with an
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odd number. Since the height of a level is always the double of the number of
tracks in it, the above rule can obviously be fulfilled. (This way some of the
Type 2 detours will become unnecessary: If a w—wire segment reaches a w—plane
(containing some of the tracks within a level) between two consecutive tracks,
then the w—wire segment can cross the w—plane without meeting the tracks,
there is no need for a Type 2 detour.)

Figure[6 illustrates most of these situations in a single drawing. Recall that
continuous lines are wires, dotted lines are for the indication of coplanarity only.
Observe that t1,ts,... are terminals within a single row (illustrating the afore-
mentioned zigzag pattern), while the terminals ¢],t), ... form the next row. It
might be instructive to recall that the detour between A and B is of Type 1
while that between C' and D is of Type 2.

Fig. 6.
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Figure [l shows a part of Figure[f] again in order to explain why s, needs to
be as large as 8.

6 3-Dimensional Channel Routing

Throughout this paper we have dealt with the single active layer routing problem,
which is, in a sense, the 3—dimensional analogue of single row routing. However,
the 3—dimensional analogue of channel routing may also be of interest not only
from a technical point of view (see [11] for example), but also in a theoretical
sense: in contrast to the essential difference in complexity between single row
routing and channel routing in the 2-layer Manhattan model (see (1) and (2)
in the Introduction), there does not seem to be such a difference between their
3—dimensional analogues. The 3—dimensional channel routing problem is defined
as two parallel rectangular planes of size n X w containing all the terminals to
be interconnected (by vertex disjoint Steiner trees) in a box of size n’ x w’' x h
between the two parallel planes. As before, we suppose that w is fixed and n can
be very large hence we allow w’ = s,,w but n < n’ <n+1 only.

Theorem 2. For any fized value of w and for any n such a 3-dimensional chan-
nel can always be routed in t = O(n) time such that the length n is preserved or
increased by at most one, the width is extended to w' = s,w and the required
height is h = O(n). Both linear bounds are best possible.

The lower bound is the same as in Lemma [2. The routing can be performed
basically along the same line as explained in Sections[@]and Blfor the single active
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layer case. Just like the two ’expansions’ of Figure [0 are alternating along the
direction n, the expansions opposite to each other on the two parallel planes
should also be shifted by two units away.
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Abstract. For a triangulation and a point, we define a directed graph
representing the order of the maximal dimensional simplices in the tri-
angulation viewed from the point. We prove that triangulations having
a cycle the reverse of which is not a cycle in this graph viewed from
some point are forming a (proper) subclass of nonregular triangulations.
We use linear programming duality to investigate further properties of
nonregular triangulations in connection with this graph.

1 Introduction

Let A = {py,...,p,} C R? be a point configuration with its convex hull conv(.A)
being a d-dimensional polytope. A triangulation A of A is a geometric simplicial
complex with its vertices among A and the union of its faces equal to conv(.A4).
A triangulation is regular (or coherent) if it can appear as the projection of the
lower faces of the boundary complex of a (d + 1)-dimensional polytope in R+,
If not, the triangulation is nonregular. (See, for example, [6] [11].)

Starting from the study of generalized hypergeometric functions, Gel’fand,
Kapranov & Zelevinskii showed that regular triangulations of a point configu-
ration are forming a polytopal structure described by the secondary polytope
[4] [5]. In connection with Grobner bases, Sturmfels showed that initial ideals
for the affine toric ideal determined by a point configuration correspond to the
regular triangulations of the point configuration [9] [10]. Regular triangulations
are a generalization of the Delaunay triangulation well known in computational
geometry, and have also been used extensively in this field [2].

Though nonregular triangulations are known to be behaving differently from
regular triangulations, they are not well understood yet. Santos showed a nonreg-
ular triangulation with no flips indicating that a flip graph can be disconnected,
which never happens when restricted to regular triangulations [8]. Ohsugi &
Hibi showed the existence of a point configuration with no unimodular regu-
lar triangulations, but with a unimodular nonregular triangulation [7]. Also, de
Loera, Hosten, Santos & Sturmfels showed that cyclic polytopes can have expo-
nential number of nonregular triangulations compared to polynomial number of
regular ones [1]. The aim of this paper is to put some insight into nonregular
triangulations.
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In the sequel, we fix a triangulation A. For the triangulation A and a point v
in R, we define the graph G, of A viewed from v as the directed graph with its
vertices corresponding to the d-simplices in A and a directed edge 7 existing
when o, T are adjacent and v belongs to the closed halfspace having the affine
hull aff(c N 7) as its boundary and including 0. When v € aff(s N 7), both
edges 7,7d appear in G,. The graph G, is a directed graph whose underlying
undirected graph is the adjacency graph of the d-simplices in A. Of course, G,
might differ for different choices of v. Though there are infinitely many choices
of viewpoints v, there are only finitely many view graphs G,,.

A sequence of vertices 01,03, ...,0;,01 in G, forms a cycle when 103, ...,
o;_10},0,01 are edges of G, and 0; # o for i # j. We define a cycle a1, 05, . .., 0},
o1 to be contradicting when the reverse sequence o1,0;,...,02,01 is not a cycle
in G,. For vertices o1, ...,0; in Gy, the edges 5163, ...,5:-10%,0201,...,5:0i—1
exist if and only if v € aff(e1 N--- N 7).

The regularity of a triangulation can be stated as a linear programming
problem, so regularity and linear programming obviously have a connection. An
interesting point in our argument is that we use linear programming duality to
analyze in further detail some properties of nonregular triangulations.

For any triangulation, the condition of regularity can be written as a linear
programming problem as follows. Let the variable w = (wq,...,w,) represent
the (d + 1)-coordinates of the lifting (or weight) of the vertices p,,...,p,,, such
that the triangulation is lifted to a piecewise linear function f,, from conv(.A) to
R. For each (d—1)-simplex in A not in the boundary of the convex hull conv(.A),
the local convexity of f,, can be expressed by a linear inequality involving only
the vertices of the two adjacent d-simplices in A (see Section 2.1). Gather the
inequality constraints that correspond to each such interior (d — 1)-simplex.
Altogether, we get a system of inequalities Aw > 0 (0 is the zero vector), and
the triangulation is regular if and only if this has a solution. Easily, this is
equivalent to Aw > 1 (1 is the vector with all entries one) having a solution.
Thus, by linear programming duality (or Farkas’ lemma), the triangulation is
nonregular if and only if the dual problem wA = 0, u > 0 has a nonzero solution.

Our main theorem constructs a nonzero solution of the dual problem combi-
natorially and explicitly from a contradicting cycle in a graph of the triangulation
viewed from some point.

Theorem. For a triangulation A, if a graph G, viewed from some point v
contains a contradicting cycle, in correspondence with this cycle, we can make o
nonzero solution of the dual problem stated above. Thus, A is nonregular. The
support set (i.e. collection of nonzero elements) of this solution becomes a subset
of the edges forming the cycle. On the other hand, the reverse of this claim is
not true. There exists a nonregular triangulation with none of its view graphs
G, containing a contradicting cycle. (See Example 5)

The theorem says that triangulations containing a contradicting cycle in its
graph G,, viewed from some point v are forming a (proper) subclass of nonregular
triangulations. This subclass of triangulations is interesting in that their non-
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regularity are described more combinatorially using graphs. On the other hand,
regularity or nonregularity, defined by linear inequalities, are of continuous na-
ture. This is the first attempt to give a (combinatorial) subclass of nonregular
triangulations. Even if we consider contradicting closed paths instead of con-
tradicting cycles, allowing to pass the same vertex more than once, the class of
the triangulations having such contradicting thing in its view graph does not
change, because any contradicting closed path includes a contradicting cycle.

Checking that Example 5 is a counterexample for the reverse of the impli-
cation in the theorem (i.e. the view graph from any viewpoint does not contain
a contradicting cycle), can be done by extensive enumeration of view graphs.
However, by describing nonregularity as a linear programming problem, and us-
ing linear programming duality, we prove the counterexample in a more elegant
way.

A similar but different directed graph of a triangulation viewed from a point
has been studied by Edelsbrunner [3]. This was in the context of computer vision,
and his graph represents the in front/behind relation among simplices of any
dimension, even not adjacent to each other. When our graph and the restriction
of Edelsbrunner’s graph to d-simplices are compared, neither includes the other
in general. However, if we take the transitive closure of our graph, it includes his
graph as a (possibly proper) subgraph. Our graph might be more appropriate in
describing combinatorial structures of triangulations, because their underlying
undirected graphs are the adjacency graphs of d-simplices. Edelsbrunner proves
that if a triangulation is regular, his graph viewed from any point is “acyclic”.
The line shelling argument in a note there gives a proof for the contrapositive of
our theorem, but without explicit construction of a solution of the dual problem.

We first prepare basic results, and then prove our main theorem (Section 2).
Finally, we give illustrative examples and a counterexample for the reverse of
the main theorem (Section 3).

2 Regularity, linear programming, and duality

2.1 Inequalities for regularity

A triangulation A of the point configuration p,...,p, is regular if there ex-
ists a lifting (or weight) wy,...,w, € R such that the projection with respect
to the z441 axis of the lower faces of the boundary complex of the (d + 1)-
dimensional polytope conv((®1),...,(P")) becomes A. This condition on the
lifting is equivalent to the condition that the function from conv(A) to R ob-
tained by interpolating the lifting according to the triangulation in a piecewise
linear fashion is convex. This implies (in fact, is equivalent to) the local convexity
of this function in the neighborhood of every (d — 1)-simplex in A which is not
on the boundary of A. These conditions can be described by inequalities with
wy,...,w, the variables.

A global criterion for convexity is therefore as follows:
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— For each d-simplex conv(p,, . ..,p;,) in A, and any point p; & {p;,,---,P;, }

the lifted point (P7) is above the hyperplane aff((Pio), ..., (Pi)) in R4+
J 20 td
Lo 1 .- 1 1
p, - p, ||Pio " Pia Pj | >0
20 id w’io . wid wj

A local criterion for convexity can be expressed with much fewer inequalities as
follows:

— For each interior (d — 1)-simplex conv(p;,,...,p;,) in A, where the two
d-simplices conv(p;, p;,, - --,P;,) and conv(p, ,...,p;,,P;,.,) are intersect-
ing, the lifted point (Z:i:i) is above the hyperplane aﬂ((iz),, (Z«;)) in
RA+1:

1 .- 1 1
1 .. 1
p, - D, Pig **" Pig Pigyy | >0 ()
i iq Wi Wiy Wiy,

The equivalence of these two convexity conditions is proved easily by reducing
to the one dimensional case.

The collection of inequalities (*) for all interior (d — 1)-simplices in A form
a linear program which we denote by

Aw > 0.

We say the matrix A of this linear program represents the reqularity of A. Note
that this program has solutions if and only if the program Aw > 1 has solutions.
Let m be the number of interior (d— 1)-simplices in A. The matrix A isan mxn
matrix.

Lemma 1 For a triangulation A, and the matriz A representing its reqularity,
A is regular if and only if there exists w € R™ such that Aw > 1. By linear
programming duality (or Farkas’ lemma), A is nonregular if and only if there
erists u > 0, u # 0 such that uA = 0.

Thus, the (non)regularity of A can be judged by the existence of a nonzero point
in the polyhedron {u > 0 : uA = 0} C R™ of the set of solutions of the dual
problem.

2.2 A nonzero solution of the dual problem from a contradicting
cycle

Here, we give an explicit construction of a nonzero solution of the dual problem
uA = 0,u > 0, from a contradicting cycle in the graph G, viewed from some
point v. For v € R%, a d-simplex o in A, and w € R, define 24,1 (v, 0, w) as
follows: consider the projection along the (d + 1)-coordinate of the point v to
the affine hull of f, (o), the lifting of the d-simplex o by w, in R¥*!) and let
Zgy1(v,0,w) be the 24,7 coordinate of this point.
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Lemma 2 Let A be a triangulation, A the matriz representing its reqularity,
and v € R?. For an edge &7 in the graph G, viewed from v, there exists a
constant a,nr > 0 such that

Zay1(v,0,w) — Ta41 (v, T, W) = QprrAsnr, W (for any w € R™),

where Aynr .« 15 the row of A corresponding to the interior (d —1)-simplez o N1
in A. Furthermore, v € aff (o N 1) if and only if aynr = 0.

Proof. Straightforward.

We now construct a nonzero solution of the dual problem from a contradicting
cycle. This will prove the forward implication in our main theorem.

Proof. (main theorem) Suppose we have a contradicting cycle 01,02, ...,0;,01
in G4. By Lemma 2, we can find a5, 1oy, - -+, Qo;ne, > 0, or their collection as a
vector o > 0, satisfying for any w € R",

zd-{—l(v) 01, w) - zd—i—l(v, 02, w)

+2441(v,05,w) — £441(v, 01, w)

= QOgiNosy Aal Nog,+ W

+ aa’;ﬁal Aa',-ﬂa'l,*w
= aAw
=0.

(The elements corresponding to the edges not in the cycle have 0 as their value
in vector a.) Thus, @A = 0. Since we took a contradicting cycle, by Lemma 2,
a # 0. Hence, we obtain a nonzero solution of the dual problem u4 = 0,u > 0.
This together with Lemma 1 proves the forward implication in the main theorem.

2.3 Recognizing nonregularity or finding contradicting cycles

Judging whether the given triangulation A is (non)regular reduces to judging
whether the system of inequalities Aw > 1 has a solution w, where the ma-
trix A represents the regularity of A in the sense described above. This is a
linear programming problem, and can be computed in polynomial time for fixed
dimension d, for example, using interior point method.

One way to judge if a triangulation A has a contradicting cycle in some view
graph G, is to enumerate all possible view graphs and enumerate the cycles
there. The generation of view graphs can be done, for example, by generating
all graphs viewed from the minimal cells in the hyperplane arrangement made
by the affine hulls of the interior (d — 1)-simplices in A.
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ps P P;
N\ N\
\ \b\ Y ﬁ a,
, > 1,5 AR , [
P, p, P, p, P, P,
(a) triangula- (b) graph viewed from (c) support of the dual
tion v solutions

Fig. 1. Example 3.

3 Examples

Example 3 (A nonregular triangulation with 6 vertices) For the point con-
figuration

D, = (0 0), Dy = (4 0), D3 = (0 4))
py=(11), ps = (21), ps = (12),

we consider the triangulation A indicated in Fig. 1(a) below. The graph G,
viewed from v = (% %) is in Fig. 1(b), since v lies on p; p4, PoP;5, and p3pg. It has
one contradicting cycle p, pyP5, P1P2P5, PaP5sPss PaP3Pss P3PaPe> P1P3Pa, P1P4Ps
denoted by bold edges. The matrix representing the regularity of A is

w1 Wy W3 We W5 We

pp,3 1 -84

pips|—1 1 4 —4
pps| 13 -8 4
A= D2Dg -11 4 —4
P3Pyl 1 -1-4 4
PP 1 3 4 -8
Pups| 1 -31 1
P4Ps 1113
psps| 1 1 -31

The polyhedron of the solutions of the dual problem is a single ray
{u>0:Au=0} =R>0(010110000),

where interior 1-simplices are indexed lexicographically. The support of the
nonzero solutions is denoted by bold edges in Fig. 1(c). Remark that they are
included in the (underlying undirected) edges of the contradicting cycle.
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S
2N

p[ pZ

Fig. 2. Triangulation of Example 4.

Example 4 (Another nonregular triangulation with 6 vertices) The ver-
tex p, in Example 3 is perturbed. The point configuration becomes

pl = (0 0)’ p2 = (% 0), p3 = (0 4)7
py=(11), ps = (21), Pe = (12).
The triangulation A is indicated in Fig. 2 below. Each of the graph viewed from

v = (22), vs =(33%), or vg = (£ 1)hasa unique contradicting cycle. The

matrix representing the regularity of A is

W1 Wy W3 Wy Wy Weg
P1D4| 3 1 -8 4
pips|—1 1 % _%
D2Ps % 3 -7 %
A= D2DPs -1 % 3 _g .
P3Py 1 —1-4 4
DP3Ps 1 % 3 _%
Pyps| 1 -31 1
P4Ps 111 -3
Ds5Ps 1 % _% 1

The polyhedron of the solutions of the dual problem is a cone

{u>0:Au =0}

=R>0(180850000)
+R>0(0821470000)
+R>0(060761000)
+R50(020210100)
+R50(020220010)
+R50(010210001),

A~ o~ o~ —~

where interior 1-simplices are indexed lexicographically. The first three rays
correspond to the solutions made by the contradicting cycles in view graphs



Nonregular Triangulations 337

b, p; p, p;

pg PS
P p;

P5 P5
p@ pﬁ

P, D, D, p,

(a) triangula-
tion

(b) support of the dual so-
lutions

Fig. 3. Example 5.

Gov,,Go,,Goy, as in Subsection 2.2. The latter three rays have no such corre-
spondence.

Example 5 (Counterexample for the reverse of the main theorem) With
the point configuration

D= (0 0)7 Dby = (3 0)7 p3 = (3 4)7 Dy = (0 4)7
D5 = (11), bs = (21), D7 = (23), bs = (13),
the triangulation A indicated in Fig. 3(a) below is a nonregular triangulation

with none of its view graphs GG, containing a contradicting cycle. The matrix
representing the regularity of A is

W1 W2 W3 Wyq

Ws We Wy Ws

pP1Ps| 3 1|-8 4
Pipg|—1 1 3 -3
Papg| 2 4 -9 3
D2Py -2 2 4 —4
P3Dr 1 3 -8 4
4 PaPs -1 1 3 -3
T D4Pg 2 413 -9
P4D5| 2 —2|-4 4
D5Pg| 2 411
PePr 2 2 -5 1
P7Dg 2 1 —4 1
PsPs 2|1 2 -5
pPspy -22 =22

The polyhedron of the solutions of the dual problem is a single ray

{u>0:Au=0}=R5(0201020100001),
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where interior 1-simplices are indexed lexicographically. The support of the
nonzero solutions is denoted by bold edges in Fig. 3(b). If a contradicting cycle
existed for some view graph G, this (directed) cycle should contain all of the
bold edges (in its underlying undirected counterpart). However, there are no
cycles containing all of these bold edges. Hence, there exists no view graph G,
containing a contradicting cycle for this example. (Remark: If we take the edge
PePs instead of pypy, this new flipped triangulation becomes regular.)
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Efficient Algorithms for Searching a Polygonal
Room with a Door
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Abstract. We study the problem of searching for a mobile intruder in
a polygonal room P with a door d by a mobile searcher. The objective
is to decide whether there exists a search schedule to detect the intruder
without allowing him to evict through d, no matter how fast he moves,
and if so, generate a search schedule. A searcher is called the k-searcher
if he holds k flashlights and can see only along k rays emanating from
his flashlights. The intruder is detected if he is ever illuminated by a
flashlight. For a l-searcher, we present an optimal O(nlogn + m) time
and O(n) space algorithm for generating a search schedule, if it exists,
where n is the number of vertices of P and m (< n?) is the minimum
number of search instructions required to clear P. This improves upon
the previous O(n?) time and space bounds. The optimality of our algo-
rithm is obtained by identifying critical visibility events occurred in P
and decomposing the search schedule based on them. Furthermore, our
method can easily be extended to solve the problem of searching a room
by a 2-searcher. The extension is based on a generalization of the notion
of visibility to that of link-2-visibility.

1 Introduction

Recently, much attention has been devoted to the problem of searching for a
mobile intruder in a polygonal region P by a mobile searcher [1 3,6 11,14]. The
objective is to decide whether there exists a search schedule for the searcher to
detect the intruder, no matter how fast he moves, and if so, generate a search
schedule. This problem, called the polygon search problem, was introduced by
Suzuki and Yamashita [9]. Both the searcher and the intruder are modeled by
points that can continuously move in P. A searcher is called the k-searcher if he
holds k flashlights, where k& is a positive integer, and can see only along the rays
emanating from his flashlights. The searcher can rotate a flashlight continuously
with bounded speed to change its direction. A polygon is said to be searchable
by a given searcher if a search schedule exists. After a long-term pursuit, a
characterization of the k-searchable polygons is recently proposed in [11].
Several restricted variants of the polygon search problem have also been
studied. In the situation where an entrance and an exit on the boundary of
the polygon are given, which is called the two-guard problem or corridor search
problem, necessary and sufficient conditions have been found by several groups

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 339-350, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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of researchers [1,4,5,10]. When only a door (entrance or exit) on the polygon
boundary is given, it introduces the room search problem. Note that the intruder
should be either kept untouched to a given door or evicted through it. Lee et al.
gave an O(n?) time and space solution to the room search problem, and showed
that if k£ > 3, any polygonal room searchable by a k-searcher is searchable by a
(k—1)-searcher [7, 8]. However, their characterizations are somewhat complicated
and not unified (i.e., the characterization for 1-searchers [8] differs from that for
2-searchers [7]).

In this paper, we give an unified and efficient solution to the room search
problem. For a 1-searcher, we present an optimal O(nlogn +m) time and O(n)
space algorithm for generating a search schedule, if it exists, where n is the
number of vertices of P and m (< n?) is the minimum number of search in-
structions required to clear P. The optimality of our algorithm is obtained by
identifying critical visibility events occurred in P and decomposing the search
schedule based on them. Furthermore, our method can easily be extended to
solve the problem of searching a room by a 2-searcher. The extension is based
on a generalization of the notion of visibility to that of link-2-visibility.

2 Preliminary

We will first give basic definitions for the room search problem, and then review
the well-known two-guard problem [1,4,5,10].

2.1 Basic definitions

A room P is a simple polygon (i.e., having no selfintersections nor holes) with
a door d on its boundary. For convenience, we assume that the room P is in a
general position in the plane. That is, no three vertices of P are collinear, and
no three edge extensions have a common point. Two points z, y € P are said to
be mutually visible if the line segment Ty connecting them is entirely contained
in P. For two regions R, ) C P, we say that R is weakly visible from Q) if every
point in R is visible from some point in Q.

Let s(t) denote the position of a k-searcher and fi(t), ..., fr(t) the positions
of endpoints of his flashlights on the boundary of P at time ¢, respectively. A
point x € P is said to be detected or illuminated at time t if x is contained in one
of the line segments s(t) f1(t), ..., s(t) fx(t). Any region that might contain the
intruder at a time (whose position is unknown to the searcher as he is capable
of moving arbitrarily fast) is said to be contaminated; otherwise it is said to be
clear. A search schedule of the k-searcher for P is a tuple S =< s, f1,«, fx >
of k + 1 continuous functions s, fi, ..., fx: [0,1] — P such that the intruder is
located at at least one of s(1)f1(1), ..., s(1)fx(1), without allowing him to evit
through d. Room P is said to be k-searchable if there exists a search schedule of
the k-searcher for P.

2.2 Two-guard walkability of corridors

A corridor P is a simple polygon with an entrance v and an exit v on its bound-
ary. The two-guard problem asks if there is a walk in P such that two (cooper-
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ative) guards [ and r move along two polygonal chains L and R oriented form
u to v, one clockwise and the other counterclockwise, in such a way that [ and
r are always mutually visible. For two points p,p’ € L, we say that p precedes
p’ (and p’ succeeds p) if we encounter p before p’ when traversing L from s to
t. We write p < p’. The definition for R is symmetric. Let I(¢) and r(t) denote
the moving functions of two guards [ and r on L and R, respectively. A walk in
polygon P can then be formulated as a pair of continuous functions [ : [0,1] — L
and r : [0,1] — R, where [(0) = r(0) = u, (1) =r(1) = v, and [(z) and r(z) are
mutually visible for all z. Any line segment {(z)r(z) is called a walk segment.
Also, a walk in P from a walk segment Poqo to the other Piqy, where pg < p1
and go < ¢1, has to fulfill the conditions 1(0) = po, 7(0) = qo, {(1) = p1 and
7(1) = ¢1. The walk is straight if both  and r are monotone functions.

For a vertex z of a polygonal chain, let Succ(xz) denote the vertex of the
chain immediately succeeding z, and Pred(z) the vertex immediately preceding
x. A vertex of P is reflex if its interior angle is greater than 180°; otherwise,
it is conver. An important definition for reflex vertices is that of ray shots: the
backward ray shot from a reflex vertex r of chain L or R, denoted by Backw(r),
is the first point of P hit by a “bullet” shot at r in the direction from Succ(r)
to r, and the forward ray shot Forw(r) is the first point hit by the bullet shot
at r in the direction from Pred(r) to r. See Fig. 1. We define the orientation of
the segment rBackw(r) or rForw(r) as from r to Backw(r) or Forw(r).

A pair of reflex vertices p € L, ¢ € R is said to form a deadlock of u, or
an u-deadlock for short, if ¢ < Backw(p) € R and p < Backw(q) € L hold
(Fig. 1a), or a deadlock of v, or a v-deadlock for short, if ¢ > Forw(p) € R
and p > Forw(q) € L hold (Fig. 1b). A pair of reflex vertices p,p’ € L (resp.
q,q € R) is said to form a wedge if p < p’ and Forw(p') < Backw(p) in R (resp.
q < ¢ and Forw(q') < Backw(q) in L) hold. See Figs. lc-d.

Backw (q) Backw (p)

Backw(p) Backw(a)

P\ /
4N N a
Py a Forw (p’) Forw(q’)
I s < R
L R L R
Forw (q) Forw(p)
(a) (b) (c) (a)

Fig. 1. Deadlocks and wedges.

Lemma 1 [4,5] A corridor P is walkable if and only if the chains L and R are
mutually weakly visible and no deadlocks occur. Furthermore, if the condition
that there are no wedges in L or R is added, corridor P is straight walkable. It
takes 0(n) time to test the two-walkability of a corridor, O(n) time to output a
straight walk, and O(nlogn +m) time to output a walk, where m (< n?) is the
minimal number of search instructions.
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3 Polygonal rooms searchable by a 1-searcher

A search instruction of a I-searcher can be described as one of the following
elementary actions [9, 10]: The searcher s and the endpoint f; of his flashlight
move along segments of single edges such that (i) no intersections occur among
all line segments sf; during the movement, (ii) all line segments intersect each
other, and (iii) f1 jumps from a point x (it should be a reflex vertex) on the
boundary of P to the other point y such that the ray between s and fi is
extended. See Fig. 2.

\—“— L4

(i) (idi) (iidi)

Fig. 2. Search instructions of a 1-searcher.

Both s and f; move continuously on the boundary of polygon P for a search
instruction (i) or (ii), while f; moves discontinuously on the boundary of P for a
search instruction (iii). The first two instructions of a 1-searcher are allowed for
two guards (if s and f; are considered as two guards [ and r), but the last one
is not. The role of instructions (iii) is to allow the ray of the flashlight to move
backwards “jumping over a dent”, i.e., the corner above Ty in Fig. 2 is cleared
and recontaminated before and after the instruction (iii) is made, respectively.
(If a region becomes contaminated for the second or more time, it is referred to
as recontaminated.) So an instruction (iii) should be followed by an instruction
(ii), as shown by dotted arrows in Fig. 2. For simplicity, we refer to a flashlight
rotation as an instruction (ii) or (iii) or a set of continuous instructions (ii)
and/or (iii).

In the original polygon search problem [9], it is also defined that (iv) the 1-
searcher s jumps from a point z to the other y on the boundary of P. As we will
see in our characterization, instructions (iv) do not help any for a 1-searcher to
clear a polygonal room. That is, the addition of instructions (iv) does not affect
the correctness of the necessity (Theorem 1), and the sufficiency (Theorem 2)
is proved without instructions (iv). (Interestingly, even instructions (iii) needn’t
be considered for the corridor search problem [10].)

We give an alternate characterization of the 1-searchable rooms. Our char-
acterization is not only constructive (which leads to an optimal search sched-
ule) but also unified (which can easily be extended to that for the 2-searchable
rooms). If the proof of optimality of the generated schedule (concerning wedges
and straight walks) is omitted, our proof is much simpler than those given in [7,
8]
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Let us order the points on the polygon boundary by a clockwise scan of the
boundary of P, starting at the door d. For a complete ordering, we consider d as
two points d; and d, such that d; < p < d,, for all points p in the boundary of P.
Similar definitions can then be given as those in Section 2.2. For a vertex x of P,
Succ(x) denotes the vertex succeeding z, and Pred(x) the vertex immediately
preceding x. For a reflex vertex r, the backward and forward ray shots Backw(r)
and Forw(r) are the first points of P hit by the bullets shot at  in the directions
from Swuce(r) to r and from Pred(r) to r, respectively. Analogously, a wedge or
a d-deadlock (e.g., Fig. 3a) can be defined. (Since the points on the boundary
of P are now ordered from d; to d,, the inequalities for wedges and deadlocks
should be accordingly changed.) Particularly, we refer to an a-deadlock, for any
point a on the boundary of P, as the deadlock which occurs when a is considered
as the door d.

Backw( v) F
Forw ( v2) 1 Backw (v ) orw( VZ)

(e) (f)

Fig. 3. The conditions A1, A2 and A3.

Theorem 1 A polygonal room P is not 1-searchable if one of the following
conditions s true.

(A1) There are two reflex vertices v1 and va such that vi < Backw(v), Forw(vs)
< v (Fig. 3a), vi < Backw(v1) < va < Backw(v2) (Fig. 3b), Forw(vi) < vy <
Forw(vy) < vy (Fig. 3¢), or Forw(vy) < vy < v < Forw(ve) (Fig. 3d).

(A2) There are three reflex vertices vy, vy and vz such that vy Forw(vy) in-
tersects with vsBackw(vs) and vy < ve < Backw(vy) < vz or vy < Forw(vy) <
vy < wvs (Fig. 3e).

(A3) There are two triples < ay,as,as > and < by, ba, by > (some of a; and
bj, 1 <i,j <3, may be identical) such that (A3-a) a1 and az form a Succ(asz)-
deadlock and as < Backw(az), (A3-b) b1 and bz form a Pred(bs)-deadlock and
Forw(by) < ba, and (A3-c) all vertices v between as and b1 have a v-deadlock
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Proof. For the first alternative of the condition A1l (Fig. 3a), the vertex d
becomes contaminated when the vertex Succ(vi) or Pred(vs) is cleared. (For
a detailed proof, see [5,10].) Since the vertex Succ(v1) or Pred(vz) has to be
cleared once, no successful search schedules, starting at d, occur. The situations
shown in Fig. 3b-d can be dealt with analogously.

For the condition A2, we can easily find three vertices (e.g., Pred(vi),
Succ(vz) and Succ(vs) in Fig. 3e) such that no point of the shortest path be-
tween any two vertices is visible to the third. It then follows from Theorem 3 of
[9] that the room P is not 1-searchable.

For the condition A3, Succ(az) has to be cleared last among Pred(a;),
Succ(az) and Succ(az), and Pred(b;) has to be cleared last among Pred(b;),
Pred(bs) and Succ(bs); otherwise, the vertex d were contaminated. Furthermore,
since all vertices v between az and b; have a v-deadlock, no successful search
schedules exist (Fig. 3f).

Finally, note that the theorem is true, even instructions (iv) are taken into
consideration. O

Remark. The conditions A1, A2 and A3 are essentially the same as the
conditions N1, N2 and N3 given in Theorem 1 of [8]. Note that the conditions
given in [8] are somewhat redundancy.

Let us now define critical visibility events occurred in the room P. Using these
events, we can develop an optimal search schedule for P, if it exists. Let r denote
a reflex vertex. Polygon P is divided into two pieces by a “cut” that extends
either edge incident to 7 until it hits the polygon boundary. A cut C'is a visibility
cut if it produces a convex angle at r in the piece of P containing d, which is
denoted by P(C). (In this case, either r < Backw(r) or r > Forw(r) holds. But,
both of them cannot hold simultaneously.) Moreover, cut C' is essential if P(C)
is not wholly contained in any other P(C"), where C” is the other visibility cut.
We call the reflex vertices where essential cuts are defined the critical vertices.
(The concept of essential cuts is widely used in the well-known watchman route
problem [12,13].)

Theorem 2 A polygonal room P is I1-searchable if none of the conditions of
Theorem 1 applies.

Proof. Assume that the whole room P is invisible from d; otherwise P can
simply be cleared. Let r1, ..., r; be the sequence of critical vertices indexed in a
clockwise scan of the boundary of P, starting at d. Let Ray(r;) denote the other
endpoint of the essential cut defined at r;. Without loss of generality, assume
that d is to the right of the cut r; Ray(r1), whose orientation is defined as from
r; to Ray(r;). (Otherwise, d is to the left of rRay(r;), and the search scheme
described below works counterclockwise.)

In the following, we denote by L(z,y) or R(x,y) the chain from z to y with
x < y. Usually, z = r;,_; and y = r; for L(z,y). If a reflex vertex in a chain
blocks one of its adjacent vertices from being visible to any point in the opposite
chain, we call it a blocking vertex.

Case 1. The condition A3-b is not true.
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Case 1.1 The door d is to the right of all essential cuts r; Ray(r;), 1 <i <.
If there exists a vertex where a visibility (not essential) cut is so defined that d
is to the left of its visibility cut, we denote by r* the first such vertex (see also
Fig. 5a and Fig. 6). Clearly, the last critical vertex r; precedes r* (i.e., r; < r*).
Our search schedule ends at d or 7*. Also, we assume that the position of the
1-searcher always gives the left endpoint of the ray emanating from the flashlight
(as viewed from d).

Case 1.1.1 4 = 1. First, two chains L(d;,r1) and R(Ray(r1),d,) are mutually
weakly visible, otherwise, there were other critical vertices before r1 (Fig. 4a-b),
or the condition A1l or A2 were true (Fig. 4c¢-d). No deadlocks occur between
L(d;,r1) and R(Ray(r1), d,) because of the existence of r1; otherwise, the condi-
tion A1 or A2 were true (Fig. 4e-f). Hence, the region P(r1 Ray(r1)) is walkable
by two guards or 1-searchable from vertex d to 1 Ray(r1).

e §f>
rl
(a) )
(5 0 R
(d)

Case 1.1.21 < i < 1. Tt follows from the condition A1 that the cut r; 1 Ray(r; 1)
intersects with r; Ray(r;). Consider first the situation where the chain L(r;_1,7;)
is weakly visible to R(Ray(r;_1), Ray(r;)). If all points in L(r;_1,7;) are visible
to the intersection point of r;_1 Ray(r;—1) and r; Ray(r;) and there is no reflex
vertex r in R(Ray(ri—1), Ray(r;)) such that Backw(r) < r; < r* <r < Ray(r;)
holds, we simply rotate the flashlight from r; 1 Ray(r;—1) to r;Ray(r;). If there
are some vertices r in R(Ray(r;—1), Ray(r;)) such that Backw(r) < r; < r* <
r < Ray(r;) holds, the rotation is stopped when the first such vertex r is en-
countered (Fig. 5a). Let s denote the stopping position of the 1-searcher. We
claim that there is a straight walk from 57 to r*. Since r is the first vertex sat-
isfying Backw(r) < r; < r* < r < Ray(r;), there are no wedges in the chain
R(r*,r). Also, there are no wedges in L(s,r*); otherwise, r; were not critical,
or there were other critical vertices between r;_; and r;. There are no dead-
locks between two chains L(s,r*) and R(r*,r); otherwise, the condition A1 or
A3-b were true. The chain L(s,r*) is weakly visible to R(r*,r); otherwise, r;
were not critical, there were other critical vertices between r;_1 and r;, or the
blocking vertex in L(s,*), * and r would satisfy the condition A3-b. Also, the

chain R(r*,r) is weakly visible to L(s,r*); otherwise, there were the essential
cuts such that d is to the left of them, or r were not the first vertex satisfying

@

(b

(e)

Fig. 4. Case 1.1.1.
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Backw(r) < r; < r* < r < Ray(r;). Hence, our claim is proved, and the whole
room P is cleared using a straight walk from 57 to r*.

In the situation where all points in L(r;_1,7;) are not visible to the inter-
section point of ;1 Ray(r;—1) and r;Ray(r;), let r be the first reflex vertex in
L(r;—1,7;) such that Pred(r) is invisible to that intersection. (It is impossible
for Suce(r) to be invisible to the intersection point; otherwise, the vertex r, in-
stead of r;_1, were critical.) As described above, the flashlight is then rotated
from r;_1Ray(r;—1) to rForw(r) and so on (Fig. 5b), or the whole room P is
cleared when some vertex r’ satisfying Backw(r') < r; < r* < r' < Ray(r;) is
encountered.

Fig. 5. Case 1.1.2.

Consider the situation where L(r;_1,1;) is not weakly visible to R(Ray(r;_1),
Ray(r;)). Let r be the blocking vertex in L(r;_1,7r;) whose forward ray shot
Forw(r) is the maximum among those from the blocking vertices (Fig. 5c).
Since Forw(r) > Ray(r;), the segment r Forw(r) intersects with r;_1 Ray(r;—1),
but does not intersect with r; Ray(r;). Because of the maximum of Forw(r),
the chain L(r;_1,r) is weakly visible to R(Ray(r;—1), Forw(r)). As done above,
the flashlight can be rotated from 7; 1 Ray(r;—1) to rForw(r). (The situation
shown in Fig. 5a cannot occur; otherwise, the condition A2 were true.) The
chain L(r,r;) is now weakly visible to R(Ray(r;), Forw(r)). The converse is also
true; otherwise, the condition A1 or A2 were true. Because of the vertices r
and 7;, no deadlocks occur between two chains; otherwise, the condition A1 or
A2 were true. The flashlight is then moved from rForw(r) to r; Ray(r;) using a
walk.

Case 1.1.3 The region P(riRay(r;)) is cleared. If the whole region P —
P(riRay(r;)) is visible to the endpoint r; or Ray(r;), it (and thus the room
P) can be cleared by moving one endpoint into the other along the boundary of
P — P(rRay(r)). Otherwise, let r be the reflex vertex in the chain from 7; to
Ray(r;) such that it blocks Pred(r) from being visible to Ray(r;) and its for-
ward ray shot Forw(r) is the maximum among those from the blocking vertices
(Fig. 6). Obviously, Forw(r) > Ray(r;). Since R(Ray(r;), Forw(r)) is weakly
visible to L(r,7), we can rotate the flashlight from r Ray(r;) to rForw(r). If
the vertex r* is contained in the chain from r to Forw(r), we claim that there is
a straight walk from rForw(r) to r*. Because of the maximum of Forw(r) and
the vertex r*, the chain L(r,r*) is weakly visible to R(r*, Forw(r)). Also, the
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Fig. 6. Case 1.1.3.

chain R(r*, Forw(r)) is weakly visible to L(r, r*); otherwise, the blocking vertex
in R(r*, Forw(r)) were either critical, or together with r and r*, would satisfy
A3-b, There are no deadlocks between two chains; otherwise, the condition A1
or A3-b were true. There are no wedges in the chain L(r,7*) or R(r*, Forw(r));
otherwise, there were other critical vertices after r;. Thus, the claim is proved,
and the whole room P is cleared. If r* is not contained in the chain from r to
Forw(r), the above rotating procedure is repeatedly performed. In this way, a
search schedule for clearing room P can eventually be output.

Case 1.2. The door d is to the right of some r;Ray(r;) and to the left of
some rjRay(r;) (i < j). Assume that r; is the first critical vertex such that d
is to the left of r;Ray(r;). We claim that there is a walk from d to r;. There
are no d-deadlocks nor r;-deadlocks; otherwise, the condition Al or A3-b were
satisfied. The chain R(r;,d, ) is weakly visible to L(d;,7;); otherwise, r; and the
blocking vertex in R(d;, r;) would satisfy the condition A1. The chain L(d;,7;)
is weakly visible to R(r;,d,); otherwise, ; were not critical, or the condition
A1 were true. Hence, the claim is proved, and the whole room P is then cleared
using a walk from d to r;.

d

Fig. 7. Case 1.2.
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Next, we show that the walk from d to r; is optimal. Let r; denote the last
critical vertex such that d is to the right side of r; Ray(r;). Clearly, a search has
to end at a point between 7; and r;. Then, any successful search schedule from
d to a vertex v between 7; and r; is optimal. This is because any wedge in the
chain from d; to r; or from r; to d, occurs to any walk from d to v; otherwise,
the condition A1 were true (Fig. 7), and any wedge cannot occur in the chain
from r; to r;; otherwise, r; (resp. r;) were not the last (resp. first) critical vertex
such that d is to the right (resp. left) of r; Ray(r;) (resp. riRay(r;))).

Case 2. The condition A3-a is not true. It is symmetric to Case 1.

Case 3. Both A3-a and A3-b are ture. Since A3-c is not true in this case,
there is at least a vertex d’ such that any triple < a1, as, a3 > satisfying A3-a
precedes d’, any triple < by, b, b3 > satisfying A3-b succeeds d’, and no d'-
deadlocks occur (Fig. 7).

Fig. 8. Case 3.

Assume first that two chains L(d;,d’) and R(d',d,) are mutually weakly
visible. Since neither d-deadlocks nor d’-deadlocks occur, there is a walk from d
to d'. Next, we show that the walk from d to d’ is optimal. If d is to the right
of some cuts and to the left of the other cuts, then as in Case 1.2, we can also
show that the walk from d to d’ is optimal. If d is to the right of all essential
cuts, then r; < d’ < Ray(r;), for 1 < i < [; otherwise, L(d;,d') and R(d’,d,)
are not mutually weakly visible. As in Case 1.1.1, and Case 1.1.2, we clear the
region P(r;Ray(r;)) in the order ¢ = 1,...,[. If the situation shown in Fig. 5a is
ever encountered, then there is a straight walk from 57 to d’. (Remember that
r; < d' < Ray(r;), and neither d’-deadlocks nor triples < b1, bo, b3 > satisfying
A3-b before d’ occur.) If the situation shown in Fig. 5a is never encountered,
then there is a straight walk from r; Ray(r;) to d’.

If the chain L(d;,d’) is not weakly visible from R(d’,d,), then R(d',d,)
is weakly visible from L(d;,d’); otherwise, the condition A1l were true. (The
situation where R(d’,d,) is not weakly visible to L(d;,d’) can be dealt with
analogously.) Without loss of generality, assume that r is the first critical ver-
tex in L(d;,d’) such that Pred(r) is invisible to any point in R(d’,d,) (Fig.
8a). Then, L(d;, Pred(r)) and R(Pred(r),d,) are mutually weakly visible. No
Pred(r)-deadlocks occur; otherwise, some triples < by, b2, b3 > satisfying the
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condition A3-b before d’ would occur. Hence, there is a walk from d to Pred(r).
Since Pred(r) has the same property as d’, as shown above, the walk from d to
Pred(r) is optimal.

Consider the situation where there is a vertex r in L(d;, d’) such that Suce(r)
is invisible from any point in R(d’,d,.). In this case, we can assume that d is to
the right of all essential cuts. Assume also that there are Succ(r;)-deadlocks;
otherwise, P can simple be cleared by an optimal walk from d to Succ(r;). As in
Cases 1.1.1 and 1.1.2, we clear the region P(r;Ray(r;)). If the situation shown
in Fig. ba is ever encountered in clearing P(r;Ray(r;)), then r; < d' < Ray(r;)
(otherwise, the condition A2 were true), and there is a straight walk from 37 to
d'. Suppose now that P(r;Ray(r;)) is cleared. If d’ is to the left of r;Ray(r;), then
there is a straight walk from r;Ray(r;) to d’. If d’ is to the right of r;Ray(r;), as
in Case 1.3, rotate the flashlight clockwise. The rotation is stopped when either
the whole room P is cleared or a reflex vertex r where d’ < r and Backw(r) < r
is encountered. In the latter case, let s denote the stopping position of the 1-
searcher (Fig. 8b). Then, there is a straight walk from S to d’. Since P(r;Ray(r;))
has to be cleared once, the search schedule presented here is optimal.

In all cases, the whole room P is cleared. Note also that instructions (iv) are
never used. O

Theorem 3 For a polygonal room P, it is possible to generate an optimal search
schedule for a 1-searcher in O(nlogn+m) time and O(n) space, if it exists, where
n is the number of vertices of P and m (< n?) is the minimal number of search
instructions required to clear P.

Proof. As shown in [8], it takes O(nlogn) time to test the 1-searchability of
a polygonal room. After it is verified that none of A1, A2 and A3 is true, we
run the constructive algorithm presented in the proof of Theorem 1 to output
a search schedule. Next, we show that the generated schedule is optimal. It is
easy to see that the region P(riRay(r1)) has to be cleared once and the search
schedule (walk) given in Case 1.1.1 of Theorem 2 is optimal. If the situation
shown in Fig. 5a is never encountered in Case 1.1.2, the search schedule for
clearing P(r;Ray(r;)) is optimal, too. This is because the search algorithm given
there is greedy. Once the situation shown in Fig. 5a is encountered in Case 1.1.2,
a straight walk applies, which gives a complete search schedule. Similarly, the
search algorithm given in Case 1.1.3 is optimal. The optimality of the search
schedule in Case 1.2 as well as in Case 3 is already discussed in the proof of
Theorem 2. It completes the proof. O

4 Extension

Our method for searching a polygonal room by a 1-searcher can be extended to
solve the room search problem for 2-searchers. As shown in [10, 11], the extension
is based on a generalization of the notion of 1-visibility to that of link-2-visibility.
The most important is to generalize ray shots to link-2-ray shots [10]. Since we
are given only one door d, the computation of all link-2-ray shots takes O(n?)
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time [10]. By noticing the fact that instructions (iv) needn’t be considered for

the

room search problem, we have the following result.

Theorem 4 For a polygonal room P, it is possible to generate a search schedule

for

a 2-searcher in O(n?) time and O(n) space, if it exists.

Proof. Omitted in this extended abstract. O
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Abstract. We report a new periodic siructure of the cylinder packing.
All the cylinders are congruent and the length of the cylinders are in-
finite and their directions are restricted to only six directions of {110},
Each cylinder is fixed by cylinders of other directions, so that the whole
structure sustains mechanical stability. The packing density equals to
wﬁ (== 0.376219), which lies beiween two values ever knovm:
0.494 or 0.247. The arrangement of parallel cylinders forms a certain 2T
rhombic lattice commeon to all of six {110} directions. Nevertheless the
way of fixing cylinders is different in all of six directions: the cylinders of
two directions are supported with the thombus-type, and the cylinders
of other four directions are supported with the equilateral-triangle-type.
The structure containing the ecuilateral-triangle-iype has never been
known.

1 Introduction

The history of the research on the cylinder packing is much shorter than that on
the sphere packing. Few mathematicians have treated the problem[1]. Some sim-
ple structures of the cylinder packing appear in the books about solid puzzles(e.g.
Holden[2], Coffin[3] ). O'Keeffe and Andersson applied the cylinder packing to
the science[4][5][6][7]- They are crystal chemists and explained the garnet struc-
ture famous for its complexity by using a periodic cylinder packing restricted to
only four directions of {111}.

In engineering, some structures of the cylinder packing are used for the com-
posite materials. Such structures are light and tough against the stress from
various directions. Some periodic structures were designed {(Hatta[8], Hijikata
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and Fukuta[9]). Stimulated by their researches, the authors investigated other
periodic structures with six directions [10][11][12][13][14]., and paid much effort
exhaustively to find all the possible structures with high symmetry and density.
More precisely, all the cylinders are supported by contacts of the cylinders in
more than four directions among other five. Watanabe found the remarkable fact
that each structure could continuously modify itself without changing its direc-
tions of cylinders, its packing density and its stability at the same time when
the cylinders are kept tangent one another. An animation can be demonstrated
on his web-site[14].

(Juasiperiodic packings of cylinders were also reported. An architect Hizume
extended Cloffin’s structure and Ogawa cooperated the research[15][16][13]. The
structures have the icosahedral symmetry, and are composed of six directions in-
dicated by {170} (+ = (14 +/5)/2 ). Other quasiperiodic packings were discussed
in recent papers[17][18][19].

The structures of the cylinder packing have to be researched more systemati-
cally. The present paper suggests further possibility of {110} six-axes structures.
The theory of {110} structure will change to general one.

2 The New (110}-Structure

The structure is a six-axes periodic structure made of eylinders with one diameter
d. Some similar structures whose packing density are 1.494 or 0.247 have been
known and are listed on Table 1 in Appendix. For the sake of convenience, we
call the structures respectively Type-l{density 0.494), Type-II{density 0.247),
and Type-III{the present structure).

The six directions are A{1,1,0), B(1,—1,0), ¢{1,0,1), D(-1,0,1), E{0,1,1),
F{0,1,—1). If we classify these directions according to perpendicularity, they
separate into three groups: 4-R, C-D, and E-F. Another classification is made
by the relations of sixty degrees:

— B, D and F are sixty degrees each other. A common normal vectoris (1,1,1)
— A, € and F are sixty degrees each other. Normal vector (—1,1,1)
— A, D and E are sixty degrees each other. Normal vector (1,—1,1)
— B, ' and E are sixty degrees each other. Normal vector (1,1,—1)

When we care about cylinders parallel to A-direction in the structure of Type-
ITI, they form a rhombic lattice on a plane perpendicular to 4-direction. Each
of other five directions also forms the rhombic lattice on a plane perpendicular
to the direction. Moreover, the six rhombic lattices are congruent. A rhombus
of the rhombic lattice has two diagonals, and we express that the length of the
longer diagonal is 2a and that the length of the shorter diagonal is v2a. The
relation between ¢ and d 15

a=(2/3)(1+ 2v3)d. (1)

The following expression is written with a and d to make formulae simple.
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2.1 Equations describing the structure

For the description of the structure of cylinders, we use the line equation as the
center line of the cylinder. Whether two cylinders contact each other or not is
confirmed by comparing their distance with the diameter d. For Type-III, the
equations of one cylinder about each direction are shown:

1 0
A, =] 1]¢4+ 0 . (2)
0 _e
4
1 0
Bi=|-1]|¢t4+] 0], (3)
0 1
1 0
Ci=101]¢t+ —2‘12_&’ . (4)
1 0
-1 0
D=1 0 |t+ (*’;d \ (5)
1 0
0y e
Ei=]1]t+ 0 . (6)
1 0
A
= 1 |t+ 0 . ("
-1 0

where, ¢ is a parameter and —oo < £ <7 oo for cylinders with infinite length.
All other cylinders 4A,,, of A-direction are obtained by parallel movements
of dq:
A = A1 + maq + nas (8

where, @1 and as are vectors causing the parallel movements, and m and n
are integers. In the same way, all the cylinders can be generated by parallel
movements of one cylinder in other directions. All the vectors of the parallel
movements are shown as follows:

Arar =(5,—5.a), a2=1(—%.5.a)
B:by = (—5.—5.a), bo = (5. 5.a),
Cien=(—5.e.3) e2=1(5.¢.-3)
Didy = (—%,a.—2),ds = (2,0, %),
E:iey=(a,5,—%) e =1(a,—5.3),
F: fi = (a.—5.,—5) f2 = (. 5. 5)-

An overview of this structure is shown in Fig. 1 and the projections to the
planes perpendicular to {110}-directions are in Fig. 2.
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2.2 Packing Density

It i5 easy to calculate the packing density for the present periodic cylinder system.
Because the cylinders don’t overlap, whole packing density is six times as ligh
as the density of one direction. The density of one direction is determined by the
ratio of the area of a circle and of a rhombus. Hence, the whole packing density

D o m(d/2)? 6 (351+/2 — 108+/B)m
T Ve 1936

The density lies between two values ever known: 27 /9 ~ 0.494(Type-T) and
v2r /18 ~ 0.247(Type-II).

~ 0.376219---. (9)

2.3 The Supported States

If we restrict the directions of cylinders to {110}, there can be two typesof sup-
port, that is, the rhombic-type and the equilateral-triangle-type. In the rhombie-
type, a cylinder is fixed by four directions which are sixty degrees against the
cylinder. In the equilateral-triangle-type, a cylinder is fixed by two directions of
sixty degrees and one perpendicular direction against the direction. Cloncerning
the present structure, the cylinders of 4- and B-directions are fixed with the
rhombus-type and other four directions are fixed with the equilateral-triangle-
type. The more detail i1s shown as follows:

— A-direction is fixed by -, D, E-, and F-directions
— B-direction 15 fixed by €'-, D-, E-, and F-directions
— C-direction is fixed by A-, B-, and D-directions
— D-direction is fixed by 4-, B-, and C-directions
— E-direction is fixed by A-, B-, and F-directions
— F-direction is fixed by A-, B-, and E-directions.

These are confirmed on Fig. 2. On the other hand, the supported state for Type-I
and Type-IIis shown in Fig. 3 and Fig. 4. Only the rhombus-type supporting is
contained in Type-I and Type-TI.

It is effective Lo investigate the structure about its arrangement along {111}
directions. B-, D-, F-directions are perpendicular to (1,1, 1)-direction, the fact
mentioned at the begining of Sec. 2. Therefore the cylinders of the B-, D-,
F-directions are stacked up along (1,1, 1)-direction. In Type-III, the order of
appearance along (1,1, 1}-direction is --- FBDFBDFBD --. and there is a gap
(= 0.43647d) between D and F. A list about all of four {111}-directions is shown

below, where the mark L| means the gap whose size is common to four directions.

— Along (1,1,1): ---FBDUFBDUFBDUFBD---
— Along (—1,1,1): ---CAF UCAF UCAFUCAF ---
— Along (1,—1,1): ---DAE UDAE UDAE LI DAE ---
— Along (1,1, —1): ---CBEUCBE UCBEUCBE---

Cloncerning Type-I and Type-I1, there is no gap along {111}-directions. The fact
brings Type-I and Type-II only the thombus-type support.
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3 Conclusion

An unknown {110} six-axes structure was reported. The parallel eylinders of the
structure form a certain 2D rhombic lattice common to all of six directions. The
gix directions, 4, B, ---, F, are classified into two groups o and 3: 4 and B
belong to «, and all the others to 3. All the cylinders of group o are supported
by contact with the cylinders of four directions of group 3, so that the contacting
four cylinders construct a rhombus. All the cylinders of group 3 are supported
by cylinders of three directions: 4, B and the perpendicular pair of itself, so that
the three cylinders construct a equilateral triangle.

Researching of the derivative structures from the present structure and dis-
tinguishing the space group are further problems.

The authors are grateful to Y. Nakashima, T. Hirata, D. Nagy, W. Sasaki
and H. Nakagawa for their beneficial comments and their encouragement.

Fig. 1. An overview of the siructure Type-111. Not enly the present structure but also
all {110%-structures show the exterior of the rthambic dodecahedron if the models are
made of many cylinders with the same length.
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Appendix: N-axes structures

Table 1. N-axes structures

N Direction Contact-Index! Diensity Figure
1 [001] 6! V3r/6 ~ 0.907 Fig. 5
4! wfd ~ 0.785 Fig- 6
2 [100],[010] 42 xfd =~ 0.785 Fig. 7
( k 4* xfd =~ 0.785 —
3 {100} 4 3w/16 ~ 0.589 Fig. 8
4 {111} 6* V3m/8 ~ 0680 Fig. 9
3t V3w /18 ~ 0302 Fig. 10
6 {110} 4¢ V2r/9 ~ 0.494 Fig- 3
5° 2w/9 ~ 0.494 —
4¢ V2w /18 ~ 0.247 Fig- 4
4%52 V2w /18 ~ 0.247 —
4254 VZr /18 ~ 0.247 —
5° V2w /18 ~ 0.247 —
342 (513 -108/6)x . (1376 Fig. 1, Fig. 2
{100} = [100], [010], [001].
{1113 = [111],[111], [111], [111].

{110} = [110],[101],[011],[110],[101],[011].
1**Contact Index™ shows the contact number with other eylinders in the each projection.
A good example to understand the index is shown in Fig. 2
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(ﬁ, 1,1) . | - F(0,1,-1}

Fig. 2. Projection of the structure Type-111 to each plane perpendicular to {110}, A-
and B-directions are fixed with the thombic-type and other four directions are fixed
with the equilateral-triangle-type. Thus, four directions are fixed by tri-gon, and two
directions are fixed by tetra-gon, so we express the fixing state of the structure by 3*4%.
(This is ‘“Clontact Index” in Table 1.} On these figures, upper direction is 4z for the
projections of 4 and B, +y for 7 and D, and += for E and F.
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A(1,1,0) B(1,-1,0)

Fig. 8. Projection of the structure Type-1, whose packing density is \/iﬁ',ﬁ' 9 ~ 0.494.
The figure is projections to 4- and B-directions. The same projections as them are
acquired for other four directions, therefore they are omitied. A cylinder is fixed with
the rhombic-type in all directions, so the contact index is 4°. Notice the existence of
the structure with another contact index: 5° and with the same packing density. The

fiving states described as another index contain the rhombic-iype supporting.

A(1,1,0)

Fig. 4. Projection of the structure Type-11, whose packing density is \/'iarf 18 ~ 0.247.
The figure is projections to A- and B-directions this time too, and other four are also
omitied. Though the arrangement of cylinders in one direction is rectangular now, a
cylinder is still fixed with the rhombic-type in all directions, so the contact index is 4°.
Notice the existence of the structures with other contact indexes: 4°52 4%5* ar 5¢ and
with the same packing density. The fixing states described as the other indexes always
contain the rhombie-type supporting.
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Fig. 5. An overview of one-axis structure.
Parallel cylinders form the honeycomb
lattice. The packing density is \/gar,ﬁ' 6~
0.907. The contact index is 6'. This struc-
ture is the densest of all cylinder packings

Fig. 6. An overview of another typical
one-axis structure. Parallel cylinders form
the square lattice. This is mechanically
unstable. The packing density is x/4 ~
0.785, and the contact index is 4'

Fig. 7. Two-axes structure. The direc-
tions are [100] and [010] as typical ones.
Arbitrary N-axes structures are possible
if we extend this two-layer siructure. Such
N-axes structure have the same density
and the same contact index as the two-
axes structure. This siruecture is also un-
stable between different layer. The con-
tact index is 42

Fig. 8. Three-axes structure. The direc-
tions are {100}. The packing density is
37/16 ~ 0.589. The contact index is 4°
which iz the square-type supporting
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Fig. 9. Four-axes structure I{ An overview and a projection). The directions are {111}.
The packing density is /37 /8 ~ 0.680. The contact index is 6* which is the hexagonal-
type supporting

Fig. 10. Four-axes structure II{ An overview and a projection}. The directions are still
{111} however the packing density is \/'gar,f 18 ~ 0.202. and the contact index is 3*. Two
four-axes structures cannot come and go each other by any removal of cylinders
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Abstract. We give efficient algorithms for constructing a bridge be-
tween two convex regions in a fixed dimensional space so that the diam-
eter of the bridged region is minimized. If both the set of vertices and
the set of halfspaces defining the facets of the convex regions are given,
we have an optimal linear time randomized algorithm. In only vertices
are given, we give a subquadratic time algorithm, and if only halfspaces
are given, we give a quadratic time algorithm.

1 Introduction

Consider two convex regions R; and Rs in the d-dimensional Euclidean space.
The minimum diameter bridge problem is to find a line segment (called a bridge)
p1ps2 between p; € Ry and ps € Rs, such that the diameter

d(p1, p2) + maxd(v, p1) + max d(ps, w)

of the union of Ry and Ry connected by the bridge is minimized. Here, d(z, y)
is the Euclidean distance, and V; and V5 are vertex sets of Ry and R, respec-
tively. The problem has been considered for d = 2 and d = 3 in the literature.
A linear time algorithms is given for d = 2 [7] by using a totally-monotone ma-
trix searching technique, and a quadratic time algorithm is given for d = 3 [12].
Some approximation algorithms for the higher dimensional cases are considered
by Chong [1]. However, it has been considered to be difficult to design a sub-
quadratic time solution if d > 3.

The minimum diameter bridge problem is related to the following minimum
separation problem: Given two convex regions R; and Rs in the d-dimensional
Euclidean space, determine the minimum distance between R; and Ry. This
is one of constant dimensional LP-type problems considered in computational
geometry [4,11], and it can solved in O(n) time [5] by using a combination of
discrete algorithmic and mathematical programming methods, where n is the
number of vertices. Although the minimum diameter bridge problem is more
complicated than the minimum separation problem, we can formulate the prob-
lem into a minmax parametric optimization problem, and apply both LP-type
approach and a preprocessed multidimensional parametric searching framework
proposed in a companion paper[13].

J. Akiyama, M. Kano, and M. Urabe (Eds.): JCDCG 2000, LNCS 2098, pp. 362-369, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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There are three different ways to represent input data for the problem: In
the verter representation, we are given the sets V; of vertices of R; for i =1, 2.
In the dual representation, R; are given as intersections of (closed) halfspaces.
In the mized representation, both of the vertex representation and the dual
representation are given.

If we are given a mixed representation, we can design an optimal O(M + n)
expected time randomized algorithm, where n is the number of vertices of the
convex regions and M is the number of defining halfspaces in the dual represen-
tation (thus, M is at least the number of facets of the regions). This is a slight
improvement even for d = 2, for which a linear deterministic time algoirthm has
been already known, since the known linear time algorithm assumes that the
convex hull structures (orderings of the vertices along the boundary of convex
regions) are given as a part of input. In other words, we need not sort vertices
in our method provided that the set of lines defining edges is known.

If we are only given a vertex representation and d > 4, M can be much
larger than n. Furthermore, we do not know a better method than an O(nLd/zJ)
time algorithm to have the mixed representation even if M is small. For such a
case, we present a O(n2L(d+1)/2J/L(d+3)/2J) time algorithm, where O is the big-O
notation ignoring polylogarithmic factors. The time complexity is subquadratic
for any constant number of dimensions, and it is O~(n4/3) and O(n3/2) ford =4
and 5 < d < 6, respectively. If we are given a dual representation, we give an

O(M?) time algorithm.

2 Preliminary

2.1 Parametric minmax problem

Consider an optimization problem @ that finds a vector & = (21, 29,...,2)
maximizing an objective function g(2) under given constraints on .

If we replace the objective function g(#) with a family gy (x) continuously
dependent on a d-dimensional real parameter vector A = (A1, Aq,...,Aq), We
have a parametric family Q(X) of the original optimization problem, where the
solutions continuously depend on the values of A. Let z(A) be the optimal value
of the objective function gy (2) of Q(X). Let F be a (possibly unbounded) convex
polygonal region in the d-dimensional space such that A should be contained.
We call F the feasible region of the parameters (note that it is different from the
feasible region of @).

The problem of finding the value A € F minimizing z(A) is called a minmaz
parametric optimization problem. In general, this is a difficult problem. However,
if the objective function is a convex function in the parameters, we have the
following result [13].

Theorem 1. Consider an optimization problem Q that can be solved in Tp se-
quential time, and also has a generic parallel algorithm with O(r) parallel time
on O(N) processors by using linear decision operations with respect to the pa-
rameters. We permit preprocessing with an O(Tpr.) time complexity to reduce
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Tp, 7, and N. Here, a linear decision is to decide whether the value of a lin-
ear form on parameters is positive or not. Then, the corresponding parametric
minmaz problem with a convexr objective function in k parameters can be solved
in O(Tyre + M + (N + Tplog N)7* (log N)*~1) sequential time, where M is the
number of facets of the feasible region of the parameter.

We only give some intuition of the above result in this paper. One very
easy way to solve the problem of minimizing the convex function z(A) is as
follows: Consider a hyperplane H(t) in the parameter space defined by A; = ¢
orthogonal to the axis associated with A;. Suppose that we can solve in O(T'(k —
1)) time the problem where we restrict that the parameter vector is located in
H(t) N R. Then, by using the solution, we can judge in which side of H(¢) the
parameter vector of the optimal solution is located. This leads to an O(T'(k —
1)log I') time algorithm by using the binary search on ¢ to find the hyperplane
containing the optimal parameter vector. Here, I" is the precision of the input. By
recursively applying this idea, we have an O(T'(0) log” T') time algorithm easily,
where T'(0) = Tp is the time to solve the non-parametric problem. We can
make it into a strongly polynomial time algorithm by using a multidimensional
version [2,10] of Meggido’s parametric search method [9] to obtain the result
above.

3 Solutions of the minimum diameter bridge problem

3.1 If a mixed representation is given

The minimum diameter bridge problem is a minmax parametric optimization
problem [13] if we consider the coordinates of p; and p; as parameters. The
feasible region F of the parameters is the direct product of Ry and Rs in the 2d-
dimensional space. The number of facets in this direct product is 2M although
it has many lower dimensional faces.

It is easier to understand our methods if we remove the constraint between
the parameter space and the set of vertices. Indeed, we consider the generalized
bridging problem, where V; is not necessarily the set of vertices of the parameter
space R;.

Basically, we have two approaches to solve this problem. One is the multidi-
mensional parametric searching [13], and the other is the randomized incremental
approach to solve an LP-type problem.

3.2 Solution using multidimensional parametric searching

Suppose that the points p; and py are given. Then, we can compute max,ev, d(v, p1)
and maxyev, d(p2, w) by using farthest neighbor search structures; indeed, v is
the farthest neighbor (i.e., farthest point) from p; in V4, and w is the farthest
neighbor from ps in V4. Thus, the diameter can be easily computed as the sum-
mation of these two distances and d(p1, p2). Hence, if we consider the pair (p1, p2)
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as a 2d-dimensional parameter vector, the problem is basically a parametric ver-
sion of the farthest neighbor problem. For each of ¢ = 1,2, the farthest neighbor
distance max,ev, d(v, p;) is the upper envelope function of the Euclidean dis-
tances from v € V; to p;, if we consider 1t as a function in the coordinate values
of p;. The Euclidean distance is a convex function, and an upper envelope of
convex functions is a convex function. Hence, our objective function, which is a
sum of three convex functions, is a convex function.

Thus, we can use multidimensional parametric searching. We could use a
naive O(logn) time O(n) processor algorithm (a tournament algorithm) for the
maximum finding as our guide algorithm. The decisions in the guide algorithm
are linear, since it is the problem to find the Voronoi cell of a farthest Voronoi
diagram. However, we use a better parallel algorithm by using a farthest neigh-
borhood query data structure. We give a brief description the data structure,
although it is a folklore (although highly technical) technique in computational
geometry:

Consider a set of n points U = {uy,us,...,u,} in the d-dimensional space,
where u; = (u(1);, u(2)i,...,u(d);). For a point z = (z(1),z(2),...,2(d)), the
square of the distance between z and u; is d(z, u;)? = ijl(r(j) —u(j);)?. If we
consider f(z,u;) = d(z,u;)? — Zle z(7)%, f(z,u;) is a linear function in z(j)
(7=1,2,...,n). A point uy is the farthest point from p among V' if and only if
f(p, u) is the largest.

Let us consider its dual problem: Let ¢; be the hyperplane in the (d + 1)-
dimensional space defined by z(d+ 1) = f((z(1),...,z(d)), u;). Tts dual point is
D) = (2u(1)s, 2u(2);, - . ., 2u(d);, ijl u(5)?) . Let ¢ = (q(1),q(2),...,q(d), 1)
for a point ¢ in the original d-dimensional space. We can see that the point u; is
farthest from ¢ among V if and only if the inner product of § and D(¥;) is the
largest.

Let S = S(U) = {D(4) : i = 1,2,...,n}. Consider a parameter r < n'~?
and a suitable constant c.

We use a partition theorem by Matousek (Theorem 3.1 of [8]). The set S
of n points is divided into r nonempty subsets S; (i = 1,2,...,¢r) such that
|S;| < 2n/cr. Each S; is contained in a simplex o;, and for any hyperplane, the
number of simplices cut by it is at most ¢/r2=1/(4+1) for a constant ¢/. Moreover,
if the hyperplane has only O(1) points in one of the halfspaces defined by it, the
number of simplices cut by it is at most ¢/7' ~1/L(4+1)/2] The data structure is
constructed in O(nlogr) time.

We can query the point D(¢;) maximizing the inner product with a given §
as follows: We first sort the vertices of r simplices in an descending order with
respect to the inner product with ¢. Thus, we have a sorted list of simplices
according to the above sorted order of vertices (we consider the first vertex
in the list among d + 1 vertices of each simplex). Thus, we choose the first
/P11 L@+10)/2] gimplices in the list of simplices. Consider the point set Y ob-
tained as the union of S; corresponding to these simplices. The point D(¢;)
maximizing the inner product with § must be contained in Y. By definition, Y
contains at most nr=1/L4+1)/2] points. Hence, we can find D(¢;) in O(logr) par-
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allel time with O (r4nr=1/L4+1/2]) processors. We set r = n!=1/1(d+3)/2] {6 bal-
ance r and nr—/L{(4+1)/2] 5o that the number N of processors is O(nl_L(d"'B)/2J ).
We use this algorithm for both our guide algorithm and decision algorithm for
the non-parametric problem. Note that a more sophisticated recursive farthest
neighbor search data structure [10] can further reduce N to O(n'~L(4+1)/2])
while remaining 7 to be polylogarithmic.

Thus, the computation time for our parametric searching algorithm becomes

O(nlogn 4+ M + rlog?*r) = O(M + nlogn).

Theorem 2. The minimum diameter bridge problem can be solved in O(M +
nlogn) time.

The time complexity is slightly inferior to the solution by an LP-type ap-
proach given in the next subsection. However, we can utilize this approach later
to design an efficient algorithm for the case where we are given the vertex rep-
resentation of regions.

3.3 Solution as an LP-type problem

The LP-type method is most efficient if we are given the mixed representation
of regions. Let V' be the union of the set of vertices of V; (i = 1,2) and let H be
the set of halfspaces defining R; (i =1,2). Let U = V U H.

For each subset W C U, we consider subproblem defined by the points and
halfspaces in W, and let L(W) be the value of the objective function (diameter)
of the optimal solution for the subproblem. Then, L(W) < L(W') if W C W".
Note that the parameter space is shrunk if we add a halfspace.

Moreover, the solution is defined by a constant number of members of U.
Indeed, suppose that the point p; is on a (d — a;)-dimensional face of R; defined
by the bounding hyperplanes of a; halfspaces in W, and have b; farthest points
in W NV; (in other words, it is on a d — b; + 1 dimensional face of the farthest
Voronoi diagram of WNV; if it is nondegenerate). Then, at most 2(d+1) members
among the a1 + b1 4+ as + by members of W determines both p; and p2 uniquely.
The set B(W) of the 2(d 4+ 1) member is called a base of W. Note that it may
happen that less than 2(d + 1) members determines p; and ps, for example, if
the diameter path has less than two bends.

A popular randomized insertion algorithm [11] for solving the LP-type prob-
lem works. If the size of W is at most 2(d + 1), we directly solve the problem (a
base case). Since we have assumed that the dimension d is a fixed constant, the
base case can be solved in O(1) time.

If a new point v (without loss of generality, we assume v € V7) is inserted to
W, we check whether the distance d(v,p;) for the current bridging point p; is
larger than the distance between p; and points of V3 U B(W). If it is not larger,
B(W U {v}) = B(W). If it is larger, we must update the base by recursively
call the algorithm, where we utilize the information that the new point v must
be a member of B(W U {v}). In other words, in the recursive construction, v is
selected first, and the elements of W are randomly inserted.
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If a (closed) halfplane h in the defining set of Ry is inserted, we check
whether the current bridging point p; is located in A or not. If it 1s located
in b, B(W U{h}) = B(W). Otherwise, we must update the base recursively call
the algorithm, where we utilize the information that the bounding hyperplane
of h must be a member of B(W U {h}).

By using the backward analysis of this randomized algorithm, the problem
can be solved in O(M + n) randomized expected time, where n is the sum of
numbers of vertices in V; (1 =1,2,...,k) and M =", M;.

Theorem 3. The minimum diameter bridge problem can be solved in O(M +n)
randomized expected time.

3.4 If a vertex representation is given

We would like to consider the case where the regions R; are given as the vertex
representation for i = 1,2. Thus, R; = {}_, ¢y, a(v)v|0 < a(v) < 1,37 oy a(v) =
1}. We can compute the mixed representation to apply the method in the pre-
vious section; however, it takes @(nlogn) time if d < 3 and @(nLd/2J) time if
d>4.

We can formulate the problem into a different LP-type problem, where we
only increment the feasible space of the parameter space fixing the set Vi and
Vy. Let W1 and W5 are set of vertices of Ry and Rs. respectively. Although in
the original problem W; = V; for i = 1,2, we consider the case where there are
no relation between W; and V;.

We start from Q1 = Q2 = 0, and increase the feasible region by inserting the
vertices in Wy U W5 randomly, such that @); 1s the convex hull of W; for each of
¢t = 1,2. We do not explicitly construct ;. Suppose that the current solution
is attained at p; € @1 and py € @2, and we know a set X; C W; of d vertices
defining the facet (without loss of generality, we can assume that the facet is a
d-dimensional simplex) F; containing p; for each i = 1,2.

If a new vertex w (without loss of generality, we assume w € W7 ) is inserted,
we consider the d+ 1-dimensional simplex A; spanned by F; and w, and examine
whether there is a better solution for p; € A; and ps € Fs. If the current solution
is the best, we keep the current solution, and continue inserting vertices. If we
find a better solution, we destroy the current solution, and compute the new
optimal solution by calling the process for the set of vertices chosen so far under
the condition that w is selected first.

This yields an O(nf(n)) expected time randomized algorithm, where f(n) is
the time for solving the problem (called base problem) where the points p1 € Ry
and py € Rs are located in subsimplices each of which has a constant number of
facets.

Naively, f(n) = O(n), since this is the special case of the generalized bridging
problem where M = O(1). Thus, we have an O(n?) time algorithm by applying
the solution in Section 3.3.

However, we can give a better bound of f(n) if we use multidimensional
parametric search. The point is that although we solve the base problem O(n)
time, we spend the preprocessing time for the farthest neighbor search only once.
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Hence, if we use the terminology of Theorem 1 and set M = O(1), the
time complexity is O(Tpre +{(N +Tp log N)72¢(log N)?4=11n). In the algorithm
given in Section 3.2, Tpre = O(nlogn), N = O(n'~/Ld+3)/21) '+ = logn, and
Tp = O(n*~1/Ld+3)/2 1og n). This yields an algorithm with a time complexity
O(nQ_l/L(d"'?’)ﬂJ)(log n)*4). Moreover, we can use a preprocessing-query trade-
off of the farthest neighbor data structure, and spend more preprocessing time
to improve the overall time complexity. If we spend ¢ > nlogn preprocessing
time, the query time for the farthest neighbor search becomes O(n/tl/t(d‘*‘l)ﬂj)
time, where O is the big-O notation ignoring polylogarithmic factors. Hence, the
overall time complexity becomes

O(t + n?/t/L14+1/2]) "which is minimized to be O(n2L(d+1)/21/Ld+3)]),

Theorem 4. If the vertex representations of R; are given, we can compute the
minimum diameter bridge in O(n2Ld+D/21/LA+3)/2]) time,

3.5 If a dual representation is given

We would like to consider the case where the region R; is given as an intersec-
tion of halfplanes (a dual representation) for i = 1,2. Let H; and Hjy be the
sets of halfplanes defining R; and Rs, respectively. We can compute the mixed
representation from the dual representation; however, it takes Q(MLd/2J) time,
and expensive if d > 4.

Let F = Ry x Rs be the feasible region, which we fix. We consider the set
H = H, U Hy of halfspaces. For any subset W of H, the farthest point in the
convex polytope Npewns, b from a point p; € R; must be a vertex of the convex
polytope for i = 1,2. If we increment W, the region R;(W) = Npewnm, h is
shrunk (or unchanged), if we regard the set Npegh as the whole space.

We start from W = (), and randomly insert halfspaces of H to W. We update
the bridge pi1ps (in other words, the parameter vector (p1,p2) € F) and the
farthest point f;(W) € R;(W) from p; for each of i = 1,2, so that they attain
the minimum diameter. Suppose that a halfspace h is inserted to W, Without
loss of generality, we assume that h € Hy. If fi(WW) is located in h, we let
fiW u{h}) = fi(W) for i = 1,2, and also remain the bridge pips. Otherwise,

we re-compute the solution from scratch but inserting h first.

Proposition 1. The expected time complexity of the above randomized algo-

rithm is O(M?).

Proof. By using a standard backward analysis, the expected time complexity
is O(MTg), where Tp is the time for solving the base case where W has a
constant number of hyperplanes. From the result of the mixed representation
case, Tp = O(M). Therefore, the time complexity is O(M?).

4 Concluding Remarks

There are several generalizations of the minimum diameter bridge problem. In-
deed, we can consider the case where we have more than two islands. Solutions
for such problems will be given in our companion paper [13].
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Abstract. What is the minimum number of light sources that can col-
lectively illuminate both sides of n disjoint line segments in the plane? We
prove that this optimization problem is NP-hard. The worst case anal-
ysis shows, however, that |4(n + 1)/5] light sources are always enough
and sometimes necessary for all n > 2.

This problem was motivated by an open problem posed by Czyzowicz
et al.: what is the minimal number of light sources that can collectively
illuminate any set of n disjoint line segments from one side at least.

1 Introduction

Illumination of convex sets was first studied by L. Fejes Téth [9] who proved that
4n —T7 light sources are always enough and sometimes necessary to illuminate the
boundaries of n disjoint convex compact sets in the plane. He also proved that
2n — 2 light sources are always enough and sometimes necessary to illuminate
the boundaries of n disjoint disks. Ever since, this worst case problem were
studied for several subclasses of compact sets. The exact number of necessary
light sources has not been known for any other subclass so far. For homothetic
triangles [5] and for axis-parallel rectangles [11,22] the number of light sources
is known with a constant error.

In all versions of illuminating disjoint compact sets, the boundary 0C' of each
compact set C' should be illuminated by a set S of light sources, that is, for every
P € 0C there is a point S € S such that the open line segment SP does not
intersect any given compact sets.

Czyzowicz at al. [4,7] studied the illumination of n disjoint line segments
in this sense, i.e. every point of a given line segment should be illuminated by
at least one light source. The minimal number of light sources required for this
problem is still not known. The upper bound [2n/3] of [7] was recently improved
to [(n+1)/2] by the present author [21]. The best known construction requires
4n/9 — 2 light sources [23]. An asymptotics of n/2 + O(1) was conjectured in [4].

Especially for line segments, another natural interpretation of illumination
was suggested by Welzl. That is, every point of a given line segment should be
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illuminated by at least two light source, one on each side of the line induced by
the segment. The results presented here concern this model.

Problem 1. Given a set £ of n pairwise disjoint and non-parallel closed line
segments in JE?, place light sources at points of IE?\ | £ so that they collectively
illuminate both sides of every £ € £. A point P € £ is illuminated by source S
from one side, if S is on that side of the line induced by ¢ and the open line
segment SP does not intersect any ¢ € L.

In this paper, we give exactly the minimum number of light sources required
for Problem 1 for any set of pairwise disjoint non-parallel line segments.

Theorem 1. |4(n + 1)/5] light sources are always sufficient and sometimes
necessary for Problem 1 for all n > 2.

The lower bound of our result is given by a construction of n line segments
requiring at least |4(n + 1)/5] light sources. To allocate at most [4(n + 1)/5]
light sources, we transform the problem into a problem on planar graphs.

IE?\ |J £ can be partitioned into convex closed cells by the following convex
partitioning algorithm. Extend each line segment in both directions until it hits
another line segment or a previous extension, or to infinity if it does not hit
anything. Starting with n disjoint line segments, the plane is partitioned into
n+1 convex regions. The graph H of the convex partitioning is defined as follows:
let the set V(H) of nodes be the set of convex cells, connect two nodes by an
edge, if the corresponding cells share a common boundary and the extended line
segment forming their common boundary is infinite or it has one endpoint on
this common boundary. H is a planar graph without loops, but H may have
double edges if both endpoints of an extended line segment are on the common
boundary. Note that the convex partitioning is not necessarily unique.

It will turn out that a maximum P3-packing of H (where P; is a path of
three nodes and two edges) yields a small set of light sources solving Problem 1.

Unfortunately, there is no good characterization of maximum Ps-packings of
graphs in the sense like Berge’s formula [2] characterizes maximum P-packings
(i.e. maximum matchings). Finding the maximum P3 packing is NP-hard [15]
even for planar graphs [3].

Recently, Kaneko [12] has found a simple characterization of graphs having
a {P>s3}-factor, that is graphs which can be decomposed into paths of at least
3 nodes. In Sect. 4 we prove that H has a {P>3}-factor. This is already enough
to establish the sufficiency of Theorem 1.

Very recently, Kano et al. [13] gave a simple proof to Kaneko’s theorem, and
Hartvigsen and Hell [10] presented a polynomial algorithm which finds an actual
{P>3}-factor or states that none exists.

In Sect. 5, we prove that determining the smallest number of light sources
satisfying Problem 1 is NP-hard. We adopt a construction of Eidenbenz et al.
[8] to a set of disjoint line segments, and reduce the set-cover problem to the
optimization version of Problem 1.
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2 Proof of Main Theorem

Consider the convex partitioning induced by £. Form the graph H as described
above. Let K be a simple planar graph obtained from H by replacing each double
edge by a single edge.

n+1 light sources placed into the interior of all cells of the convex partitioning
solve Problem 1. This number can be reduced by the following observation.

Proposition 1. If three cells correspond to a P3 in K, then two light sources
can illuminate all points of line segments on the boundaries of these cell from
the sides facing to any of these cells.

Proof. Let the three convex cells corresponding to P; € K be A, B, and C. The
extended line segments ¢; and /> are on the common boundary of A, B, and
B,C resp. Let L, and L, denote endpoints of the extended ¢; and ¢y on the
common boundaries resp.

If 41 = {2, then place two light sources in the interior of A and B in the ¢
neighborhood of L; and L». The two light sources clearly illuminate the bound-
ary of A and B. They illuminate the boundary of C as well, the light source next
to Lo illuminates the boundary of C except £» N C, but £ N C is illuminated
from the side of C' by a light source next to Lj.

Fig. 1. Two light source can illuminate the boundary of three adjacent cells

If 41 # {3, then place two light sources in the interior of A and C' in the €
neighborhood of Ly and L2 (see Fig.1). The two light sources clearly illuminate
the boundary of A and C. They illuminate the boundary of B as well, £/ N B is
illuminated from the side of B by the light source next to Lo, 2N B is illuminated
from the side of B by the light source next to L;. O

Proposition 1 infers that a relatively small set of light sources can solve
Problem 1 for any maximum Ps-packing of the graph K. Note, however, that
there is no one-to-one correspondence between maximum Ps-packings of K and
optimal solutions to Problem 1. Our main result states only that the light source
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placement based on a maximum Ps-packing of K is best possible in the worst
case.

Lemma 1. There is a Ps-packing in K which covers at least 3[|V (K)|/5] nodes.
For the proof of Lemma, 1, see Sect. 4.

Proof. (of Theorem 1)

Sufficiency. According to Lemma 1, K contains a P3-packing which covers
at least 3[(n + 1)/5] nodes. Place two light sources for every P and one light
source to every cell not covered by a Ps. Then the total number of light sources

R B e !

Necessity. Fig.2 depicts a construction of 5k + 1 line segments requiring
4k +1 = |4(n + 1)/5] light sources. Observe that each line segment in the
interior of a shaded region requires two distinct light sources.

We obtain a construction on n = 5k + 2,5k + 3, or 5k + 4 line segments by
adding one, two, or three line segments shown as dashed segments on Fig. 2.

V) //
Y b MR A

Fig. 2. A construction of n = 26 line segments requiring 21 light sources

O

Note that the maximum Ps-packing of the corresponding graph K covers
only 3k + 3 nodes of the total |V (K)| = 5k + 1.

Fig. 3. The corresponding graph K
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3 Basic Properties of H and K

Observe that V(K) = V(H) with |[V(K)|=n+1, |[E(K)| < |E(H)| = 2n, and
a maximum Ps-packing in K is a maximum Ps-packing in H as well.
If H has p double edges, then |E(K)| <2n—p=2|V(K)| -2 —p.

Definition 1. For a graph G and S C V(G), denote the degree of S in G by
dg(S) (i-e. the number of edges connecting nodes of S to nodes of V(G) \ S).
Let G(S) be the subgraph of G induced by S, and G — S be the subgraph induced
by V(G)\ S. Denote Eg(S) = E(G(S)) the set of edges induced by S in G.

Denote by ¢ the number of line segments which are extended to a complete
line by the convex partitioning algorithm. ¢ € {0, 1} since the line segments are
pairwise non-parallel. Denote this line by £y € £ if there exists one.

Observe that there are no cutting edges in H nor in K.

Lemma 2. The number of 2-edge cuts in H is q.

Proof. A subset S C V(H) corresponds to a region Rg in the plane, that is the
union of the closed cells corresponding to the nodes in S. Rg is connected if .S
induces a connected subgraph. The boundary of any Rg is composed of pieces
of the extended line segments of L.

Case 1, Rg is a bounded region. Any bounded region is a polygonal domain
and thus has at least three vertices. So there are at least three endpoints of given
line segments on its boundary, and for the corresponding S C V(H), dg(S) > 3.

Case 2, Rs is an infinite region. There are at least two infinite extended
segments on the boundary of Rg. If there are at least two line segments on the
boundary of Rg, then there are at least one endpoint of line segments on the
boundary, and for the corresponding S C V(H), du(S) > 3.

A set S C V(H) corresponding to an infinite region can have dg(S) = 2,
if and only if there is exactly one line segment on the boundary of Rg. In this
case, the unique line segment on the boundary of Rg is extended to the infinity
in both directions. o

Corollary 1. For every S C V(K) with degu(S) = 2, Rgs is a half-plane of £y.

Proof. The two edges leaving S form a 2-cut. This is a 2-cut of both H and
K. O

Lemma 3. Let S C V(H) such that S induces a connected subgraph. Then
2[S| < |Eu(S)| + degnu(S). (1)

Proof. Let a be the number of the (extended) line segments in the interior of
Rs, let b be the number of endpoints in int(Rg) of (extended) line segments
which are not entirely in int(Rg), and let ¢ be the number of (extended) line
segments on the boundary of Rg with no endpoints in int(Rg).
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The following four equalities immediately imply (1).

|S|=a+b+1, (2)
|Ea(S)| = 2a+ b, (3)
degu(S) > c+b, but (4)
degg(S)>c+b+1, if 1<c<2. (5)

(2) and (3) are obvious. For (4), consider the pairs of consecutive line segments
along the boundary of Rg. Every such pair forms a T-junction and corresponds
to an edge of H. The number of T-junctions on the boundary of Rg is at least
b+ ¢, if Rg is bounded, and b+ ¢ — 1, if Rg in unbounded.

If Rs is unbounded then there are two line segment extended to infinity on
the boundary of Rg. Both correspond to an edge of H. In this case degg(S) >
(c+b-1)+2=b+c+1.

Finally for (5), note that ¢ > 3 for Rs bounded, and ¢ > 1 otherwise. O

Definition 2. For a graph G, we call S C V(G) a wheel of G, if S induces a
connected graph, |Eg(S)| = |S|, dega(S) = |S|, and degg(v) > 2 for allv € S.

Corollary 2. If S C V(K) is a wheel of K and |Eg(S)| = |S|, then S corre-
sponds to a half-plane of £y.

Proof. Suppose that |S| =k and S induces at most k edges in H.
2k = |Ex ()| + degk (S) < |Eu(S)| + degu(S) < |S| + k = 2k.

That is (1) holds with equality. Equalities (2), (3), (4), and (5) imply that ¢ = 1.
O

Lemma 4. Let S C V(K). Then
|Ex(S)] <2|S|-2-p' —r' +2g, (6)

where p' is the number of nodes in S whose degree is two in both K and K(S),
and r' is the number of disjoint subsets of S which are wheels in both K and
K(9).

Proof. We know |E(H)| = 2|V (H)| — 2. Applying Lemma 3 to all components
of V(K)\ S, we have |[Eg(S)| < 2|5| - 2.

Let S; be the set of nodes v € S with degr(v) = degk(s)(v) = 2. Let S5 be
the union of maximal paths P C K(S) such that degx(P) = degk(s)(P) = 2
and degg(v) > 2 for all v € P. Let S3 be the union of disjoint vertex sets in S
which are wheels in both K and K (S). Observe that S;, Ss, and S3 are pairwise
disjoint.

According to Corollaries 1 and 2, there are at least p' + 1’ — 2¢ double edges
in H(K). O
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4 Psg-factors

A partition of a graph G into paths {P3, P4, Ps} is a P>3-factor of G. We prove
that the graph K has a {P>3}-factor. The {P>3}-factors were recently charac-
terized by Kaneko [12], and a simple proof is provided in [13].

Theorem 2. (Kaneko) A simple graph G has a {P>3}-factor if and only if

sun(G — S) < 2|5], for all SC V(G). (7)
O
The term sun(G — S) requires further explanation.

Definition 3. A graph G is factor-critical, if for allv € V(G), G—{v} contains
a perfect matching (1-factor).

For a factor critical graph G with V(G) = {v1,va,...,v}, add new vertices
U1, U, - .., U and new edges ViU, VaUs,. .., VxUg. Lhe resulting graph is a sun.
A single node is also considered as a sun.

For a graph G, sun(G) is the number of its sun components.

A factor-critical graph of & > 1 nodes has at least k edges. To see this,
observe that a factor-critical graph is connected, and it cannot contain leaves.
Note that a single node is also factor-critical, the corresponding sun component
is a path P,. Consequently, a sun component of 2k nodes has at least 2k edges
for all £ > 1.

Lemma 5. The graph K has a {P>3}-factor.

Proof. Consider an S C V(K), where sun(K — S) — 2|S| is maximal. Delete all
components of K — S which are not sun and denote the resulting graph by K.
We wish to apply Lemma 4, in particular Inequality (6), to V(K') C V(K).

|Ex (K| < 2[V(K')| -2 -p' — 1" +2g, (8)

where p' is the number of nodes in v € K' with degk (v) = degk: (v) = 2 and »'
is the number of disjoint subsets of K’ which are wheels in both K and K'.

In order to determine p’ and 7' in terms of sun components, we introduce
new parameters for the number of certain types of sun components of K — S.
We consider separately the P;-s, P-s, and all other suns.

Let ¢y and c3 be the number of single node components v € V(K) \ S with
degk (v) = 2 and degk (v) > 3 resp. (Note that here degk' (v) = degk (v).)

Let ds, d3, and dy be the number of P, components P C V(K) \ S such
that P C K' with degk (P) = 2, degx(P) = 3, and degk (P) > 4 resp. Observe
that degx(P) = 2 (or degr (P) = 3) means that P contains one (or two resp.)
node(s) with degg (v) = 2.

Consider the sun components of K —.S with more than 2 nodes. Let the total
number of their nodes be 2k. They have k leaves. Let fo and f3 be the number
of leaves v with degk (v) = 2 and degk (v) > 2 resp. Let 71 and 72 be the number
sun components of K —S with more than 2 nodes, whose factor critical subgraph
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is wheel and non-wheel resp. These components have at least 2k + r, interior
edges and at least 2k — f2 edges connect them to S.

Using these parameters, we can estimate the number of edges in K'. |E(K")| <
degk: (S) + (d2 +ds + d4) + (2k + T2) where degg: (S) < 2¢9 + 3c3 + 2dy + 3d3 +
4dy + (2k — f3). The number of nodes having degree 2 in both K and K' is at
least ¢y + 2ds + d3 + f2. Using ¢ < 1, Inequality (8) is written as

262+3C3+3d2+4d3+5d4+4k‘+7‘2—f2S
< 2(|S|+ 2+ c3 + 2do + 2d3 + 2dy + 2k) — (c2 +2d2 + d3 + f2) — 11,
C2+C3+d2+d3+d4+7‘1+7’2S2|S|.

The number of sun components is at most 2|S|. According to Kaneko’s the-
orem, K has a {P>3}-factor. O

5 NP-hardness of optimization Problem

The SET-COVER problem is formulated as follows. Given a set of n elements
A = {e1,ea,...,en} , and m sets S1,852,...,5n C A, find a minimum number
of sets so that their union equals A. The SET-COVER problem is known to be
NP-hard [14].

Theorem 3. The SET-COVER problem can be reduced polynomially to deter-
mining the minimum number of light sources required for Problem 1.

Proof. We give a set £ of 5+ 10|A|+5>_;, |S;| line segments so that a minimal
set cover can be determined in polynomial time from a minimal set of light
sources illuminating both sides of the lines in L.

Consider a SET-COVER problem. Let A’ be the multiset containing the
elements of A with multiplicity 5, (|]4'| = 5n).

In the Cartesian coordinate system, place a line segment £y, = [(0, 60), (10(m+
2),60)]. We associate the point (10k,60) € £ to the set Si, forall k =1,2,...,m.
Denote the point corresponding to Sy by Sk as well. We associate disjoint unit
intervals on the line y = 0 to each element of A’. Define an arbitrary linear order
on A’ and the placement of the unit intervals are defined consecutively according
to this order. The first interval is [(10(m + 2),0), (10(m + 2) + 1,0)]. The k-th
interval is [(ck,0), (cx +1,0)] for all k =1,2,...,5n.

The basic idea of the reduction is that a unit interval e; should be visible
from a point S; if and only if e; € S;. We will place horizontal line segments on
the line y = 30 so that e; is not visible from S; if e; € S;. In fact, the visibility of
e; € S; will be realized by a ’hole’ on the line y = 30 between the intersections
of the lines [(c;,0)S;], [(¢; +1,0)S;], and y = 30. The parameters ¢ should be
chosen so that these ’holes’ are disjoint. Then at most 5", |S;| disjoint line
segments on the line y = 30 can bar the visibility between all pairs (e;, S;) with
€; € Sj.

The hole is the interval [((Sj+¢;)/2, 30), ((Sj+¢i+1)/2,30)] = [(f7,30), (f{ +
1/2,30)] for a pair (e;, S;) with e; € S;. Observe that holes corresponding to a
same interval [(¢;,0), (¢; + 1,0)] are all disjoint by construction.
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If the first k—1 unit intervals on y = 0 are already defined, then we choose the
parameter ¢ as follows. We give lower bounds for ¢, and choose ¢ arbitrarily
satisfying the bounds. First of all, ¢, > cp—1 + 1.

Line [(0,60), (ck—1 + 2,30)] intersects the line y = 0 at dy_1. Let ¢, > di_;.

Form the intersections of lines [(¢;,0)(f] + 1/2,30)] and [(¢, + 1, 0)(fgh, 30)]
for all i < g < k, and for all j > h. Project every such intersection point from the
point (0,60) to the line y = 0. Let (cg,0) be to the right of every such projected
point.

Place two disjoint line segments ¢} and £2 for each interval [(cg, 0), (¢t +1,0)]
as follows. /% consists of the points of line [(0,60), (ck,0)] with z-coordinates
ek <z < e+ 1— 2 say £, = [(e,0),(ck +1 — 2¢,c},)]. Let £ be then
[(ck +1—¢€,¢, —€),(ck + 1,0)] where € is a sufficiently small constant. (Fig. 4).

3

L |
(0, 0) (e + 1,0
¢
Ck

Fig. 4. Line segments corresponding to one unit interval

Y
A
y =60 | 1 1 :
y=30 — =
y = 0 ~7 \/ ~y ~y >.Z'

Fig. 5. Overview of the construction (multiple elements of A’ are not indicated
on this figure)
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The construction is completed by two pairs of line segment on the left and
right extremities as indicated in Fig.5. Finally perturb the line segments to be
pairwise non-parallel.

Now check out the visibility conditions. One light source can illuminate the
lower side of every pair of line segments corresponding to unit intervals. One
light source can illuminate the upper side of the line segment on y = 60. One
light source can illuminate the lower sides of the 5> ", |S;| line segments on
the line y = 30. This latter source might illuminate the upper side of some of
the segments corresponding to unit intervals.

The problem rests to illuminate the upper sides of the line segments cor-
responding to the unit intervals. A set of light sources placed to a minimal set
cover illuminates the upper side of all £}, ¢, i =1,...,5n. Why cannot be there
a smaller set of light sources?

We choose one point on a line segment corresponding to each unit interval.
Let C; € £} be a point of z coordinate c; + 1 — 3¢ (see Fig.4). It is enough to
check if a smaller set of light sources can illuminate all points C; € £} from the
upper side for all 4 = 1,...,5n.

Over the line y = 60, no light source can illuminate a point C; for any
i = 1,2,...,5k. Under the line y = 30, no light source can illuminate two
different C; and C; from the upper side, because c; > di—1 and € is small.

If C; is visible from a point P(P,,P,) where 30 < P, < 60, then P is
in a trapezoid T/ formed by the lines y = 30, y = 60, [(c;,0)(f! + 1/2,30)],
and [(¢; + 1,0)(f7,30)] for some j : e; € S;. The choice of ¢; guarantees that
three trapezoid Tijll,Tlf, and TZ.J;3 have a common intersection if and only if
J1 = j2 = j3. If there is a light source in the intersection of three trapezoids
T}, T}, T}, then it can be replaced by Sj.

Finally suppose that there is a set Z of light sources illuminating all points
C; from the upper side, but Zg = Z N {S1,Sa2,...,Sm} do not illuminate every
C;. There are at least five points C; not illuminated by Zg, because the elements
of A appear in A’ with multiplicity five.

Suppose that 5k points C; are not illuminated by Zg. A light source of Z\ Zg
can illuminate two of them, so |Z \ Zg| > [5k/2]. But these points C; can be
illuminated by at most k£ points S; because every five-tuple of corresponding
elements of A’ belong to at least one set S;. O
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